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1. Introduction. With a view to providing a unified approach to solving
generalequations in abstract spaces by iterative methods, Altman [1] introduced
the theory of contractors (cf. also [2] and its references). For example, in this
manner the Banach contraction principle (BCP) and Krasnosel'skii’s fixed point
theorem have been unified. Further recent results of Reddy and Subrahmanyam
[14]-[16] unify Altman’s contractor theorem (Theorem 2.3 below) and fixed
point theorems of Matkowski [10], Krasnosel'skii [8] and Czerwik [5]. However,
some nice generalizations of the BCP and Nadler’s multivalued contraction
principle [11] (e.g., Theorems 2.1 and 2.2 below) cannot be obtained from [1], [2]
or [15]-[17].

Herein, we prove, in Section 3, a general contractor theorem which includes
Altman’s Theorem 2.3 and several fixed point theorems and other results for
contractive type single- and multivalued operators.

The Mann iteration scheme to approximate solutions of operator
equations and fixed points of contractive operators has been widely studied
(see, eg., [3], [6], [9], [13], [19]). In Section 4 an iteration scheme is
introduced which generalizes the Mann iteration and we show that if it
converges, then it converges to a solution (Theorem 4.1).

2. Contractors. Consistent with [12], p. 620, we will use the following
notation where Y is a Banach space:

CL(Y)={AcY: A+ Q and is closed}.
For A, BeCL(Y) and ¢ > 0,
N(e, A) = {yeY: |ly—ad|l <& for some ac A},
E.p={e>0: AcN(, B), B<N(, 4)),

infE,; if Egp#0,

H(A’B)={+oo if Egp=0,
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and for yeY
D(y, A) =inf {ly—al;: ac A}.

H is called the generalized Hausdorff metric for CL(Y).

The following is a Banach space version of Pal and Maiti’s result [14]
(see also [19], p. 42):

Turorem 2.1. Let T be an operator on a Banach space Y such that, for
any two elements x, ye Y, at least one of the following is true:

1) =Tl +ly =Tyl < allx—pll, 1<a<2;
22 llx=Txll+lly— TVl < blllx— Tyl +lly— Tl +lix~ i),
1/2 < b < 2/3:
23)  ||Tc—Tyll < kmax {ux-yu, llx—Tl, lly— THl,
lx— Tyl +lly— nn}, o<k <1
2
@4 llx— Tl +lly— T+ Te— Ty < c(ix— Tl +lly — Ty,

1 <¢ <3)2.
Then T has a fixed point.

Tueorem 2.2 (Ciri¢ [4]). Let Y be a Banach space and F: Y — CL(Y)
satisfv

D
H(Fx, Fy) < kmax%”x—yu, D(x, Fx), D(y, Fy), (x, Fy)+D(y, Fx)}

2

for all x, yeY and some ke(0, 1). Then F has a fixed point.

These theorems are proved for orbitally complete metric spaces (see [4]
and [14)). )

DerFINTiION 2.1 (Altman [1]). Let X and Y be Banach spaces, P:
D(P) =« X — Y be a nonlinear map with domain D(P) and I'(x): Y- X be a
bounded linear operator associated with xe X. The map P is said to have a
contractor I'(x) if there is k (0 <k < 1) such that

(2.5) x+I(x)yeD(P) for xeD(P), yeY,;
(2.6) |P(x+T(x)y)—Px—y|| <kllyl for xeD(P), yeY.

A contractor I'(x) is said to be regular if (2.6) is satisfied for all ye Y and
D(P) = I'(x) Y. The operator P is said to be closed on D(P) if the graph of P
is closed, ie., if x,e D(P), x,— x and Px,— y, then xe D(P) and y = Px. In
the case of a nonlinéar multivalued operator P: D(P)— CL(Y), P is closed
on D(P) if x, —»x, y,€Px, and y, =y imply xeD(P) and yePx (see [17]).
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The following existence theorem, due to Altman, is fundamental to the
theory of contractors.

THeoreM 2.3 ([1], p. 13). Suppose that the closed nonlinear operator P:
D(P) = X — Y has a bounded contractor I' satisfying (2.5), (2.6) and

IF(x)|l <B for all xeD(P).
Then the equation Px =y has a solution for each ye Y. When I is regular,

(2.5) always holds and the solution is unique.

3. Multivalued mappings and general contractors. The following lemma
(cf. [20]) will be used:

LemMMA 3.1. Let A, BeCL(Y) and ac A. Then for ke(0, 1) and Ae{O0, 1)
there exists be B such that

lla—bll < k~*H(A4, B).

(Note that for ke(0, 1) it is always possible to choose A€[0, 1) such that
1<k™4<2)

Let X and Y be Banach spaces, P: D(P) = X =CL(Y)and I'(x): Y = X
be a bounded linear operator. For convenicnce, define r, =r(x.v). i
=1,...,5, for xeD(P), yeY as follows:

L= (P(x"' I"(X),v), y+ Px). t, =(y, vy—Px),
ty = (x, x=T(x)(P(x+T(x)y), ta=(y, —Px),
ts = (x, x=T(x)(-y+ P(x+l'(.\')y))).

THEOREM 3.1. Suppose P: D(P) =< X — CL(Y) satisfies the following: there
exists a bounded linear operator I'(x): Y — X associated with xe X such that

3.1 Ir(x)|l<B, B>0, xeD(P);
(3.2 x+I'(x)yeD(P) whenever xe D(P), ye.
Further, for xe D(P), yeY, at least one of the following holds:
(3.3) Ht,+Hty <allyl, 1 <a<1+B:
(34) Ht,+Hty <b[Dty+Dts+|lyll], (1+B)~'<b<1-B(1+2B)7"':
Dt 4+ Dt
(3.5) Ht, < kmax{llyﬂ, Dt,, Dtb% }
0 <k <1, Bk'™* <1, where A€[0, 1) is such that k™* < 2;
(3.6) Ht,+Ht,+ Hty; < c[Dt,+Dts], 1/B <c <1+BJ/2.

Then there exists ze D(P) such that Oe Pz.
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Proof. Construct two sequences {x,} = G(P) and {y,} <Y as follows:
Choose xoe D(P) and yo€e Px,. Set

xy = Xo—1I"(xo) yo€ D(P)
and note that Oe Pxo—y,. By Lemma 3.1, choose y, € Px; such that

Iy:ll < k™* H(Pxy, Pxo—yo).

Set x, = x;—I'(x,)y, and choose y,e Px, such that
ly2ll < k=* H(Px,, Px, —y,).
Having chosen x, and y,ePx,, let x,,, =x,—I(x)y, and choose
VYn+1€ Px,4+, such that
(3.7) 1yne sl S k™4 H(PXq11, PXy=y,).
Now for x = x, and‘ y = —y, we will consider each of the cases (3.3)-

(3.6). Frequent use will be made of the fact that, for any ue D(P) and any
ve AeCL(Y),

|lu—vll < H(u, A).
In case (3.3) we obtain
H(—ym -yn_Pxn)"'H(xm xn_r(xn) Pxn+l) < a"yu”,
that is, ||yl +B|ly.+1ll < allyll. Therefore

a—1
(3.38) Iy all < gy llvall,  where g, = =—.

In case (3.4) we have

Iyall + BlIYn+ 1l < BLUYa+ Yus ol +1yall]-
Thus
b(1+B)—1
< nlls =
(3.42) s sll < g2llvll, - where g, ==po—p

In case (3.5) we obtain
H(Pxn+ 1> -yn+Pxn) < kmax{”ynna D(—ym yu—Pxn ’

D(=ya —Pxy)+D(x,, xn-l"(xn)(}’+qu+1))}

D(xp, Xu—T (xy) PXp4 1), 2

B
g k max {”yn"a B”yn-i—l", Ellyn+.}’n+l”}
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Using (3.7), this yields

Bkl—l
(352)  llyas+1ll < gsllydll,  where g3 = max {k“‘, ﬁk-r:}-

Finally, in case (3.6) we have
k' =2(Uyall + Bllya+ 11D+ llyns 4l
< k'TA[Hty (xq, —ya) + Hty (X, —y)+ Hts (X, —yi)]
< k'74c [0+ Bl yo+ ya+ i,
whence

Bc—1
k'!-*—Bc+B’

(3.6a) 1Yn+1ll < qallyall, where g4 =

By (3.3a)3.6a), [|y,+ 1/l < qlly.ll for all n, where g = max {q,, g3, 43, 44}
< 1. Hence, since x,,; = x,—I'(x,)y., {x,} is a Cauchy sequence and x, — z
and y, — 0. Consequently, O¢ Pz, since P is closed.

Several contractor theorems follow as corollaries to Theorem 3.1.

CoroLLARY 3.1. If P and I'(x) are as above and satisfy (3.1), (3.2) and

Dt4+ Dt
2

for xe D(P), ye Y and some ke(0, 1) such that Bk'~* <1 for A€[O0, 1), then
there exists ze D(P) such that Oe Pz.

Note that in Theorem 3.1 and Corollary 3.1, if all members of CL(Y)
are compact, then one may choose A =0. Moreover, the conclusion of
Corollary 3.1 remains true if (3.8) is replaced by

(3.9) Ht, < a|lyll+ BDt, +yDt3 +6(Dty + Dts)

(3.8) Ht, < kmax {”}’", Dt,, Dt,,

for xe D(P), ye Y and nonnegative numbers a, f, y, d with 0 <k =a+f+7y
+26 < 1. In fact, we obtain the following

CoRroOLLARY 3.2. If P and I (x) are as above and satisfy (3.1), (3.2) and (3.9)
for xeD(P), yeY and a, B, y, 6 = 0 such that

k=a+p+y+20 <1 and (x+B+B(y+20)k *<1

Jor some Ae[0, 1), then there exists ze D(P) such that O¢ Pz.

Corollary 3.2 with =7y =06 =0 yields a multivalued version of Alt-
man’s Theorem 2.3. Also, the main result of Reddy and Subrahmanyam
([17], Theorem 3.1) with n = 1-is obtained by setting 6 = 0.

If the hypotheses (3.1)+3.6) of Theorem 3.1 are satisfied, we may say that
I'(x) is a general contractor for P and that Theorem 3.1 is a multivalued
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contractor theorem. Similarly, for P and I'(x) satisfying the hypotheses of the
next corollary, I'(x) may be called a general contractor of the single-valued
mapping P and the result a general contractor analog of Theorem 3.1.

CoroLLARY 3.3. If P: D(P) = X — Y satisfies (3.1), (3.2) and, for xe D(P),
ye Y, at least one of the following

(3.10) IPx||+||[F () (P(x+ T (x)y))| <allyll, 1<a<1+B;
@10 (Pl +|[F ) (P(x+ (0 )|
<b[lly+Pxll+[|[F () (= y+ P(x+ T () )] + 1],
(14B)! <b <1—B(1+2B)"";

312 Il < kmax{nyu, IPxil, [IF 9 P(x+ ()],

ly+ Pxl|+||[T () (=y+ P(x+T'(x) y))|
2

where ||t,|| = ||P(x+I'(x)y)—y— Px|[;
3.13) P+ [P ) (P(x+ T y))| + il
<clly+Pxll+||[r(a(=y+P(x+T )], /B <c <1+B/2.

then Px =0 has a solution in D(P).

Proof. (3.3)(3.6) reduce to (3.10)«3.13) in the single-valued case.

CorOLLARY 3.4. Suppose P: D(P) =X — Y is closed and satisfies (3.1),
(3.2) and (3.12). Then Px =0 has a solution in D(P). Further, the solution is
unique when I' is regular and B < 1.

Proof. A solution exists, so we need to show the uniqueness. Let I be
regular and a, § be two solutions of Px =0. Then g =a+ I (x)y for some
ye Y. It suffices to show that y =0. If y # 0, then

1B —all < Bilyll

}, O0<k<l, kB<l1,

and
Iyl = |IPB—Pa—yll = ||P(ax+T () y)— Pa—y||

I+ 1T (o) (= ) }
> :

<k max{ll}'ll, 0, 0,

Thus |lyll <k|lyll and y =0.
Altman’s Theorem 2.3 is included in Corollary 3.4. In fact, replacing
(3.12) by

liell < kmax {liyll, 1P, [T () P(x+ T (x) )},
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we see by the above proof that it is not necessary that B < 1. Further, if P is
single-valued and I is regular in Corollary 3.2, then the solution is unique
provided 6(1+B) <1-—a.

Now a fixed point theorem is derived from Theorem 3.1 which unifies
several fixed point theorems including Theorems 2.1 and 2.2.

Corol1ARY 3.5. Let F: Y — CL(Y) satisfy, for x, yeY, at least one of the
following:

H(x, Fx)+ H(y, Fy)<allx—=yl, 1<a<2;
H(x, Fx)+H(y, Fy) < b[D(x, Fy)+D(y, FX)+|Ix—yll,
1/2 <b <2/3;
H(Fx, Fy) < k max {le—)’", D(x, Fx), D(y, Fy),

D(x, Fy);D(y, Fx)}’ 0<k<l:
H(x, Fx)+H(y, Fy)+ H(Fx, Fy) < c[D(x, Fy)+D(y, Fx)],
1 <c<3)2.

Then F has a fixed point.
Proof. Setting I'(x) = I, the identity on X =Y, and Px=x—Fx in
Theorem 3.1, it is seen that {x,} converges to a fixed point of F.
Clearly, Theorem 2.2 is included in the above corollary, and setting Fx
= {Tx}, for T: Y — Y we obtain Theorem 2.1. Further, setting I'(x) =1, X
=Y and Px = x— Fx in Corollary 3.1, a variant of fixed point theorems for
multivalued operators due to Nadler [11] and Iseki [7] is obtained.

4. Approximation of solutions. In the single-valued general contractor
theorem (Corollary 3.3) {x,}, defined by x,,, = x,—I'(x,) Px,, converges to a
solution. This scheme was used by Altman in Theorem 2.3. We now
introduce another scheme for a multivalued operator P: D(P) = X - CL(Y)
(resp. single-valued operator P: D(P) < X —Y), as follows:

(4.1) onX;
(42) Xn+1 = xn'—anr(xn)ym ynep(xn) (resp., Yn = Pxn)s
4.3) 0<a,<1, Ilma,=a>0.

We denote the sequence {x,} defined above by M(I'(x,), a,, P).
For X =Y, T: Y- Y, defining Px =x—Tx and I'(x) = I, we see that
(4.2) is equivalent to

(42') Xp+1 = (l _an) Xn +an Tk,,,
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which is the Mann iterative process (see, e.g., [6], [18], [19]). A sequence
{x,} satisfying (4.1), (4.2') and (4.3) will be denoted by M (x,, a,,

Recently, Kuhfittig [9] has studied the Mann iterative process for
certain classes of multivalued operators; in fact, point-compact operators. In
Corollary 4.1 we will consider point-closed operators satisfying a very
general contractive type condition which may include operators studied in
[91. '

THEOREM 4.1. Under the hypotheses of Theorem 3.1, M(I(x,), a,, P)
converges to a solution provided it converges, I'(x): Y — X is invertible and
I (x)”! is continuous.

Proof. Theorem 3.1 guarantees that P has a solution. Assume that the
sequence M (I'(x,), a,, P) converges to z. Then, since lima, = a > 0 and I'(x,)
has a bounded inverse, the equality

1%n+ 1= Xall = ata [T (X) yall

implies y, — 0. Thus Oe Pz, since P is closed.

Evidently, not all the hypotheses are needed in the proof of Theorem
4.1. In fact, if P is any closed operator (single-valued or multivalued) on D(P)
and if M(I(x,), a,, P) converges to z, then OePz provided I'(x) has a
bounded inverse. This suggests that, while considering a special case of
Theorem 4.1, one needs to require only those conditions which ensure that P
is closed. Therefore we have the following:

Let X =Y be a normed space and C < X be closed and convex and F:
C — CL(C). Defining Px = x—Fx and I'(x) = I and replacing (4.2) by

(4°2”) Xn+1 = (1 -an) xn+an Pn> p,,EFX,,,

a sequence defined by (4.1), (4.2”) and (4.3) will be denoted by M (p,, a,, F).

CoroLLARY 4.1. Suppose that M (p,, a,, F) converges to zeC. If, for
X, yeM(po, a,, F)U |z}, one of the following holds:

(4.4) H(x, Fx)+H(y, Fy)<allx—)l|, 1<a<2;
4.5) H(x, Fx)+H(y, Fy) < b[D(x, Fy)+D(y, Fx)+|Ix—yll],
12 <b <2/3;

(4.6) H(Fx, Fy) < kmax {t||x—yll, D(x, Fx)+D(y, Fy),
D(x, Fy)+D(y, Fx)}, O<k<1,t>0;
(47 H(x, Fx)+H(y, Fy)+ H(Fx, Fy)

<c[D(x, Fy)+D(y, Fx)], 1<c<3/2,
then z is a fixed point of F.
Proof. Since {a,} is bounded away from zero and x, — z, it follows
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from (4.2”) that
lxp—pall =0 and  |ip,—z|| = 0.
Now suppose that (4.4) holds for the pair x = x,, vy =z. Then

(4.4a) lIx,— pall + D(z, Fz) < H(x,, Fx,)+ H(z, Fz)
<

allx,—z||.

Similarly, if (4.5)H4.7) are true, then correspondingly we obtain

4.5a) ||x,—pll+D(z, Fz) < b[llx,=zl|+ D(z, Fz)+||z— pll +|Ix,—zl[],

4.6a) D(z, Fz) <||lz—p,ll+H(Fx,, F2)
< |lz = pall + k max {tlx,—2zll, D(x,, Fx,)+D(z, F2),
D(x,, F2)+D(z, Fx,)!
< llz—pll +kmax it |lx, —z|l, llx,— p,ll + D (z, Fz),
2||x,—zll+ D(z, Fz)+|lz—pill],
4.7a) |Ix,—pull+2D(z, Fz)
< H(x,, Fx,)+H(z, F2)+ H(z, F2)+ H(Fx,, Fz)+||z—p,|
< c[D(x,, Fz)+D(z, Fx,)]+||z— p.ll
<cllixa—zll+D(z, Fz)+lz—pall]1+lz— pall.-
Letting n — co in (4.4a){(4.7a) we obtain D(z, fz) =0, so zeFz.
Finally, the following is a variant of a result of Rhoades ([19], Theorems
1 and 2):
CoRrOLLARY 4.2. Let C be a closed, convex subset of a normed space, T: C

— C and M(x,, a,, T) converge to zeC. If, for x, ye M(xo, a,, T) U {z), one
of (2.1), (2.2), (24) and

| Tx — Tyll < kmax t|lx—yll, lIx— Txl| +ly— T, llx— Tl +ly— T},

O0<k<l,t>0,

holds, then z is a fixed point of T.
Proof. Write Fx = {Tx}, xeC. Then

M(xoa A,y T) = M(p09 Ops F)

and the result follows from Corollary 4.1.

3 - Colloguium Mathematicum LV.2
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