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Method of difference inequalities
for parabolic equations with mixed derivatives

by A. Frrzxe (Krakdw)

Abstract. We shall consider here a differenco inequality with difference quo-
tients corresponding to mixed partial derivatives of the second order. This inequality
will be used to estimate the convergence of a difference scheme for a parabolie differ-
ential equation with mixed derivatives. In this difference scheme a weighted average
of symmetric difference quotients will replace the pure partial derivatives of the
second order.

The result obtained for one equation can be generalized, in the same way, for
a system of partial equations of the parabolic type.

1. The present paper can be regarded as an immediate continuation
of works [7], [4] and [5] dealing with theorems on difference inequalities.

In [7] A. Pli§ proved a theorem on a difference inequality corres-
ponding to a differential inequality of the first order and suggested the
possibility of using it for estimating the convergence of a difference scheme
for an equation of the first order.

In [1] the author developed the idea, obtaining in a different way the
result of Z. Kowalski [6]. The method was further developed in [2], [3],
[4] and [5]. In particular,the paper [5] concerns a convergence of a differ-
ence scheme for a system of parabolic differential equations of the form:

Dy s dy; Dy 2%y, 0%y,
=fle,y, —, ..., ——, ... Ty ey ™
Az, il Ty Yy o, PRERR) gz, y ey e U :1:?, 3

T=1,...,m.

A difference scheme for this system was obtained in the following
Oy; 0%y,

manner: the derivatives —, —-,
ox;,~ Omy,

k > 1, were replaced by symietric

difference quotients.

Application of the same method of proof when the equation is of
the form:

Wy = F(E, @) Uy g onny Yy Uy oony Ugyos Ypymys oo Wy 12,)
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requires another difference scheme. The present paper is devoted to
this problem. In Section 2 we shall give a theorem on a difference inequal-
ity and as its consequence, in Section 3 we shall demonstrate a conver-
gence of o difference scheme and we shall give an estimation of this con-
vergence.

Moreover, in Section 4 we try to discuss the applied method.

2. Notations. We shall consider the nodal points »*/ of the euclidean
space R, 0 < M < P, where M = (Mg, My, «ovy )y P = (Doy D1y -y Do)
are given systems of integers, and 0< M KP denotes 0<<my; < p“
1=0,1,...,n;

’
= (wg'o, w™, ..., apm), @0 = mek, 2 =mh, i=1,...,n,

where = 7/N, k = t/N, are positive numbers. To each nodal point i
there correspond real numbers u" and »". Moreover, we shall introduce

a notation for an operation on the multi-indices I :
+ = (me+1,my,y ...,m,),
FIM = (igy ooy My_yy My +1y Myyyy ooy my),  §=1,...,n.
—JAM = (Urgy eory My My —Ly My gy oy my),  §=1,..., R,

We need also special notations for difference quotients of the first
and second order:

1
Sopu = = (M — My,
2
& _u.-‘lf — 1 (,u-;-i.’lf[ ,u—iJ[) i=1.92
= @ T, =1, 0,
-
X 1 . :
du? = 5 (P2 =) i =1,2,...,a,
1
ar —j ;
Ot = - 6,1( \: (@M 4 Bu oy ”’)), i=1,...,m,
i=1
JAT
1
M 1 aAr —1(—7] t(—71 —1(-+J
51’;” — I,L_z (,” (47 )+u i(—JaLy (’4!( 111)_,M 1( I-JM)),

=1,...,m, ] =2,..,n, 1<].

In order to abbreviate the text let us introduce notations for certain
multidimensional vectors:

wM Mg M o M
ou = (d,u'y dyu’l,y L., 8, uM),

M

a a
ou™ = (o U7, Gyat [ 3 Oan u"l[)

’

M Al 5 hog g A
ow" = (b, digu™, ..., S uM, L, 8, u).
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THEOREM 1. Let us suppose that the scalar function f(A), where
H
A =By @1y ey By Wy Drycony Pua ay ooy Quy Wany Wiy «eny Wy oovy Wa_1p),
r=1,..,n—1,8=2,..., 0, 7r<8 is of the class C" in the set D =
[0, T]**! x R¥*F1Mn=DR " gnd satisfies the following conditions:

n

2 2a .
CEIRRVOVES 5(ﬁfq,.(A>—m§qu(A)), =1,
Jj=i

da
(L2) Iy ()] < = (fie(4) +1(4)),
i=1,..,0—=1,=2,..,n, i<],
where a and B are positive numbers such that 2a + 8 = 1.
Let the mesh sizes It and h be chosen such that

26,

L Zf,,i(A) > 0.

i=1

(1.3) 14 Kf, (d)—

Moreover, we suppose that for 0 < my<py,—1, 1< m;<p;, &=
=1,..., 1, the numbers u™! and v satisfy the following difference inequalities:

(1.4) Gou™ < ™, uY, suM, oul, gn),
(1.5) 80 = f(&M, vV, 80, ov™, ov™),

and on the parabolic boundary of the mesh, i.e. when my, = 0,00 my = 0,...,
orm, =0,0rmy =N, 0r my =N, ..., or m, =N, we have

(1.6) w L v,
Then the inequalities
(1.7) uM L M

hold for 0 < M < P.

‘We shall prove our theorem by induction on m,. By virtue of (1.6)
the theorem is true for m, = 0.

Let ™ = 4™ — 9™, It is sufficient to prove that the inequality #¥ < 0
for m, = my implies 7+ < 0. A substraction of inequality (1.4) from (1.5)
yields

SorM = Spu — SyvM < f(aM, uM, SuM, ouM, pu'l)—

___f(m’ ,U.M’ 6,0‘11, O,,UII[’ evﬂ!)_
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HMence by the mean value theorem we have

8o < ful ~)7 + Vf,, (~) b0+ \ Fag(~)oar™ + ,\fwu (~) 0™

1=1 i=.| ,J=l
l\}

A 1 M —'IlI
—hars N D B~ (T =
l

i=
n

I 11] \ fh (2 @t g gped g p=i40)
N—1h% = '
j—

_I =)

+ﬂ1.+f.’ll_2ﬂ,'.ﬂl +ﬂ1‘—1.ﬂl+ a,r-:Af(—jJJ) __Qa,r—'jﬂl_{_ a,’.fl'(-—j}l'l)) +

ZT" (o) (TG gm0 gerd(=33D) _gmi+130))
-U 2 U

z»;

We now group the terms containing the numbers # in the same nodes
of the mesh:

B "1.
1 ”/(1+7.-f,,—F-/_\Jf,,' Y+
i=1
n u
. 1 B 2a NV Vi
= (_‘)h Toit 5 f"' —1)h? 4;4 Ta ) +
j 1

H N,

AN 1 B 2 AN PREEY
) ./../(— o T e T G T é{,fw)’ *

J¥i

) 1 p i
+ Z (T_—“];{ (jfli+f'lj 4}-)fl(,j]( " (-U”)_*_g. g J"))+

CONY ¢ e (i3 petit=130)
T;'Jt(n, Ty o 1) 41"f'”u T

By virtue of Assuniptions (1.1)—(1.3), the coefficients of numbers 7
are positive. It follows from the induetion assumption that #¥, ¢+, 9=
pHICII =G i3 g vit=i) gre non-positive for M = (mg, my, ...
.-y m,). Thus we have proved the non-positivity of »+" for m,, i > 1,
satisfying the inequalities 1 << m,; < p; — 1, which together with Assumption
(1.6) gives the non-positivity of »*¥ for all M = (my, my, ..., m,). This
completes the proof.
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3. We now apply Theorem 1 in proving the convergence of a differ-
ence scheme for a partial differential equation of the parabolic type
with mixed derivatives

(2.1)  Yey =@ U, Ugyy oot Yays Yoyzys o3 Yspays Yryzas =03 Yoo yn) s
with boundary conditions

y(e) = g@") for @, =0,j=0,1,..,x,

(2.2) u

y(@) = y;(@™)

We obtain this scheme by substituting symmetric difference quo-

tients for derivatives of the firgt order, and the weighted averages of sym-
metric difference quotients for derivatives of the second order.

Let us retain the notations used in the preceding part. To each nodal

for w; =7, j =1,

point #* of the mesh we attach the numbers z*. Let us consider the
following scheme:

/s WM LM s 3 L
(2.3) 60~ =f(il- y % ,6z ,0'... ,Qn. )

with boundary conditions

@.4) A =gy for w; =0,j=0,1,..,n,
' M=) for @y =71, j=1,2,...,n.

THEOREM 2. Let us suppose that
1° the function f(x,u,p,q,w),

" +1 . .
#eR"™, P = (Py1y ...y Py)e Y,
y n(n=—1)2
g =1y Qay -y LRy W = (Wyay 105, ooy W, 1,)e R (r =1 y

is of the class C" in the domain D = [0, v]*+! w R nn-1iz)
2° the derivatives of this function satisfy in the domain D the foltowmq
conditions
0L f, <L

"
2a OO

—1 &
)—l
FES

Tg; i=1,...,m,

ol < (ﬂfql

-

da L L
Ifll‘ijl < -'n——I- (fqi_lb-fql-)’ ?’,J = .]., “aeey ’lL, L< ]’

where a and B are positive numbers, 2a+p = 1, and the numbers k and I
are chosen such that

14 kf = 0k Zf,,>0

i=1
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3" the function y(x) is of the class C* in the domain B = [0, 1"t and
satisfies (2.1) with boundary conditions (2.2), and 2 satisfies (2.3) with
conditions (2.4).

Let us denote u™M =y™M—z

Then the inequalities

AL

(2.5) ]'MM| < (6’-””"0—1)

e(h)
L

Iold for 0 M <P, and

(2.6) =0  when L—0.

Prooif. In the nodes " of the mesh the function y(z) satisfies the
following difference equation:

! =f(mM: ¥, 5?]:‘[: oy™, oy™) 4+ & (h)
with boundary conditions

¥y =g, @) for 4;=0,j=0,1,...,n,

y ' =y fora;=7,j=1,2,...,n,
and
(2.7) e(h) = maxe’(h)—-0, when 2—0.

A

Hence it follows easily that

60,",‘11 — ’Soy.‘ll_ 50le — f(m.‘i[, ,y.TII, 6;1/‘”, O'?/'M, Q?/M) _

_f(mlll, zJ[’ (SZ'", o_zlli’ Qzﬂl) + Eﬂf(h) ,

The mean value theorem yields

(2.8) w = f,(~)u' 4 prz ) 6;uM - qu (~)ouu™ +

=1

+ Z Fg( ~) 6,50™ + & ().

vJSl
l<J

Let us define the values »" in the following way:

(2.9) ¥ = E(Lh) (e"™M—1), 0<<M<LP.

It is easily seen that v satisfy the inequalities

(2.10) Go™ = LoM 4 g(h),
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~1

and that 6v" = 0, oo™ = 0, p»'' = 0. Thus we can write

(211)  Sev" = Lo 4-¢(R)

> fo 4 Zf,,la vt qu o0 + Ef,,ﬁé S0 e (h).

=1 ,j=1
i<j

Let us compare the inequalities

(2.12) 6,0 > f, 0™ + V’fpla oM S‘f,, ;07 + S‘f,,, 850 + e (1)

=1 f.i—
i<j

and

(2.13) Gou™ < fu ™ + y-f?’ta I(M-I'qu o + quja ;u™ e (h).

i=1 1,j=1
1<:i

The boundary values for ¥ and z are equal and »™ > 0. Hence
(2.14) WM =0, wM<o” for m; =0,j=0,1,2,...,m, or m; = N,
j=1,2,...,7
From econditions (2.12), (2.13), (2.14) and Theorem 1 it follows that
(2.15) | wM<<o” for 0K M<P.
In a similar way we obtain

2.16)  8(—v™) < ful — ’)+2fp 5 (—v")+2fq,da ") +

i=1

+ wau 61'] 'i 81!(”’)
1:-*1

and
(2.17)  Su = fu + 2 Fy 807 + Z‘ Fa 0w + 2 Fugg O350 + &7 (1) .
i=1 z,j=1
1<j

‘We have also
(218) ¥ =0, wM> —oM form;=0,j=0,1,...,%, orm =N,
J=1,2,...,n.
Conditions (2.16), (2.17), (2.18) and Theorem 1 yield
(2.19) M= —oM  for 0K M LP.
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Comparing conditions (2.15) and (2.19) we have

|| < o

This is the first part of the thesis. The second part is an immediate
consequence of (2.7).

4. The following example:
Uy = U+ QY ,,+ww,

shows that our method is not applicable for the classical difference scheme
with symmetric quotients in place of derivatives of the second order.
This classical scheme is of the form

50%]{ - (Su ’""1[ + am 612‘2‘ + (s J[

and numbers »*Y must satisfy the inequalities

-1k 1 f Ly 2]
,)'J.‘ﬂl :,; (] - I_’,z_) ,r:‘[ _|_ z; (,r'rl.‘f_*_ 7 -]J[__I_,r'r-;ll _I_ ,).‘—-Jf) _I_

Ay y _ Ayo , _
+ I) ( 23’_}_’. 1- 1[) ]q (1 l+"1[+,r+l Jl),

which does not guarantee their non-positivity.
In the considered example one can use a modification of the preced-
ing scheme, taking the quotient

1 . ; ;
T)Tz— ('U' 12 + _"-H-'AZJI + _u,—l-}-z."l[ + u—l—.’.’lf__ 4_,“111)
afl

to be the Laplacian. This is possible in the case of any linear parabolic
equation.

In the case when the equation is essentially non-linear this modi-
fication is impossible.

Using the same technique of proof one can obtain an analogous result
for a scheme of difference inequalities and for the convergence of special
difference scheme for the equations

oA plga P i ‘ i
Yoo = fie,y, Yays cos Yoy Yaywys + oo Yy Ympzar =+ 0 y“'n—l"’n)’

i =1,2,...,m.

‘We have here presented a method for one equation in order to obtain
a simpler notation and clearer idea of proof.
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