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SOLVING BOUNDARY VALUE PROBLEMS
FOR THE BIHARMONIC EQUATION
BY THE METHOD OF SUMMARY REPRESENTATIONS

1. Procedure declaration. The procedure biharmeqP solves the bihar-
monic equation
0*u *u 0*u

(1) ddu = oz +26x20y2 + oy" = f(®,¥)

over the open rectangle
D ={(=z,9)] a0, <& <@y, b, <y <by}

under the following boundary conditions:
1° on the horizontal sides of D we have

0*u

ayz y=>b;

(2) U Iy:bj = (POj(w)a = (Plj(m) (.7 =1, 2),

2° on each vertical side # = a; (j = 1, 2) one of the systems of equa-
tions

*u
(3) gy =¥ul¥)) Gl =)
-
or
ou
(4) u lz=aj = %j(@/), 'a_w— pmay = V’lj(y)
or
0*u 0*u u 0*u
5 hdllad hliad - _ = s

holds, where ¢; and y; (¢ = 0,1; j =1, 2) are given functions, and ¢
is a constant (Poisson’s ratio).
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Let the uniform mesh domain be defined by

(6) Dy ={(®;,y) |2 =a,+h, y;, = by+kh,
(6=0,1,...,m+1; k=0,1,...,n+1)},

where h = (a;—a,)/(m+1), and hy = (b,—b,)/(n+1). Let wu, denote
the approximate value of the solution of (1) at the point (x;, v,).

Data:

f — functional procedure of type real, with parameters «
and y of type real, i. e., the right-hand side of equa-
tion (1);
al, a2, b1, b2 — a,, a,, by, b,, respectively,

*  ft — functional procedure of type real, with parameters i, j
of type integer and x of type real; the function desig-
nator fi(¢,j, #) corresponds to the value of ¢ ;(x) for
given %,j and x;

psi — functional procedure of type real, with parameters
i,j of type integer and y of type real; the function
designator psi(¢,j,y) corresponds to the value of
y;;(y) for given 4, j and y;
m, n — mesh parameters occurring in (6);

left, right — left (right) should be equal to 1, 2 or 3 according to
the type of boundary conditions (3), (4) or (5), respec-
tively, prescribed on the left (right) vertical side of
the rectangle D;

sigma — Poisson’s ratio o.
Results:
u[1:m, 1:n] — array containing the approximate values of the solu-

tion at the nodal points (6); u[7, k] = ugfori =1, 2,
..,mand k=1,2,...,n.

2. Method used. Strictly speaking, the procedure solves the differ-
ence equation

A, dpuy, = f(@55 Yy)

on the domain D,, where 4, 4, is the finite difference 13-point biharmonic
operator. For solving this equation with conditions which are finite dif-
ference replacements of given boundary conditions we use the method of
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progedure biharmeqP(f,a1,a2,b1,b2,fi,psi,m,n,left, right,

sigma,u);

Jalue m,n;

doteger myn,left, right;

Teal a1,a2,b1,b2,8ipgnma;

arxay u;

Zeal procedure f,fi,psi;

egin

Integer hm,i,1iz,11, j,k,mm1,m1,m2, nMm1, n1, tm1, type;

;ggi alm,al1, bem, be1, cc, cga2, ck, ck1, ck2, cm1,c0,den, denbd,
dent,den2,d1a1,d1a2, d2a1,d2a2, fip, 11, fi1a1, fi1a2, fi1m,
£i2,f12a1,£12a2, £12m, ga2, ga4,hx, hx2, hx3, hx4, hy, ia,id, iw,
lk,mk,ni,ni2, r,r1,r2,8ga2, t, te, tek, thx, tk, t01, t02,t11, t12,
umi, u0, va, vb, vw, wm, wm1, w0, w1 ;

Boolean sped;
array fkl1:m],nk(-1tm+2],p(12n,1:n],p01,p02,p11,p12, y[1:n],
t2(1:m,1:n];

Rrocedure albe(i,al, be);
dnleger 1;
Ieal al, be;
4L 1>1z
Xheg alt=be:=,0
&lse
Degin
dnteger ps
Zeal fi,nki,nkp;
pt=mi-i;
nkis=nk(i];
4 p+p2iz
then

9 — Zastosow. Matem. 15.3
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Degin
al :=nkixdem<(1,0+1x1k) ;
bet=-nkixdenixi
end p+p>iz
elge
begin
nkpt=nk(pl;
nkp $ =nkp>nkp ;
£4 t=nkp>den2x(1,0-nkixnki)-ix(1,0+nkp) ;
al t=nkixdenx<(1,0-nkp-1kxfi);
bet=nki~deni=fi
end -p+p2iz
end ~i>iz,albe;
orocedure W(i,w1,w2);
integer 1
Teal wi,w2;
Regin
Ieal s1,82,t;
dnteger p,p1,4q3

811=2g21=,0;

gs=m1;
dor pi:=1 gtep 1 untll m do
Degin

gi=g=1;

pis=abs(i-p);
4L pi<iz
zhen
begin
ti=nk(p1]=(p1+1k):
s1:=s1+txfkip]:
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821mg2+t=fk(q]
end pi<iz
"end p;
w1l =mkx<s1;
w2 3 =mk>=g2
end ¥s
procedure modif(i);
integer 1;
Jegin
Zeel y1,ym;
yit=yl1];
yns=y[n];
iL 1=

then
egin )
t013=hx2xt01-cO0-aga2=(y1xfi1al+m=ri2al) ;
t113==hx3<t11+cga2x(yixd1a1+ym<d2a1)
&gnd i=1
elge
Dbegin
t023=hx2=%t02~cm1-sga2=(yi=fi1a2+yn=xri2e?2) ;
t121=hx3%t12-cga2=( y1=d 1a2+yn=d2a?)
gng -~i=1
engd modif;
8wltch beond:=ss, sp,sf,ps,pp,pf, s, fp, L3
typet=3x(left-1)+right;
speds=1f left<2 then right<? else false:
misam+1;
tm1:=m1+m1;

m23=m+23

401
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rmq3=m-1;
hms=entier(,5>m) ;
4L bm+hmim
Xhen hm:=hm+1;
nis=n+1;
nmet=n-1;
t1=1,0/n1;
ri=bi;
hys=(b2-b1)>t;
Zor 13=1 giep 1 untdl n 4o
Degin
y[1]smrt=r+hy;
p01{1]:=psi(0,1,1);
p02(1]s1=psi(0,2,r);
p11[ils=psi(1,1,7)3
p12[1]1=psi(1, 2, 7)
end 1;
hx:=(a2-a1)/m1;
hx2 ¢ shx<hx;
hx3st=hx<hx?};
hx4 t shx2><hx2 ;
thxi=hx+hx;
ga2:=hx2/(hy<hy) ;
gaji=ga2xga?;
cct1=2,0+ga2;
4L ~sped
then
kecin
sga2i=glgmaexga? ;
cga2ingal+gal-sga?
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end -sped;
fit1a1s=fiim:=£1(0,1,a1);

fi2a1:=fi2m:=£1(0,2,a1);

rt=al+hx;

£i1:=r1(0,1,7);

£i2:=£1(0,2,1);

d1at1tsfi1-fiim;

d2a1:=f12-£i2m;

dor 1:=1 gtep 1 untll m do

Deglin
for k:=1 gtep 1 untll n do

teli,k Ji=hxd4=f(r,y(k]);

r1i=r+hx;
tip:=£i(0,1,r1);
r2t=cexfi1-fip-fitim;
teli,1]s=t(1, 1)+ga2x(r2+4r2-hx2=ri(1,11) ) ;
te(1,2])s=t£[1,2]-gad=xri1;
fiimi=riq;
fi1:1=f1ip;
fip:=£i(0,2,r1);
trl{i,nm1)e=tL[1, 0m1 J-gad=xri2;
r2tmocx<fi2-fip-£i2m;
t£(i,n]s=tL{1, nl+ga2>(r2+r2-hx2=f1(1,2,1)};
fi2ms=ri2;
fi2:=fip;
ri=r1

end 1;

fi1a2¢t=f1i1;

d1a2:=ri1-£1i1m;

f£i2a21=112;
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d2a21=£12-£12m;
ri=-gqrt(t+t);
t3=3,1415926536xt;
r13=,03
r2s=r=sin(t);
ck2:=coa(t);
tei=ck2+ck2;
nk[0Js=ck11=1,0;
Zor k:=1 giep 1 until n do
besin
cks=texck1-ck2;
iz 2
then
begln
far Ji=k-1 gtep -1 uptll 1 4o
yl3le=plk, 31s=p(Jj,k];
risaylk-1];
r2i1ay[k-2]
end k>2
sles
4L k=2
then
bezin
ris=y{1]1:=p[2,1]s=p[1,2];
r2:=,0
epd k=2;
ti=ck+ok;
Jor J:=k gfep 1 upill n 4o
egin
ri=y{jls=plk, j Je=txr1-r2;
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r2s=r1;
r{s=r
gnd J;
nii=1,0+ga2<(1,0-ck);
nit=tt=nk(1]:=ni-sqrt(nixni-1,0);
ni2s=nixni;
Jor 1:=2 gtep 1 uptil m2 do
nk[i]s=ts=nixt;
nk[-1]:=1,0/n4;
t01:=t02:=t11:=t122=,0;
Lor j:=1 gtep 1 uptil n do
begin
ri=y(3i];
t013=t01+r=p01[j]1;
1021 =t02+1>=p02[ 3 1;
t113=t11+r<p11[ 31
t12:=t12+mp12[ 3]
end Js
cci=1,03
Zor it=1 gtep 1 uaidl m do
Degin
t1=,03
Zor ji=1 gtep 1 uatil n do
timt+y[JetelL, 315
rkl1]s=t;
ti=abe(t);
&I t>ce
hepn cc:=t
end 1;
izi=entier(-(1n(m<6c)+27,6310211159)/1n(ni))+1;
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mk:=1,0/(1,0-ni2);
den1 s=ml<ni ;
4L tmi>iz

then
Dogln
den:=1,0;
den2t=tm1
end tmi>iz
2lse
Dezin
ti=nk(m1];
dent=1,0/(1-txt);
den1:=denxdent;
den2s=tmixden
end ~tm1>iz;
1ks=mk<(1,0+n12) ;
mk ¢ =ni 2>mk>ank ;
W(-1,7r1,r2);
W(0, w0, wm1) ;
W(1, w1, wm) ;
cOs=ri+wl;
cmi $=xr2+vm;
albe(1,a8l11,be1);
denb:=1,0-be1-be1;
albe(m, alm, bem) :
4L sped
hen

degdn
u0s=t01-w0;

um1s=t02-wm1
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end sped
olse

Dbegin

tk:=cga?2xtek;
tki=3,0+tk+tk;
tek:=1,0+8ga2xtek;
teki=tek+tek;
tt1=-alm-tekxbem;
w(2,£11,712);
iwi=-r1-tlocw1+fi1;
vWiz-r2-tk<wn+£12;
albe(-1,£11,£12);
albe(2,r1,r2);
iat=-f11~tk><al1+r1;
ibs=-£12-tkxbe1+1r2;
albe(m2, £11,£12) ;
albe(mm1,r1, r2) ;
vas=~-fil1-tkxalm+r1;
vbt=-f12-tk>bem+r2;
cet==-ia~tek>xib-tk
&end -sped;
&g tg beond[typel;
cO0t=hx2>xt11+t01+t01-c0;
cm1t=hx2=<t12+t02+t02-cm1;
£9 1o form;
cOt=hx2=xt11+t01+t01-c0;
cm176thx<t12-cm1;

cm1t=cm1+2,0x( alm=<u0+al 1>um1+bem=<cO+be1xcm1+wn) /denb;

&9 to form;

407
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u0:=t01~w0;

c0:=hx2xt11+t01+t01-c0;

modif(2);

um1 s =(t12+vaxul0-iaxwm1+ib>t02+vb=<cO+vw) /ccs
cmit=t02+tek>umi;

um1 $=umi-wm1;

& 1o form;

c0:=-thx<t11-c0;

cm1 1=hx2>xt12+t02+t02-cm1;

¢0$=00+2,0x( a1 1>u0+alm=um1+be 1xcO+bem=cm1+w1) /denb;
& to form;

cO0t=-thx=<t11-c0;

cm1t=thx<t12-cm1;

r13=al 1>u0+alm>um1+be 1xcO+bem=<cm1+w1;
r2 s =alm~<ul+al 1>um1i+bem>=cO+be 1<cm1+wn;
bem : =bem+bem ;
r1=2,0/(denb<denb-bem<bem) ;
c0s=c0+r=(denbxr1+bem=r2) ;
cm1:=cm1+r=(denb<r2+bemxr1) ;

& g form;

u0s=t01-w0;

modif(2);

t111==-tho<t11-c0;

r1i=al 1>ul-alm<wni+bem=t02+be 1>t 11+wl;
r21=t12+vexul-1axwmm1+ib<t02+vbx<t11+vw;
r1=-1,0/(2,0xvb<t+ccxdenbd) ;

um1t =<x=(2,0>vb<ri+denb>r2) ;
cm1t=t02+tek>um1 ;

umi:=umi-wm1;

c01=t1142,0xrx( txr2-cexr1) ;
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& 3g form;
modif(1);

um1t=t02-wm1;

om1 s=hx2=xt12+t02+t02-cm1;
u0s=(t11-1axwO+ib<t01+veumi+vbxem1+iw) /cc;
cOt=t01+tele<ul;

u0:=ud-wl ;

&£ 1o form;

um?s=t02-wm1;

modif(1);

t12t=thx<t12-cm1;
r1i1=-alm<wl+bem=<t01+al 1=<um1+beixt12+wm;
r2t1=t11=-1axw0+1ib<t01+varcum1+vbx<t12+iw;
ri=~1,0/(2,0%vb<t+cexdend) ;

u0 t ==1=(2,0xvbxri+denbxr2) ;
c0s=t01+tek>n0;

ul $=u0=-w0;

om13=£12+2,0x<r=<( txr2-cexr1) ;

&2 Yo form;

modif(1);

modif(2);
ri13=t11-1axwO+ib<t01-vaxwn1+vbx<t02+iw;
r23=$12-vaxwO+1bx<t02-1a>wm1+vb=<t01+vw;
ti=-va-tekxvb;

r1=1,0/(cexce~t=t) 3

ubs=r=(cexri-txr2) ;

cO0:=t01+tek<ul;

u0s=ul-wo;

um s =r<(cexr2-txr1)

cm13=t02+tek>xum1;

409
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umy s=umi1-wni;
forms
for 1:=1 gtep 1 uptil hm do
begin
albe(1,a11, be1);
i11temi-4;
albe(11,alm, bem) ;
Wi, w1, van);
uli, x ]s=a1 1><u0+almcum1+be 1<c0+bem<cm1+w1 ;
L i1
then uli1,k]s=alm<ud+al 1>um?+bem=<cO+be 1xom1+wm
end 13
ck2t=ck1;
ck1t=ck
end k;
dor 1:=1 giep 1 ugtll m do
Dbegln
Lor J:=1 giep 1 uptil n do
ylgls=uld, 3]s
dor k=1 gtep 1 until n 4o
Degin
t1=,0; -
Lor jt=1 giep 1 untdl n 4o
te=t+p[k, JIxyl3];
uli,kle=t
epd x
epd 1
and biharmeqP
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summary representations [1]-[3]. The main formulae used are
u; = Puv,,
V; = A (Vg —Wy) + Ay 511 (Vg — Wy )+ Bi(€o—w_, —w,)+
+B, i1 (Cppy—W,, —w,, ) +w; (¢ =1,2,...,m),

where u;, v; are n-dimensional vectors, w; = [%;, Uy, ..., %], P is the
n-th order square matrix with elements

2 . rsT
Pyrs = —/n,—_-{_TSlnn-f—l (7',8=1,2,...,’n),

4;, B; are known diagonal matrices of order n, and w,; (¢ = —1, 0,
..., m+2) are vectors depending on the right-hand side of equation (6)
and on the given boundary conditions on the horizontal sides of .D,. The
veetors vy, ¥, 1, € and ¢, ., are to be determined by using the boundary
conditions assumed on the vertical sides of D,.

3. Certification. The procedure was applied to many problems.
In particular, we consider all (topologically) different combinations of
boundary conditions of specified types for the equations

(7 A4u =0 (O0<z,y<1)
with the exact solution # = sinmzexp[n(y—1)] and
(8) AAu = 4n*sinnrcosmy (0 <2,y <1)

with the theoretical solution ¥ = sinnacoswy. The value of the parameter o
is always taken equal to 0.25 and we put m = n = 19.

The calculations were carried out on the ODRA 1204 computer at
the Institute of Informatics of the University of Wroclaw. The maximal
relative errors of the received solutions are shown in Tables 1 and 2.

TABLE 1. Equation (7) TABLE 2. Equation (8)
right right
1 2 3 1 2 3
11 18,—4 42,,—4 41,,—4 1| 14,0—4 37,,—4 76,,—4
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S. LEWANOWICZ (Wroclaw)

ROZWIAZYWANIE ZAGADNIEN BRZEGOWYCH
DLA ROWNANIA BIHARMONICZNEGO
METODA REPREZENTACJI SUMARYCZNYCH

(
STRESZCZENIE

Procedura biharmeqP rozwigzuje réwnanic biharmoniczne (1) w prostokacie
D= {=z,y)la <z<ayb <y < by}

dla nastepujacych warunkéw brzegowych: na bokach y = b; (j =1, 2) zadane s3
warunki (2), natomiast na kazdym z bokéw z =a; (j = 1,2) — warunki (3), (4)
lub (5), gdzie gy iy (¢ = 0,1; j = 1, 2) s3 danymi funkcjami, a ¢ oznacza wspélezyn-
nik Poissona. Obliczane sg przyblizone wartoéei rozwigzania w wezlach siatki (6).
Dane:
f — funkecja rzeczywista z parametrami x i y typu real; prawa strona
réwnania (1);
al, a2, b1, b2 — odpowiednio a,, a,, by, by;
fi — funkecja rzeczywista z parametrami 4, j typu integer i = typu real,
ktérej wartoseiag dla danych 4, j, x jest ¢;;(x);
pst — funkeja rzeczywista z parametrami 4, j typu integer i y typu real,
ktoérej wartodciag dla danych 4, j, y jest vy (y);
m, n — liczby naturalne nie mniejsze od 2, wystepujace w (6);
left, right — left (right) jest réwne 1, 2 lub 3, gdy na boku x = a, (r = a,) pros-
tokata D zadane sa odpowiednio warunki (3), (4) lub (5);
sigma — wsp6lezynnik Poissona o.
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Wyniki:
w[l:m,1: n] — tablica przyblizonych wartosci rozwiazania w wezlach siatki (6);
w{i, k] = u(w;,y) dla ¢ =1,2,...,m oraz k =1,2,...,n.
W procedurze biharmeqP zastosowano metode reprezentacji sumarycznych
[1]-[3], ktorg krotko scharakteryzowano w punkeie 2. W punkeie 3 oméwiono wyniki
przykladéw kontrolnych, wykonanych na maszynie cyfrowej ODRA 1204.



