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1. Introduction. Let G denote a compact Abelian group with the
character group X. We denote by C(@) the Banach space of all continuous
complex-valued functions on G with the uniform norm. We write 4 for
Haar measure on G.

Let L,(G),1 < p< oo, have the usual meaning. To avoid unneces-
sary repetition, we shall write # = % (@) for an arbitrary, but fixed, mem-
ber of the set

{C(@); L,(G): 1 <p< oo}.

Given A c %, we denote by A the set of all Fourier transforms
fof fe A. A complex-valued function ¢ on X is called an (A, B)-multiplier
([1] and [2]) if ¢f ¢ B for each fe A, where A and B are subsets of #. A col-

lection ¥ = {T'(£): £ > 0} of bounded linear operators on # is said to be
a semigroup of operators on # if

T(&+ &) =T(6)T(&,) for all &, & > 0.

A comprehensive account of semigroups of operators on Banach
spaces can be found in Hille and Phillips [3], where all undefined terms
used in the present paper in connection with such semigroups are explained.

The following two theorems are our main results.

1.1. THEOREM. Let ¥ = {T(&): & > 0} be a semigroup of bounded
linear operators on %U. Suppose that, for each & > 0, the operator T (&) com-
mutes with translations. Then ¥ defines a semigroup M = {E;: & > 0} of
(%, U)-multipliers such that ‘

(i) for each &> 0, B,f = (T(&)f)" for all fe ¥ and

(i) E, . (0) = B (0) B, (0), &, 52> 0 and oe X.

If, moreover, T (&) is weakly measurable, then there exist a subset X,
of X and a mapping ¢: ¢ >¢, of X, into the field K of complex numbers
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such that

**  if 0e X
EE(O')=‘ f oeX,,

. 0 if 0¢ X,

for each &> 0.
Suppose now that X, is a fixed subset of X and let ¢: 0 —¢, be a map-

ping of X, into K. Put
E(o) = ‘

e** if oe X,,
0 if o¢ X,.

Assume that E, as defined here is a (%, %)-multiplier. Then we have
the following

1.2. THEOREM. For each & > 0, define a mapping T (&) of U into itself by

(T(&)f)" = Eef, fe.

Then: /

(i) ¢ = {T'(&): & > 0} defines a semigroup of bounded linear operators
on U, the elements of which commute weth translations and which is continuous
in the strong operator topology for & > 0;

(ii) for each fe D(A,) and o¢ X, we have fA(cr) = 0, where A, denotes
the infinitesimal generator of ¥ and D(A,) is the domain of A,; moreover,
¢ is a (D(A,), %)-multiplier since (A,f)" = of for all fe D(A);

(iii) ¥ being of class (A), X, = X and D(A) = {fe U: gfe U} (i.e. ¢
is a (D(A), %)-multiplier) and, moreover, (Af)" = (pfAfOT all fe D(A).

Theorems 1.1 and 1.2 are generalizations to compact Abelian groups
of results by Hille and Phillips, proved for the circle group ([3], Theorems
20.3.1 and 20.3.2). As in the circle group situation, our results for # = L, (@)
provide much more information than those stated in 1.1 and 1.2. Here,
for semigroups ¥ = {T(£): & > 0} commuting with translations, the weak
continuity of T'(&) implies the strong convergence at the origin and,
therefore, the strong continuity for all £ > 0. Furthermore, as in the circle
group case, given an arbitrary closed subset F in the left half-plane of K,
we are able to construct a semigroup ¢ of class (C,) on L,(G) such that
the spectrum of the infinitesimal generator of ¢ is precisely F.

Our proofs are an adaptation of Hille’s proofs in the circle group
situation.

2. Proefs of main results. For the sake of clarity, we shall throughout
this paper write y, for a continuous character of G when it is considered
a8 a function on @, and ¢ for the same character when it is considered as
an element of the character group X.

2.1. Proof of Theorem 1.1. Since the bounded linear operator
T(¢), £€>0, on # commutes with translations, there exists a (%, %)-
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multiplier E, such that

(T(&)f)" = Bsf for all few
(cf. [4], p. 3-5). . |

Moreover, a routine argument shows that E, is unique. This proves
the first part of the theorem and the second part follows immediately
from the semigroup property of {T'(&): & > 0}.

Suppose now that T(£) is weakly measurable. Then for each ye %*,
where #* denotes the space of all continuous linear functionals on %,
and for each fe %, E—Hp(T(E) f) is Lebesgue measurable. In particular,
if for each ¢ we define y, e #* by

v.(f) =(f)A(0')’ fe,

then &—y,(T(£)x,) = E¢(0)x,(0) is measurable. It follows that, for each
o, B¢ (o) is measurable. Since also, E; .., (0) = E¢ (6)E,(0), it follows from
corollary to Theorem 4.17.3 of [3] that, for each o, either E,(s) is iden-
tically zero or E.(s) = €% for some complex number ¢,. Now set X,
= {oeX: E,(o) # 0} and the proof is complete.

2.2. Proof of Theorem 1.2. (i) That T'(£) is a bounded linear opera-
tor for each & > 0 follows from (35.2) of [2]. The semigroup property
and the fact that the operators commute with translations are immediate
from the definition of T'(&).

We shall prove that T'(£) is continuous in the strong operator topology
for & > 0. First, suppose that te I(G), the set of all finite complex linear
combinations of continuous characters of @. Thus ¢ is of the form

t = alxul + azXa2+ e +an Xan'
‘The. orthqgonality of I(G) implies that T'(&)? is defined by
(T(&)Y(2) = 06”0 g, (@) +... +a,e™ny, (@), we.
We then have
IT (&)t —T'(&)1
= (ase™ o, — €710y, ) 4. 4 (2™ g, —ane™ny, )|
< lay ll67° —6™1%0 ... + |g, ]| — 67| >0

\
a8 {—&,. Suppose now that f is arbitrary in % and let ¢ > 0 be given.
Then there exists te I(@) such that |f—¢| < e. Since

IT(Ef =T ()< IT(EN-If—tl for each &> 0,

T(&)f is strongly measurable by [3], Theorem 3.5.4. Hence, by [3],
Theorem 10.2.3, T'(£) is continuous in the strong operator topology
for £ > 0. This completes the proof of (i).
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(ii) Let fe D(4,). Then there exists g = A,fe % such that

.1
lim — [T(n)f—f]l=¢
>0t
in the norm topology. For each o,

R A “ 1 A .
%[(T(n)f) (©)=F@)] ~(), ie. - [By(o)=11f(0) >i(a) a8 1-0".

As a consequence of the definition of E,, it follows that f(a) =0
for o¢ X, and

(4ef)" (0) = pof(0)  for all ve Xy,
which proves (ii).

(iii) Suppose that {T'(£): & > 0} is of class (4) with the infinitesimal
generator A = A4,, the smallest closed extension of its infinitesi-
mal operator A,. Then %, = {T(§)f: fe#%, &> 0} and D(4,) are
dense in %. Suppose there exists og,e X such that o,¢ X,; choose fe ¥

such that f(ao) # 0. Then given &> 0, there exists an f ¢ D(4,) such
that [|f’—fll < e. Then

I (00) —f(oo) < IIf —fll < e
which implies that f (g0) = 0, a contradiction. Hence X, is the whole of X.
Finally, let w, be the type of the semigroup {T'(£): & > 0}. For A
with Re(4) > w,, let R(4; A) denote the resolvent of the infinitesimal
generator A of {T'(£): & > 0}. Then there exists a w, > w, such that

R(A; A)f = [ e *T(&)faé, fe%,, Re(d) > w,.

Since, for each oce X, the mapping f — f (o) is a bounded linear func-
tional on %, we have, for all fe%,,

(B(2; A)f) (o) = [ e *(T(&)f)" (0)d¢

= [ e7¥e* f(0)d¢ = (A—p,)'f(s) for each o X.
0

Since #, is dense in %, we have
(1) (B@; 4)f) (o) = (A—g)*f(0) for all fe#, Re() > w,.
Let 2 > w, be fixed and suppose that fe D(A). Then there exists
a ge¥ such that f = R(1; A)g, and we have, for each o¢ X,
(4f)" (o) = [AR(4; A)g—g] (o)
= MA—,) " (6)—§ (0)
= (Pa(j'—(pa)-lg (0) = (pof(a)'
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Thus if fe D(A), then <pf <. Conversely, suppose that f is an element
of % such that ¢fe %. This means that there exists an he % such that
<paf(a) = h(o) for all ceX. Then g = Af —he% and, for all e X,

[B(2; 4)g] (0) = (A—9,)7'g (o)
= (A—¢,) " (M (0) — ¢.f(0)) = f(0).

Hence R(1; A)g = f and fe D(A). This completes the proof of the
theorem.

3. The L,(G) case.

3.1. THEOREM. Let 4 = {T'(£): £> 0} be a semigroup of bounded
linear operators on L,(G). Suppose that the operator T (&) commutes with
translations and i8 weakly measurable for £ > 0. Then

(i) (T(&)f) = Eef for all fe Ly(@), &> 0, and
**  if oe X,,

0 if 0¢ Xy;

(ii) IT(&)ll; = €, where v = sup Re(9,);

(iii) ¢f T(0) <8 given by

E. (o) = l

if o X,,

N )
O T A

then T (&) is strongly continuous for & > 0 and if X, = X, then ¥ is of class
(Cy), t.e. ‘ '
lim T(&)f =f for all fe Ly(@).
&0t
Proof. (i) has been established in Theorem 1.1.
(ii) By (i),
(T(&)f)" = Eef for all fe L,(Q).

Obviously, E, is bounded on X for each £>0 and f — f is a norm pre-
gerving isomorphism of L,(G) onto 1,(X). It follows that

IT(&)ll; = sup|B¢(o)| = suple”’| = ¢*, where » = supRe(gp,).
oceX ge X ceX,

(iii) We already know from Theorem 1.1 that T(&) is strongly
continuous for &> 0. Now, for each fe L,(G@),
ILT(&) —T(0)1f1F = [|([T(&)—T(0)1f)"|I

= D IeF ~1P|f(0)F >0 as £->07.
oe Xy
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Thus T'(£) is strongly continuous at & = 0. Now if X, = X, then
(T(0)f)" (6) =f(0) for all fe L,(G) and oe X.
Therefore 7T'(0) is the identity operator; so

lim T(&)f =f for all fe Ly,(@),
&0t
and the theorem is proved completely.
Finally we prove the following

3.2. THEOREM. Let F = {A} =« K be any closed set such that Re(A)
< a < oo. Then there exists a semigroup of class (C,) on L,(G) whose elements
commute with translations and such that the spectrum o(A) of its infinitesimal
generator A 18 F.

Proof. Set X, = X. Choose ¢ on X into K such that F is the closure
of {p,: 0e X} and define T'(§), £ >0, by 3.1(i). Then, by Theorems 1.2
and 3.1, {T'(§): & > 0} is of class (C,). Moreover, by 2.2(1), the resolvent
R(A; A) of its infinitesimal generator A4 is given by

(R(2; 4)f)" (0) = (A—g,)"*f(0), oeX.

Consequently, i¢ o(A4) if and only if inf |4 —¢,| > 0. Hence o(A) = F,
which proves the theorem. geX
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