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Remark on a mean ergodic theorem

by R. JAITE (L6dZ)

Let H denote a real, separable Hilbert space and let p be a probability
distribution in H (i.e. normed, regular measure defined on a o-field B of
Borelian subsets of H) such that

(1) [ Ikpp(dh) < oo (1)

The mathematical expectation M, and the dispersion operator D, of
probability measure p are defined, as it is known, by the formulae

(2) (M, h) = [(g.B)p(dg), heH,

(3) (Dpg, h) = [ (u—DMy, g)(u—Myp, R)p(du), g, heH

(see for example [2], [4]).
The probability distribution p is uniquely determined by its char-
acteristic functional ([1], [2], [4]):

(4) p(k) = [ etomp(dg).
The distribution
(5) (p*q)(Z)= [p(Z—h)g(dh) for ZcB

is called the convolution of distributions p and q The convolution of the

distributions p,, p,, ..., p» Will be denoted by ” pr. For a linear, bounded
operator 4 in H and for a probability dlstnbutlon p we put by definition
(6) (4p)(Z) =p(A7'Z) for ZeWB,

where A7'Z = {h: Ah e Z)}.
A sequence of probability measures {p,} is said to be weakly con-
vergent to p (p.—p) if

(7) [ f(h)pa(dh) > [ f(h)p(dh)  (n->oo)

for any continuous function f bounded in H.

(*) /... means an integral over the whole space H.
Annales Polonici Mathematici XX 13



192 Remark on a mean ergodic theorem

The purpose of this paper is to prove the following

THEOREM. Let U be the unitary operator in H, p a probability distribution
in H satisfying condition (1), M let denote the mathematical expectation of p.
Then the sequence of distributions

n ‘1
(8) pn=” ;U"p n=1,2,..)

k=1

converges weakly to a one-point distribution 6,,, where

(9) £, = lim> 2 Uk
n—oo N p

Limit (9) exists by the ergodic theorem of J. v. Neumann (see [3]
or [5], § X, 3). Our theorem can be regarded as a generalization of the
mentioned theorem of J. v. Neumann, if we observe that in case of a one-
point distribution p = dpr formula (8) is reduced to formula (9).

Proof. We have p = p*d_an*dn. The mathematical expectation of
the distribution p*d(-r is equal to 0. Moreover, we have

n

”*?1—@ Ukp = (!:!*%} Uk(p*é(-m))*(ﬁ‘% U"éM)

k=1 k=1

= (” ’ITL Uk(P*(s(—M))) *6:_‘2(]];1” .

k=1 k=1

Thus, in view of the continuity of a convolution with respect to a weak
convergence of measures, it suffices to show that for M = @ the sequence
of distributions (8) converges to a one-point distribution d¢. Let D denote
the dispersion operator of p. We have

(10) P (h) = 1—3(Dh, k) +w(h)|R]?,
where w(h) >0 as h—>6.
) T .1
(11) i) = [ [ (2 774),
k=1

L
n

(12) logfrn(h)=j[1-—2iﬁ(DU"‘h, U *n)+ %w( U"‘h)nhuz].
k=1

The operator D is self-adjoint, non-negative, compaect, with a finite trace.
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Let {e} be a basis in H, diagonal with respect to the operator
i.e. Deq= Aieg (1= 1,2,...). Obviously

n
>0 and D A=TrD< co.

Then we have

%Z (DU~*h, U~*h) = %2 D (U, et

k=1 k=1 {1

D,

n o0
1 \! ||l
<w—l2221lh||’1427’1‘r1)—>0 a8 Moo,

k=1 i=1
It can be likewise easily seen that
n

1

n?
k=1

w (U”‘% )||h||2—>0 (n —>o00) .

Now it is seen that
n—oo

for any he H. Thus the sequence of characteristic functionals of the
distributions p, converges to the characteristic functional of the one-
point distribution dg¢. To prove that p,—>de it suffices to verify that the
sequence {B,} of dispersion operators of the distributions p, satisfies

the conditions
1° supTr B, < oo,
n
2¢ lim sup 2 (Bropky px) = 0,
m—>0 B ey

where {p,} is a basis in H. We have

L (]
1 —ky e
(Bah, b) = = E (DU n, U n).

k=1

Thus

1 n oQ _ _ 1
TrB, — n——z-ZZ(DU Y1, U¥pi) = TrD >0,

k=1 {=1

which completes the proof of the theorem.
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