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1. Imtroduction. In the present paper we are concerned with the
functional-differential equation of the form

(1) ¢’ (z) = h(m’ @(x), ‘P[fl(a"’ 99(51"))]7 ceey ‘P[fn("v’ ‘P("D))] )7

with the initial condition

(2) ¢(0) = Yo,

where ¢ is an unknown function, and k and f; (¢ =1, ..., n) are known
functions.

We consider the problem of the global existence of solutions of
equation (1) in the interval {0, o0). We shall prove (under suitable as-
sumptions) that the problem (1)-(2) has at least one solution defined in
the interval {0, oo) which belongs to a certain function class @, defined
in the sequel.

For the equation

@' () = h(w7 @(x), [ f1(2)], ..., e[ fo(®)], u)

the corresponding problem (as well as the problem of uniqueness) has.
been investigated by the author in [2].

The problem of the local existence of solutions of equation (1) for
n = 1 has been investigated by Oberg [4].

2. Existence theorem. In this section we establish a theorem asserting
the existence of global solutions of the initial-value problem (1)-(2) in
special class functions.

We assume that

(i) The functions h: I x R*"'>R, f;: IXx R—I (i =1,...,n), where
I =0, ), R = (—o0, +0o0), are continuous in I x R"*!' and I xR,
respectively.

(ii) There exist continuous functions L;: I—-I (¢ =0,1,...,n+41)
and constants ae (0,1>, B;e<0,1>, ¢ =1,...,n, such that for every
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wel and ;e R (1 =1,...,n4+1) we have
[h(@,21y .05 2541)] < €Lg(@) + €Ly (2) 24| + Ly () lzzlﬂl‘l‘ cee +Lﬁ+1(-’1’) lzn+1|ﬂ"y

where e is the Euler number.
(iii) There exist continuous functions ¢;: I—I (¢ = 1, ..., n) such that

file, ) < g;(®), - wel, te R (i =1,...,n),

B:L[gi(x)] < L(z)+ ¢!, axel (i =1,...,n),
where

(3) L) = [ [Lo(8)+ ... +Lpyi(8)]ds.

Now we shall prove the main result. |
THEOREM. If (i)-(iii) are satisfied, then equation (1) with initial condi-

tion (2) (yoe R) has at least one solution ¢: I—-R satisfying the condition

(4) lp(2)| < @ exp(eL(x)), wel,

where a is a real constant and
(5) a > max(1, [y,l).

Proof. Let X be the space of all functions ¢: I+-R which are con-
tinuous in I and

sup(lqy )| exp( —eL( a:)—w)) < oo.

One can verify that X with the norm

(6) loll = sup ip(a)| exp(—eL(z) —a))

zel

is a Banach space (cf. [1]). We omit simple calculations.
Now define G as the space of these functions geX which satisfy

the condition
(7) - lp@)I<aexpleL(z), wzel,

where a satisfies (5).
One can easily verify that the set @ is a nonempty, bounded, convex

and closed subset of the space X (¢f. also [3]).
Now, for pe @G, we define the transformation ® = T'¢ by the formula

(8) D(2) = yo+ [ h(s, ¢(s), ¢[f (s, 0(9)])ds, e,
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where
‘Plf(sv ‘P(s))] & (‘Plfl(s’ ‘P(s))la ceey ‘P[fn('g’ ‘P(s))])

We prove that (8) transforms G into itself. Indeed, let pe G. In view
of (i), @ is continuous in I. From (8), (ii), (iii), (3) and (5) we obtain

1D(2)| < lyol+ [ | (s, 9(5), o[F (8, 2(3))])] ds
0

< 9ol + [ {eLo(8)+ea"Ly(s) exp(eaL(s)) +
0
+ 0" Ly(s)exp(efy L(g,()]) + - + 0™ L1 (3) exp (e, L [ga(8)])} ds
< [yol +a [ e[Lo(8) + --. +Lpyi(8)]exp(eL(s))ds

< 9ol + alexp (eL(w)) —1] < a exp(eL(x)).

Thus T maps G into itself. Next we prove that T is a continuous
transformation, i.e. |l¢,, —¢ll =0 implies ||T¢,, —Ty¢| —0.

Let ¢,,0peG (m =1,2,...) and let |p, —¢ll >0 as m — co. Hence
[pm(®) —@ ()] >0 as m — oo uniformly in <0, b> for every b > 0. Now,

| T () — T ()]

< flh(sy ‘Pm(s)’- ‘Pm[f(sa ‘Pm(s))])_h(s’ @(8), ‘P[f(sr ?’(8))])"13-

Since
lpm(®) —@(2)| >0 and I‘Pm[f(w7 ‘Pm(a’))] _¢[f(w7 'P(w))” -0

as m — oo uniformly in <0, b), it follows from the continuity of the function
h that for every & > 0 there exists an m, such that for m > m, and ¢ <0, b)
we have

|1(2, 9m (@), omlf (@) om(@)]) = R(2, 9(2), ¢[f(2, 9 (@))])] < &
Hence
| Tom(x) —Te(x)] < eb for xze {0,d) and m = m,.
Moreover,
| T (x) —To(z)| exp( —eL(2) —x) < 2a exp(—=) < ¢

for all sufficiently large values of x. Arbitrariness of ¢ shows that
T, — Tpll >0 as m — oo and so T is a continuous transformation.
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Now we prove that the set G, = T'(G) is compact. Let D,, ¢ G, for

each m =1,2,... and let {b;};2, be an arbitrary increasing sequence
such that b;,> 0 (¢ =1,2,...) and limb; =
We have im0

[P (2)] < exP(eL )a 2e<0,b>, m=1,2,...,
and, for 0 <z<< oz < b,

(B () — Py ()] f () 9 (5) 5 @ [f (85 9 ())])| ds

< aef [Lo(8)+ ... +L,.1(8)] exp(eL(s))ds
< aemax [Ly(s)+ ... + Ly, (8)] exp(eL(b,)) (z—2).
8€(0,b)>

Hence the sequence {®,},_, is equibounded and equicontinuous in
0, b,)> and so there exists a subsequence {®;}_, uniformly convergent
in €0, b,> to some function @' such that

|®'(z)| < aexp(eL(x)) for ze<0,b,).

Let now ze <0, b,>. Since {D},}o_, is equibounded and equicontinuous
in (0, b,>, there exists a subsequence {®Z}%_, of the sequence {D;}m_,
uniformly convergent in <0, b,> to some function @* such that

|9*(2)| < a exp(eL(x)) for we {0, b,).

Continuing in this fashion we produce sequences {®:}%_, (i =1, 2,...)
uniformly convergent in (0, b,> to functions @° such that

|9 (2)| < a exp(eL(x)) for xe<0,b), i =1,2,...

The diagonal sequence {®;}m_, is almost uniformly convergent in I
to @ and such that @(x) = @*(x) for ze 0, b;>,and De G-
Let £ > 0 be arbitrary, and let b; > In(2a/¢). We have

sup(l(b"‘ z) — @ (z)| exp(—eL(x) —w))

zel
sup{ S?})b >(|¢"‘(ar;) —P(x)| exp( —eL(x) —m,)
s:p(@"'(w) @ (x)) exp( —eL(z) —a)))
z>b
< sup| sup (|Ph(z) —P(x)), sup(2a exp( —x))} < ¢
x€0,b;) z=>b;

for m sufficiently large.
This shows that T(@) is compact. On account of Schauder’s fixed-

point theorem there exists at least one solution ¢ ¢ G of the problem (1)-(2).
This proves the theorem.
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