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A generalized hypergeometric polynomial
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1. Introduction. In this paper we study some properties of the
hypergeometric polynomial:

(1.1)
CBap; by @) = £ (ay, dyy ...y ap; by, by, -.vy b 1)

_ (e Ny A(k—1,c+m), ay .oy Apj ) 1y
N n‘ p+k11q+k[d (k7 G)’ b17 A bq; (k 1) v ’

where 7, k are non-negative integers and 4(k, ¢) denotes the set. of k para-
meters c¢/k, (¢+1)/k, ..., (c+k—1)/k. When there are no a’s and b’s we
shall simply write . ]‘n"‘)(m) instead of fio "”(— —; @).

This polynomial has arisen in the course of an attempt to unify
and extend the study of most of the well-known sets of polynomials.
When ¢=1, k= 2, the polynomial (1.1) reduces to the polynomial
fuap; bg; ). of M. C Fasenmyer [3]. All those polynomials which are
special cases of Fasenmyer’s polynomial can also be obtained from (1.1).
In addition we have the following pa,rtlcula,r cases:

(1.2) fitelip) = L% (»)  (Laguerre polynomial) .

1.3) et da43b, 14+ %a+ 15 1+ a; )
_ 1Fa+tdh
(1 -+ a)n

(1.4) s+a+b.2)(% +ia+4b,1+4%a+4b, 61 4a, p; )

1+a+0b v plad)
= CEE B gy,

Pg;.b)(l _ 2,@.)" (J acobi polynomial) .

where HUY(g; p;v) is the generalized Rice’s polynomial introduced
by Khandekar [4].

()n

(1.5) " SO, de+ 85 — 2110(_'" ¢+n; —; x) = ga(c, 2) ,
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where gu(c, ) is taken as the standard form of the generalized Bessel
polynomial [6]. In the notation of Krall and Frink (5],

c
9911,(0« .’I}) = % yﬂ(m7 0+1, '_1)'
(0,21 _( )u Ny C+n,a; [ e
(1.6) (a5 05 2) = {2, [%O,W%,c; m] = Rala; 6; 2) .
This Ry(a;c; z) reduces to Bateman’s Z,(z) when 2a = ¢= 1.

2. A generating tunction. Let G(y), analytic at = 0, have
the expansion

Gy) = D) hny",

N0 -

and let g,(2) be defined by the relation

(2.1) (1— z)"G[ (k"”:)k] Zgnw)tﬂ

n=0

For sufficiently small values of ¢, L.H.S. of (2.1) can be expanded
in an absolutely convergent double series and the terms can be rearranged
5o a8 to have a convergent power series in ¢{. Thus, we can easily obtain:

(2.2)  gu(@) = @ti’ (- ((;GJ:?) (Hi;flﬂ)r (H_%—J{'lztg)

n! — (9_ (c+1 c+ k-1
AR RS % )

X he(—1)rk=Dgr > 1;

For the choice

Gy) = pFa[ oy

11 =y g3

whose convergence conditions are well-known, the gs(z) defined by (2.2)
become fE&M(ay; b, ) of (1.1), i.e.

_ gy vevy Qpj krxt
(2.3) (1—1) P[ ] E' B ap; by; )17,
q . by; (l—t fn'"(ap; be; %)
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This generating relation includes the following:

R =) - ZL::"(w)t"

=0

This is formula § 113 (3) in [6)].

(2.5) (1—1,)""11?[ —m] 2(_( Li?’(w)

This is formula § 113 (3) in [6].

t+ia+3b,1+3a+ 3b; —4mt]
1+a; (X—1)p

(2.6) (Q—t) %R,

(1+a'+b)n (@d)q4 n
“20 d+a) P (1 —2x)1".

This is formula § 136 (1) in [6].

(2 7) (l_t)—l—-a—bsF é+%a+%b7l+%a+%b’£; —4?)t:|
. 2

1+4a,p; (L—1)
2 (1&'_‘}1—1"“” HSI(E; p3 o)
This is formula (4.2) in [4].
+4; —
(2.8) (1—1)7%T, [% fords ‘*”j)‘z] Z Pal0, @)1
! n=0

This is formula § 150 (6) in [6].

— dat
(2.9) (1—1)° [ 5 ‘:')s] ZRu(a,c o)t
When 2a =c¢ =1, (2.9) reduces to
o —4
(2:10) R e pAT

ne=0

This is formula § 146 (3) in [6].

3. A differential recurrence formula. When there is no
restriction on G(y) to be of hypergeometrir type, we differentiate sepa-
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. , d
rately the two sides of (2.1) w.r.t. # and ¢ and eliminate G'(y) [E @G(y)]

to obtain the recurrence formula:
{3.1) 2[gn(@)+ (k—1) gn—a(2)] = nga(x)— (n—1+ ¢) gn-a() .
Applying (3.1) directly to (1.4) and (1.6), we get the following results:

d :
(3.2) o [HPV(E p;0)+HA2NE; p;0)]
= nH (& p; v)— (n+ a4+ 0) HZ)(E; p; o)
(3.3)  =[Ry(a; ¢; )+ Ry _1(a; ¢; 2)] = nRy(a; ¢; 2)— (n— 1 +¢) Rya(a; ¢; @) .

The recurrence formula (3.1) includes similar results for the Laguerre,
Jacobi and Bessel polynomials in addition to the one for Fasenmyer’s
polynomial,

The formula (3.1) can be used to develop an expression for zg,(wz)
as a series in the g,(x). First, we put g.(z) = (—1)*pa(z) in (3.1) to get:
(3.4) NPa(2)+ (N—1+ 0) Pu—1(®) = 2[Pn(@)— (k—1)pa-1(2)] .

Now shifting the index several times, we have

(1 —1)pn—1(2)+ (1 — 2+ ¢) Pp—o(#) = #[pn—1(®) — (k—1) Pn—so(x)] ,
(11— 2)Pa—s(#) + (n—3 + €) prn—s(#) = @[pr—o() — (k—1) pns()]

2py(2) + (1 4 ¢) pi(z) = 2[ps(z) — (k—1)pi(z)],
i) +cpo(w) = 2[pi(z)— (k—1)po(z)] .

Multiplying the equationsin (3.8) by (k—1), (k—1)%, ..., (k—1)""%, (k—1)"""
respectively, and adding all these to (3.4), we obtain

npn(®) + [k (n—1) + c]pp-1(2) + (K —1)[k(n—2) 4+ c]pa—s(2) +
+ oo A (E—=1)"* (T + o) pa(®) + c (b —1)" 'py(x) = mm(w)

or, in terms of g.(z),

n—1

(3.6) @gl(x) = nga(z) + 2 o ’(k 1)" ik +e)glx), n=1.

Applying this to (1.4) and (1.5), we obtain the formulae:

,_d__ (_]_-'l‘a—:'b)n (ab)rp, . (l‘l'ar‘l'b)u @b g, ..
@1 v e gy )| = GO D e g0y 4
n-1
Ty ( l"a+b)r (,h) .
2 ek b ) S R i),
—1
(3.8) zpi(e, 2) = nga(e, 8)+ D (—1)""(2r +¢)pio, @) .

7m0
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4, Integral relations. Inside the region of convergence of the
resulting series, we have ([6], p. 104)

veey Qp;
Ay oeey p,{vt]dt
byy ..oy by

— B(a, ﬂ)ua+ﬂ—1p+ll;1q+1 [al, ey Qp,y @y uw] ’
byy ey bgy e+ B;

(4.1) f N u—ty Ty, [
0

where Re(a) > 0, Re(f) > 0.
Using (4.1), we obtain:

(4.2) ("k)(ap, bg; ux)

_ ul-be j ap—1 bg—ap —140c,k) . ]
~ Blay, b—ay), (-1 £ @y bos; @) dt

where Re(b,) > Re(ap) > 0, and

(4.3) (C'k)(an —15 by—1; ux)

Ll bg— 1 ap—bg—1 (c,k)
B(bm ap—by) j t —1) (ap; bg; 2t)dt

where Re(ap) > Re(by) > 0.
Putting » =1 in (4.2) and (4.3), and changing ¢ to ¢/(t+1), we get:

(44)  [ilag; bg; @)
ap—1 ~bgylc,k) . . @
-B(_arp’ bq f 7 (140 (ap—n bg-1; 1—|—t)dt
and

(4.8)  fuap-1; bg_r; @)

ba—1 —ap fe,k) @t
B(bq;ap_bq j t (1+t) f (a.’P’ bq?1+t)dt

Again, from the formula (19) ([2], p. 220)

Y so_a_ Uyyoery Qpy_1)
(4.6) I, lb P “"’]=r(+a,qj e”'yor lp_lﬁ’q[b" ' "mt] i,
0 h

19 o0y Dgs 1y ooy bgj
where p <t ¢+1, Re(ap) > 0, we obtaiu: !
1 (=]
(4.7) N ap; bg; 7) = = Flaj f e @y by ) dt
0
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The relations (4.2), (4.3), (4.4), (4.5) and (4.7) include the following
results:

3
o

U) = =— - I 1 u—t" L) ar .

A+a)  arbra+n 1
(4.8) w Ly i+a,b),

(I+a+b)n
This is formula (92), in [6] p. 216.

1

(4.9) HEV(E; p;0) = ITQI’((I;)—)E) / #7H1— )P PO (1 — 2ut)dt

where Re(p) > Re(£) > 0. This is formula (2.1) in [4].

1
(4.10) P@P(1—20) = 1—,@—5%)?5 PN L— )P HSIE; p; vt)dt
'\ 0

where Re (&) > Re(p) > 0. This is formula (2.3) in [4] with a minor cor-
rection.

@D g m.om) — I'(p) 2 £-1 “oplan (4 20t

This is formula (3.1) in [4].

oo

(412) B0 =20 = ()r((? P, / ‘”'1(1+i>‘fﬂif"”)<£;p;%)dt.

(1 +a)n ‘m cye [—'nf, n+a+b+1;

4.13) B0 pyv) =2 2
(4.13) (& p;0) niITE) “114a,p;

'vt] dt.

This is formula (3.3) in [4] with a correction.

v ny n+a+b+1;
(4.14) P{P(1—20) = (1+,“ e~ L p, | ’m]dt.
nll (P) 1+a, p;

5. The polynomial R,(«;c¢;x) and Laguerre polynomials.
From (4.7) we have

(51)  10T¥a; 1 05 @) = THE e ] oa et)dl

S
I(a) p
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Now, by Ramanujan’s theorem ([6], p. 106, Ex. 5), we have

2 —n, 1 .
52 IEce =[S TN e
$+ia, 1+4a,1+4a;

= -(-1":':222 1(:+a’2)("‘"; 1+a; 2.

n!
From (5.1), we have
Rn(a; 1+a; Z2) = ]’%a) { e—lta— j\1+u.2)(__; 14 a; x%t) di
()

= Ta) f e AT N5 1+ a, Ja't)

Hence, using (5.2), we obtain:

1- , 1 a3 1,9,90— a a
(5.3) -(--1:,"‘)”1»’,,(@ 1+a;'w)=m-) f e i T IO (tm) L (—tx) di .
0

When a = , a= 0, (5.3) reduces to

Fnl ) = _/1= J e~ \BLo(1) Lu(—ta)dt ,

Vrg
which is formula § 149 (10) in [6].
6. Transformation of a special ;/',. From (2.3) we have

(6.1)

(l—t)—c:;Fz

[%c, A2, a41); — 4 ]_5:@ . [""'L’””’A@’ '“+1)51]t“
a+1, jotd; (A—1¢ 4 a+1,4(2, ¢c+1);

Carlitz [1] has given the following formula:

—n, c+n, A(2, a-+1); ] _ cle—a)

6.2 » _. o=l
(-2 ' E'[a»+1,zl(2,c+1); (c+2n)(ch

From (6.1) and (6.2), we obtain the formula:

. ie, A(2, a+1); — 4y ]

(68) =0 [ a+1, je+y; (1-10
2( c(c—a m— 001 1}0 —a)y P B [%c? c—a; t]
o al (e +2n)(0)n Py "'(*C‘i'l)n S FTER P ‘

13*
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When t¢—>—1, this reduces to
a+1; ¢, C—a; ,
P, %0: %a+%7 'é' +1; 1] _ 2021'.,1 % 1 _1] .
a+1, ye+4; fo+1;

I wish to express my sincere thanks to Dr. K. N. Srivastava for his
kind supervision in the preparation of this paper.
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