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Some applications of bifurcation theory
to ordinary differential equations of the fourth order

by JOLANTA PrRzZYBYCIN (Krakow)

Abstract. The purpose of this paper is to study nonlinear eigenvalue problems for some
fourth order ordinary dilferential equations. The general idea is to convert these equations into
equivalent integral ones, for which we apply the results of Rabinowitz ([2], [3]). The main theorem
connected with bifurcation from the line of trivial solutions is proved in Section 1. We show the
existence of two families of continua of solutions, ¥, and ¥, , corresponding to the usual nodal
properties and bifurcating from (u,, 0) where g, is the k-th eigenvalue of the linearization about 0 of
the considered problem. In Section 2 we prove a related theorem for bifurcation from infinity.

Introduction. Let (E, || ||) be a real Banach space and let L: E—E be
a compact linear operator. If there exist ue R and 0 # v e E such that v = ulLv,
u is said to be a real characteristic value of L. The set of real characteristic
values of L is denoted by r(L). By the multiplicity of uer(L) we understand the
“algebraic multiplicity”, ie., k, = dim Uf‘;l ker(I —uL)’. The compactness of
L guarantees that r(L) is discrete and each characteristic value per(L) is of
finite multiplicity.

Consider the equation

0.1) u=ALu+H(A, u),
where H: Rx E— E is a compact operator satisfying the following condition:

(02) H(A, u)=o(||u]) at u =0 uniformly on bounded A intervals.

By a solution of (0.1) is meant a pair (4, u) € R x E satisfying (0.1). In particular,
(0.1) has the line of trivial solutions # = {(4, 0)| Ae R}. If (0.1) has a nontrivial
solution in every neighbourhood of (4, 0), then (4, 0) is said to be a bifurcation
point for (0.1) with respect to the curve Z. It is well known that the possible
bifurcation points for (0.1) with respect to 2 lie on {(u, 0)| uer(L)}.

Let & denote the closure of the set of nontrivial solutions of (0.1).
A component of & is a maximal closed connected subset.

It was shown in [2] that:

TueoreM 0.3 (Rabinowitz). If uer(L) is of odd multiplicity, & contains
a component 4, which contains (u,0) and either
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(i) ¥, is unbounded in RxE, or

(ii) €, contains (ji, 0) where p# ger(L).

Rabinowitz proved also a stronger result for a simple characteristic value .
To describe it precisely, let v denote the normalized characteristic vector of
L corresponding to per(L), k, = L.

Let E’ denote the dual space of E, ( , ) the duality between E’ and E, and
le E' a normalized characteristic vector of L* corresponding to . If E:= {weE|
{1, w) = 0}, then E = {spanv} @ E and each u€E can be written as u = av+w,
where o« = (I, u)> and w = u—avek,

TueorREM 0.4 (Rabinowitz). If per(L) is simple, €, can be decomposed into
two subcontinua €, €, such that for some neighbourhood O of (u,0), the
Sollowing implication is true:

(1, 0) # (1, e €)NO = (4,1) = (1, av+w),
where o> 0 (x < 0) and [A—p| = o(l), |lw| = o(a]) at a=0.

Rabinowitz used the above results in his later work ([3]) to formulate
theorems about bifurcation from infinity. Consider the equation

0.5) u=ALu+K(4, u),
where K: RxE—E is a continuous operator satisfying the condition
(0.6) K(4, u) =o(jul]) at ¥ = co uniformly on bounded A intervals.

We say (u, co) is a bifurcation point for (0.5) if every neighbourhood of (u, o)
contains solutions of (0.5), i.e., there exists a sequence (4,, u,) of solutions of (0.5)
such that 4,—u and |u,} = 0. Let 7 denote the set of solutions of (0.5). The
transformation u— u/||u||? allows us to convert (0.5) into an equivalent equation
of the form (0.1). This observation is the main tool in proofs of theorems about
bifurcation from infinity.

THeEOREM 0.7 (Rabinowitz). If uer(L) is of odd multiplicity and
(A, )= |ull2K (4, uf||lu||?) is compact, 7 has an unbounded component 2, which
contains (i, o). Moreover, if A = R is an interval such that Arr(L) = {u} and
M is a neighbourhood of (u, ) whose projection on R lies in A and whose
projection on E is bounded away from 0, then either

() D\ A is bounded in RXE in which case D\ M meets R, or
(W) D, \ A is unbounded. If additionally 9,\ # has a bounded projection on
R, then 9 \ M contains (ji, ), where p # fer(L).

TreoreM 0.8 (Rabinowitz). If uer(L) is simple, D, can be decomposed into
two subcontinua 9, 9, and there exists a neighbourhood O = M such that the
Jollowing implication is true:

(u, ©) # (A, WD (D,)nO = (A, u)= (A, aw+w),
where a >0 (¢ < 0) and [A—y| = o(1), |w| = o(|«f) at |of = 0.
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1. Global bifurcation for a class of nonlinear eigenvalue problems for fourth
order ordinary differential equations., Let . be a differential operator of the
form & = #,0%,, where #, denotes the Sturm-Liouville operator defined by
Lu=—puy+qu i=0,1. As usual we assume p,eC? 20, n],
q,€C*>7%[0, n] and p; >0, g; > 0 on [0, ©]. We denote by (B.C.) either the
boundary conditions

UO) =u@ =uv'0)=u'(m) =0
or the boundary conditions
u(0) = u(n) = L,u(0) = £yu(m) = 0.

Let a be a positive continuous function on [0, ]. We assume additionally that
the operator & is symmetric and positive definite (this is so in particular when
&,=%,) Then the linear problem Zv = pav in (0, w) together with the
boundary conditions (B.C.) has an increasing sequence of simple eigenvalues
0<py <p,<...,lim,, g, = o0. Any eigenfunction v, corresponding to u,
has exactly k—1 simple zeros (nodes) in (0, n).

The above result which is an extension of a classical theorem for the linear
Sturm-Liouville problem was precisely formulated and proved in [1] and [4].

Now we consider the equation

(1.1) Fu=AMa+h(,u,u,u", v"))u in (0, n)

together with the boundary conditions (B.C.).
Assume that

(1.2)  his a nonnegative continuous function on [0, ] x R* and Vxe[0, =],
h(x,0,0,0,0)=0.

By a solution of (1.1) we understand a pair (4, 4)eRx(C*[0, n]n(B.C))
satisfying (1.1).

Let E = C3[0, n]n(B.C.). E is a Banach space equipped with its usual
norm, flully:= [ullg+ J'llo + ["llo + 14", Where [[ullg = suP,ego lu(x)l. Now
we define a family of subsets of E which are necessary for later considerations.
Let

Sy :={ueE| u has exactly k—1 simple zeros in (0, m), u is positive in a
deleted neighbourhood of 0 and Vxe[0, n], u?(x)+ [/ (x)1* + [u”(x)]?
+[u1n(x):]2 :’é 0}

Then the sets Si°, Sy := —Si and S, = S/ US; are open in E and §;NS; =@
for k # j. Any eigenfunction v, corresponding to g, belongs to §,. By requiring
v, €Sy and |vJl; =1, v, is uniquely determined.
Notice that it is sufficient to search for solutions of (1.1) in Rx E.
Namely, by using the Green function g of % together with the boundary
conditions (B.C.) equation (1.1) can be converted into an equivalent integral

5 — Annales Polonici Math. 53.2



156 Jolanta Przybycin
equation in Rx E:

(13) u() = Aig(-, Y)a0)+hO)1uG) dy = ALu+H(3, ),
where

Lu = [ 4, )a®)uG) dy,

H(L, 4) = zig(-, Yha)u(y) dy,

hu(y) = h(ys u(y), u,(y)’ u’l(yj’ um(y))-

The above symbols for the operators in (1.3) are introduced consciously.
Namely we show that equation (1.3) is of the form (0.1). It is easy to prove,
applying the Arzeld-Ascoli theorem, that L: E—»E is compact as is H:
RxE—E,.

We must show that H satisfies (0.2). Let A denote a bounded interval in
R and fix e > 0. By (1.2) we have

36>0 |El+Inl+W+I0 <o = |h(x, &, n, v, D& < el +Inl+ v+ 1))

Hence, for (1, u)e AxS = {(A, uye Ax E| |u|l; <&} we obtain the estimate

n Al

3
HG, )l = 3 max [ 2 (x, h,0)u0)dy

i=0 xs[0,n) 0
< Clhu@)dy < Cne|ul,,
0

where C depends on A and on bounds for g, dg/dx, d%g/0x?, d°g/ox>.

Therefore H(A, u) = o(||u[ ;) at u = 0 uniformly on bounded A intervals.
Notice that the eigenvalues of % are equal to the characteristic values of L and
are simple. Hence all y, er(L) satisfy the hypotheses of Theorem 0.3 and
accordingly there exists a component %, of % which contains (u,, 0) and is
either unbounded in Rx E or contains (u,, 0), where j # k. Actually only the
first alternative is possible as will be shown next. For this purpose we require
two important lemmas.

LEMMA 14. There exists a neighbourhood U, of (u,,0) such that the
Jollowing implication is true:

A uweUn and u#0 = ues,.

Proof. If not, there exists a sequence (4,, u,)€ & such that 0 # u, ¢S, and
(An» #) = (i, 0) in RxE as n—oco. Writing equation (1.3) for (4,, u,) and
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dividing it by |lu,|; yields
U u, H(4,u,)
"unHS " "un"3 "un"3 .

Since Lis compact and H satisfies (0.2), the left-hand side of the above equation
has a convergent subsequence Uy /N, 5 Ew with |w|; =1 and w=p,Lw.
Consequently w = +v,eS,. Since §, 1s open, u, €85, for p sufficiently large,
contrary to the assumption.

LemMA 1.5. If (A, u)e R x S, is a solution of (1.1), then u=0.

Proof Assume that (4,u)eRxdS, is a nontrivial solution of (1.1).
Consider the linear eigenvalue problem %v = u(a+h(:, u, ¥, u", ¥"'))vin (0, n)
with the boundary conditions (B.C.).

Since (u, v) = (4, u) is an eigenpair of the above problem, we have
ue( )iz, 8,, which is impossible.

Now we can prove the main global bifurcation theorem for (1.1).

THEOREM 1.6. For every ke N there exists an unbounded component of ¥,
%y, bifurcating from (u,, 0) and contained in (RxS,)U{(1, 0)}.

Proof. It suffices to show that €, c (RxS)u{(x,0)}. Suppose
%, & (RxS) U {(1, 0)}. By Lemma 1.4, ¢,nU, = (Rx S,)u {(1, 0)}. Since &,
is connected, there must exist (u,,0)# (A, w)e¥,Nn(RxdS,) and
(4, ) = lim,, (4,, u,). By Lemma 1.5, u=0. Hence A = y;, j # k. Applying
Lemma 1.4 again we find that (4,, u,)e U;n(R x §)) for n large enough, which is
impossible, and the proof is complete.

Remark. By using Theorem 0.4 we can decompose the cornponent %,
into two unbounded subcontinua %;7, €, such that € < (R x SF) U {(i. 0)}.

ExaMpLE, Consider the equation u® = A(1+u?+u'?)u in (0, ) with the
boundary conditions u(0) = u(n) = u"(0) = u’(n) = 0.

It is easy to see that (1, 0) is a bifurcation point of this problem. In every
neighbourhood of (1,0) there exist nontrivial solutions of the form
(1/1+v%, ysinx), yeR. Hence

€ = {(ﬁi, ysinx) Y= 0} c RxSH)u{(l, 0)},

€ = {(T-_:?’ vsinx) Y < O} c (Rx Sy)u{(1, 0)}.

2. Bifurcation from infinity for nonlinear eigenvalue problems with differen-
tial operators of the fourth order. Consider the nonlinear equation

(2.1) Fu= YL, 0%u=rau+k(:,u, w,u", v, A) in (0,n)
together with the boundary conditions (B.C.).
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All the assumptions on . and a from the previous section are still valid.
Assume additionally that the right-hand side of (2.1) is a continuous function
on [0, n] xR and

(22)  k(x, & 1,7, (A = o(&l+nl+IyI+IC]) at (¢, 1, ¥, () = oo uniformly in
xe[0, n] and AeA for any bounded interval 4 < R.

Analogously to Section 1 we can convert (2.1) into an equivalent operator
equation in Rx E = Rx(C*[0, n]n(B.C.):

(2.3) fg yay)u(y)+k,(, A)]dy = ALu+ K (4, u),

where k,(y, 4) = k(y, u(y), ¥’ (), w"(»), v (), A). Let J denote the set of
solutions of (2.1) in RxE.

THEOREM 24, For each integer ke N there exists a component 2, of
T which contains (u,, ©) and satisfies the conclusions of Theorems 0.7 and 0.8.
Moreover, there exists a neighbourhood of (u,, o), O, such that 2
NO < (Rx SEF)u{(u, «©)}.

Proof. It is necessary to show that (2.3) is of the form (0.5) and the
operator K: (A, w)— |u|3K (4, u/|u|3) is compact. Clearly K is continuous on
RxE, L is compact and linear. To show that K satisfies (0.6), let A = R be
a bounded interval and fix ¢ > 0. (2.2) implies that

38>0 [El+Inl+WI+I > = |k(x, S, n, 9, { A < e(I€]+Inl + Iyl + LD

Moreover, by the continuity of k

Choosing J, so large that M/d, <& and setting S:= {ueE| |ul; = 6,} we
obtain for (4, Wye A x S the following estimate:

x Al

@9 1KG. 0l = ¥ max [ 2 g(x, k0. Hdy

N 1=0 xe[0,x] |10

<C ] |k, (y, Ady+C | Ik, (v, Aldy
Juy) + ') +|u” ()| + ' (D] <8 [a)] + w' O} + |6 )] + | ()| > &

< Cn(M +e||ul3) < 2Cne [|ull5,

where C depends on bounds for g, dg/dx, 0%g/0x?, 6> g/0x>. Hence K satisfies
(0.6). To verify that K is compact, note that if 4 c R is bounded, the image of
{(A,u)e A% E| ¢, <|ul;<g,} under K is relatively cornpact for any
0 <@y <@, <o0. Thus we need only prove that K(Ax By, is relatively
compact in E, By, = {u€E| ||lull; < 1/5,}. From (2.5) we obtain

IK@, s = lul3 1K, w/luld)l; < 2Cnefs;  for (A, e Ax By,
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Hence K(A x By;5,) is bounded in E. Moreover, z = K(A, u) satisfies

u ul u" ul”
Pz = ||u{|§k(- z.).
ulid’ N3 Nl w3’

Notice that (4, u/|[uf3)e A x S. Hence, solving the above equatwn for 24 we
obtain uniform bounds for the fourth derivatives of K(A, u) in Awa}
Applying the Arzela—-Ascoli theorem we deduce at once the compactness of K.
So Theorems 0.7 and 0.8 are applicable here. It remains to show that for
O possibly still smaller than in the conclusion of Theorem 0.8 the following
implication is true:
(A, e On2y (2,) = ueSy (S).

By Theorem 0.7 we know that
(4, u)=(4, av,+w), where a >0 (2 <0) and |w]; =o(a|) at || =

Since S; (Sy) is open, v, +w/aeS; (Sy) for « near co. Therefore
u=oav,+weS; (S¢). Thus the proof is complete.

Remark. Unlike in Theorem 1.6, for bifurcation from infinity the
inclusion 2 < (Rx SF)u{(x, )} need not hold. Look at the following
example:

u = Au+1) in (0, n)

with the boundary conditions u(0) = u(r) = u”(0) = u"(x) = 0
For A # k* the solution is unique and given by

1 AT .
u,(x)=—1 +cos\4/zx+-—_gusm\4/ﬂ—.x.
sin¥An
Hence

D7 = {(4, u)l Ae(0, D}U{0, O}u{(, @)} & RxST)u{(1, co)}.

COROLLARY. If we assume additionally that k(x,¢n,9,(, A=
Ah(x, &, 1, v, )&, where h satisfies (1.2), then DE\ O contains a subcontinuum
lying in R x S which is unbounded or intersects the line of trivial solutions & at

(&, 0).

Proof. It is known that 2 N0 = (R x SF)u {(4,, o)}. Let & denote the
maximal subcontinuum of 2; contained in R xS, . Suppose &'\0@ is
bounded. Then there exists (1, u)ed&; Nn(R xdSi). By Lemma 1.5, u=0.
Hence (£, \0)n & # O. Notice that only (u,, 0) can be the limit of solutions
(4, uyeRx S . Hence (& \O)n & = {(i, 0)}.

ExampLE, Consider the equation

u® = l(l +——

2

T 1)2) in (0, )
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together with the boundary conditions u(0) = u(r) = u”(0) = u"(n) = 0. Notice
that w/ie[l,2). Hence Ae[4y, w]) Therefore 2 < [3p, p]xE and
2F meets R at (u, 0).
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