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The characteristic set of an n-tuple of equivalence relations R,, ..., R, in
a set A is defined as a set of zero-one n-sequences (sequences of length n
consisting of zeroes and ones) in the following way:

h(Rl’ sy Rn) = {(XRl(a’ b)v KR XR,,(as b))l (aa b)eAz} < {O’ 1}"’

where yg, denotes the characteristic function of R; in A%. We call such sets
of n-sequences E-sets and denote n-sequences as follows: I =(1,..., 1) — the

sequence of 1's only, 0=(0,...,0) — the sequence of 0s only, p
=(py,.--» P €'0, 11". A set A together with an n-tuple of equivalence
relations R,, ..., R, is a relation system

A= (A, Ry, ..., R,).

A relation system ¥ is normal iff it does not have two elements a,, a,€ A,
a, # a,, such that

(XRl(ah az), ceey XRn(a" az)) = 1.

It is easy to see that if C < |0, 1}" is an E-set, then it is the characteristic set
of some normal relation system. All relation systems considered below are
normal.

Obviously, not every set C = {0, 1}" is an E-set. J. Lo§(!) investigates
which sets of zero-one n-sequences are E-sets. He formulated the following
necessary condition:

(») for every p, qe C there exist r, s, t, ue C such that for every i, j (i, j
=1,...,n) if p=1=gq; and p; =0=g;, then

rr=rj=0 or s5=5=0 or ==0 or u=u=0

(") J. t 0§, Characteristic sets of u system of equivalence relations, Colloq. Math. 42 (1979),
pp. 291-293.
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and asked if (») is a sufficient condition for C < {0, 1}", to which 1 belongs,
to be an E-set.

First of all, we note that if C = {0, 1}" is an E-set and consists of k
elements, then it is a characteristic set of a relation system A
= (A, R,, ..., R,) such that A does not have more than 2k elements. Now
the following example shows that the answer to the Lo§ problem (P 1163) is
negative:

T=1{1,1,1,1),(1,1,0,0),(1,0,0,0),(0,1,1,0),
©, 0,1, 1), (0,0, 0, 1)}.

In fact, if T is an E-set, then one of the following cases occurs:
(1) there exist a, b, ¢ such that

(XRl (a’ b)a XRz(av b)9 XR3 (a’ b), XR4 (a9 b)) = (la la 09 0)9

(le (a’ C), sz(a, C), XR3 (a9 C), XR4 (a’ C)) = (0’ 09 l’ 1),
(2) there exist a, b, c, d such that

(Xr, (@, B), x», (@, b), xr4(a, b), xr,(a, b)) =(1, 1,0, 0),
(Xr, (¢, d); X&,(C; d), Xry(c, d), Xr,(c, D) =(0,0, 1, 1).
In both cases, for arbitrary R,, R,, R;, R,: if (1) holds, then
(xr, (B, ©), xR, (b, ©), ARy (B, ©), Xr, (b, ©) = 0¢ T;
if (2) holds, then
{xz, (@, ©), xr,(a, ©), X&; (@, ©), Xr,(a, ©)),
(try (@, D), Xz, (@, d), Xz, (@, D), Xz, (@, D),
(Xxl (b, ), xr, (b, ©), Xr3 (b, ©), AR, (b, o),
(xr, (b, ), Xr, (b, d), xr, (b, d), xr, (b, D)}

is not a subset of T _ . A

We say that C' = C < {0, 1}" can be enlarged to an E-set if there exists
C” = C such that C' = C” and C"” is an E-set. Obviously, if C is an E-set,
then each of its subsets can be enlarged to an E-set. The next problem will
be called the generalized Los problem:

Is C an E-set if every two-element subset of C can be enlarged to an
E-set?

The answer to this problem is given by the following

THEOREM. For an arbitrary integer k there exists C = {0, 1}" such that C
is not an E-set, and every subset of C consisting of at most k elements can be
enlarged to an E-set.
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Proof. The product of n-sequences p and g is an n-sequence

pq= (pl qis --+» ann)

A set C = {0, 1}" is orthogonal iff pg = 0 for arbitrary p, qeC, p # q.

LeMMAa. The set Cu{l} is an E-set for an arbitrary orthogonal
C c {0, 1}" consisting of more than 2 elements. If C consists of k elements,
then cardinality of the normal relation system such that C is its characteristic
set is at most k*". .

Proof of the Lemma. Let an orthogonal set C consist of k > 2
elements C =p°, ..., p* "' and A = {ay, ..., g;—,}. Define R,, ..., R, in A4 as
follows:

(XRI (ai’ aj)s seey XR,,(ai’ aj)) = po fOl‘ a" i # 0’ .’ # 0,

(xr, (@0, @), ..., x&, (80, @)) =P for alli=1,..., k—1.

The relation system A= {A, R,, ..., R,) has the characteristic set equal to
C, so C is an E-set.

Assume that a relation system 2, = {(4,, R, ..., R,) has its character-
istic set equal to C and that A, has more than k** elements. According to the
Ramsey theorem there is a maximal A’ < A4,, |A'| =k, such that for all

a, be A’ the n-sequences (g, (4, b), ..., & (a, b)) are equal to each other and

equal, say to p° Choose aeAd;/A’ and consider n-sequences

(xr, (@, @), ..., Xz, (2, @) for all ac A’. None of these sequences equals p°,
because A’ is maximal. Therefore, for arbitrary a,, a,e€ A we have

(le (a9 al)’ IERX} XR,,(a’ al)) # (XRl (a’ aZ)’ sy XR,'(a’ 02))'

On the other hand, this is impossible because C has only k elements. The
Lemma is thus proved. _

Two n-sequences p, ge C = {0, 1}" are parallel in C if there is no reC
such that pg = pr =gr. If p and q are parallel in C, then in any relation
system A= (A4, Ry, ..., R,) with characteristic set C there are no a, b, ce A
such that

(Xr,(@, b), ..., x», (@, D) =p, (xx,(a,0), ..., »,(a, 0) = q.

Thus, if C has k parallel elements ¢, ..., ¢*, then the set 4 has at least 2k
elements. We denote by (a;, f;) a pair of elements of 4 such that

(XRI (ah ﬂi)y ERT) XR,,(ai’ Bi)) = qi for all i = l, ceey k.

The set C in the assertion of the Theorem can now be constructed as
the union of two disjoint sets C,; and C,, where C, is defined as the set of k
orthogonal n-sequences C = {p', ..., p*}; C is a set of k**  n-sequences
parallel in C, U C, and such that pg = 0 for all peC,, gqeC,. This can be
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easily done by choosing n sufficiently large, e.g., n = k**. The set C, UC, is
not an E-set. Really, if C=C, UC, is an E-set and U= (4, R,, ..., R,) is
a relation system with characteristic set C, consider a relation system

W= (A, Ry, ..., R,

where A’ = {a,, ..., a2} = A and R; is the relation R; restricted to A', i
=1, ..., n. The characteristic set of U is a subset of C,. According to the
Lemma, there are A” < A" and pe C, such that |A”| > k and, for arbitrary
x, ye A",

(try 6 ¥)s -y xRe (X, Y)) = p.

Let a;e A”. Consider a set of pairs {(B;, z)] ze A”}. For arbitrary (B;, z) we
have

(XR’, (ﬁis Z), K] x&;,(ﬂis Z))Gcl,

and if z, # z,, then
(Xk', (Bi> z1)s ---s xr;, (Bis 1)) # (ZR’, B, z2), -, xr;, (B zy))s

which is impossible, because C, has only k elements.

If H < C, has k elements, H = {h*, ..., k*}, then C, UH is an E-set. A
relation system with characteristic set C;, UH can be constructed in the
following way:

X={xy,....,. %}, Y={,....;m), A=X0Y,

the relations R,, ..., R, in A are defined by

(a) (try (%is %) --vs AR, (X, y)) =K for all i=1, ..., k,
(b) (Xkl(xb X;)s o-es Ar, (%i» X)) =p'  for all i #j,
©) (tr, Wis ¥)s s Xr, (Vi y)) = p'  for all i # ],
(d)

:(Xkl(xh Yids -5 Ar, (Xi .Vj))l yi=Y, i#jl=1p% ..., pt) for each x;€X,

(e)
Ry (Xjs ¥i)s -oos AR, (Xjs Y))| X;€X, i) ="p? ..., p*) for each y, €Y,
and for all triples of elements y;, y;, yy€4 or x;, x;, x, €A
(0 (XRI (xi, yj)a ceey XRn(xia y_i)).(XRl (xl'9 yk)’ sy XR,.(XI', yk)) = 0’
(r, (Xis Vi) -- > AR, (Xis Y)) (X, (Xj5 VA5 -5 XR, (X5 V1)) = 0.
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Conditions (d), (¢) and (f) are fulfilled according to the Ko&nig-Hall
theorem. Therefore H U C, is an E-set. Another subset of C which has less
than k parallel elements from C, can be enlarged to an E-set. The Theorem
is proved.

Regu par la Rédaction le 15.4.1983



