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1. Introduction. Let (X, %, u) be a Lebesgue probability space and 2 be
the set of all measurable partitions of X with finite entropy. We denote by ¢
the measurable partition of X into single points.

Let T be an automorphism of (X, .4, p). For a measurable partition P
of X we put

a0 @
P;=\=/1T"'P, Pr=\/ T"P.

n= -— a

Recall that P is said to be a generator of the one-dimensional dynamical
system (Z!-action) (X, T) if Py =e.
A measurable partition { is called T-perfect (cf. [4]) if

a0

THLE Gr=e ATC=r(D), hD=h( D),
where n(T) and h(T) denote the Pinsker partition and the entropy of T,
respectively. ,

Rohlin has shown in [4] that if h(T) < oo and { is T-perfect, then there
exists a generator PeZ of (X, T) such that { = P v Pr, i.e, ({ is the past of
the process (P, T).

Now we want to consider a two-dimensional analogue of this result.

Let (X, G) be a two-dimensional dynamical system (Z2-action), i.e.,, G is
an abelian free group of rank 2 of automorphisms of (X, &, u).

Let N denote the set of positive integers, Z2 the set of two-dimensional
integers, and < the lexicographical order in Z2.

Let (T, S) be an ordered pair of independent generators of G and
A c Z% For a measurable partition P we put

P(4)= \/ T'S'P.

k,DeA
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In the sequel we shall use the following notation:
P"(m) = P(i(,)€Z* —n<i<m—1, 0<j<2n}),
P.,(m)=P(\(i,))eZ* —n<i<m—-1, —n<j<n}), n,meN,
P(m) = P(\(i, ) €Z?; i < nj),
P(n, m) = P({(i, ) €Z?; (i, ) <(n, m) or (i,/) =(n,m)}), n,meZ',
P; =P, —-1), P;=P(Z?.

If P; =¢, we say that P is a generator of (X, G).

A measurable partition { is said to be (T, S)-perfect (cf. [1]) if
(l) S_ICSC’ T_1C8<Ca

(ll) CG =&,

i) A S =T 1,
n=0
@) A T"fs=n(G),

n=0

(V) h(G) = H({I{g) = H(IS™'Y),
where n(G) and h(G) denote the Pinsker partition and the entropy of G,
respectively. Let us observe that condition (i) means that T*S'{ <{ for
(k, ) <(0, 0). '

Remark. If h(G) < o and a measurable partition { satisfies conditions
(i)(iii)) and (v), then it also satisfies (iv).

Proof. The idea of the proof is similar to that of the corresponding
property of Z!'-actions (cf. [5]). Therefore we give only a sketch of the proof.

It follows from properties (i)(iiij) and Theorem 2 of [1] that

A T2 7(G).
Let (P) = & and Q€Z be such that P, < P,,,, n>1,

\/ P,=¢{ and Q@< AT "{s.
n=1 n=0
The Pinsker formula for Z2-actions and the relations
(P); <S7', Qo <T '¢s
give
h(G) = h(P, v @, G) = h(Q, )+ H(P,IS"'{), n=1.

Taking the limit as n-— oo in the last inequality and using (v) and the
fact that h(G) < oo, we obtain h(Q, G) =0, ie, Q < n(G). Thus we have
shown that
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Z\o T-"{s < 7(G),

and so equality (iv) is satisfied.

It is known (cf. [1]) that for every pair (T, S) of generators of G there
exists a (T, S)-perfect partition.

Now, let G have a finite .entropy and be totally ergodic, i.e., every
automorphism belonging to G and different from the identity transformation
on X is ergodic. .

A generator PeZ of (X, G) is said to be (T, S)-regular (cf. [3]) if the
smallest (7, S)-invariant partition refining P, i.e., the partition { = P v Pg
= P(0, 0), is (T, S)-perfect. This concept has a well-defined analogue for Z!-
actions with finite entropy, but it is easy to see that in this case every
generator is regular. However, as we have seen in [3], for Z2-actions there
are generators which are not regular.

Using results of [2] and [3] it is easy to check that the following three
conditions are equivalent:

(@) P is a (T, S)-regular generator,

(b) /\P(O —n) = P(-1),

(c) n(S |P(—1)) = P(—1), where n(S|-) denotes the relative Pinsker par-
tition of S.

It is proved in [2] that for every pair (T, S) there exists a (7, S)-regular
generator. Moreover, the set of all (T, S)-regular generators is dense in the
set of all generators.

The purpose of this paper is to characterize these (T, S)-perfect parti-
tions { which are representable, i.e., { which are of the form { =P v Pg,
where P is a (T, S)-regular generator of (X, G). To do this we introduce the
following concept.

A (T, S)-invariant partition { (cf. [1]) is said to be (T, S)-saturated if for
every partition PeZ, P < {, there- exists a (T, S)-regular generator Q €7,
Q < ¢, such that P < Q(0, 0).

It follows from our earlier considerations that for Z2-actions with finite
entropy every perfect partition is saturated.

It is an easy consequence of Proposition 2 of [2] that in the case h(G)
= 0 the partition { =¢ is saturated:

Our aim is to prove that a (T, S)-perfect partition { is representable if
and only if it is (7, S)-saturated.

It would be interesting to know whether there exist ‘perfect partntnons‘
which are not saturated.

2. Auxiliary lemma. Let (X, 4, u) be a Lebesgue probability space, ./
be a sub-c-algebra of # and E“ be the conditional expectation operator in
L'(Xx, %, u.
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Let &/, and % be sub-c-algebras of &, i =1, 2.

Let us recall that ./, and .&/, are independent relative to ¥ and we write
oA, L*of, if for every fel'(X, o/;,n) and gel'(X, o/,, w) such that
f-gell(X, #, u). we have

E*(f-g) =E“f-E*g ae.

Now, let us suppose that o/, > %, i=1, 2.

LemMa. of, L%/, if and only if EY'f =E*f ae. for every
fGLl(X, ‘9/2’ I'l)

‘Proof. Let us suppose that o/, 1%/, Aes/, and fel'(X, o,, p).
Using the basic properties of the conditional expectation and our assump-
tions we have

.Affdu = iE“’(xA fdp = j{E“xA -E“fdu
= i E“(x4 E*f)du = ,AfE“fdu,

ie, E¥f =E“!f ae.

The proof of the sufficiency runs in a similar manner.

Let of;, 4, 2 (1 <i < 4) be sub-c-algebras of .# such that ¥ c % < .o/,
(1<i<3) and o, c A,.

From the Lemma we obtain easily

CoroLLARY 1. If o, 1%, and oA, 12 o4, then o, 1? oA,.

Now, let £ be a measurable partition of X. We denote by o (£) the sub-
o-algebra of ¢-sets (cf. [5]). Let &, n, { be measurable partitions of X. The
fact that ¢ and n are independent relative to { will be denoted by ¢ Lin.

It is easy to check that

&1y if and only if @ (&) L Qa(n).

Let &, n, { (1 <i<4) be measurable partitions such that { <5 < ¢
(1<i<3)and &, <&
CoROLLARY 2. If &, L"¢, and &3 1%&,, then &, 1°&,.

3. The representation theorem. Let (X, G) be a two-dimensional totally
ergodic dynamical system with h(G) < 0.

Let (T, S) be an ordered pair of independent generators of G. We say in
the sequel that a measurable partition of X is invariant (perfect, regular,
saturated) if it is (T, S)-invariant (perfect, regular, saturated, respectively).

THEOREM. A perfect partition { is representable if and only if it is
saturated. :

Proof. The necessity is obvious. To prove the sufficiency let us suppose
that { is perfect and saturated. Since H({|S™'{) = h(G) < oo, there exists a
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partition Re€Z with S~ '{ v R = { (cf. [4]). Since { is saturated, there exists
a regular generator R <{ with R < R(0, 0). Let us observe that the gen-
erator P =R v R is regular. Indeed, since R < R(0, 0), we have R(—1)
< R(-1), and so P(—1) = R(—1). Therefore, using Corollary 1 to Lemma 2
of [3] and the fact that R is regular, we have

n(S|P(—1)) =n(S|R(—1)) = R(—1) = P(-1),
i.e., P is regular. We also have
) S“'{vP=¢.

Our aim is to show that { = P(0, 0).

In order to obtain equalities (2)«(7) below we proceed similarly as
Rohlin in [4].

Let reN be arbitrary. First we check that

2) {vP0Or)=S¢.
Indeed, equality (1) implies
r—1
S v \/ SIp=¢.
j=0

Hence, using the fact that P < { and { is invariant, we get (2). From (2) we
obtain easily

) H(S"¢18) = H(P(0, I{).
The equality h(G) = H({|S™'{) gives readily

@) H(S"{|0) =r-H(S{|{) =r-h(G).
Similarly, since P is a generator of (X, G), we have
)] H(P(0, r)|P(0, 0)) =r-h(G).
Thus (3)«5) imply

(6) H(P(0, r)I_P(O, 0)) = H(P(0, n)|¢).
Now we want to show that

™ "H(Q|P(0, 0)) = H(QI))

for every Q€2 and Q < P(0, r). In fact, if Q€% and Q < P(0, ), then
applying the inequality P < { and (6) we have

H(Q|P(0, 0)) = H(P(0, r)| P(0, 0))—H(P(0, r)| P(0, 0) v Q)
< H(P(O, nIf)—H(P(0, NI v Q) = H(QI).

Since the converse inequality is trivial, we get (7). But the set consisting of
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QeZ with Q < P(0,r) for some reN is dense in the set of Q€2 with
Q < P(0). Therefore, (7) implies at once

®) H(QIP(0, 0)) = H(QI))

for every Q€2 and Q < P(0). i
Now we shall prove, by induction, that (8) holds for Q€% and
Q < P(m), where meN is arbitrary.
Let us suppose that

) H(QIP(0, 0)) = H(QI{)

for Qeﬁ" and Q < P(m—1), where meN. Let us observe that (9) implies
(10) H(QIP(0,0)=H(QIPv Ps v T™!{y).

In fact,

H@QIPv Ps v T '{)<H(QIPO,0)=H@QI)<HQIPv Ps vT ().
Since P"(m) < P(m—1), by (9) we have
H(P"(m)|P(0, 0)) = H(P"(m)|P v Ps v T~ '{s).
Therefore
H(P™,(m)|P(0, —n)) = H(P",(m)|S™"*'Ps v T~ 1{y),

and so

(11) H(TP",(m)|P(1, —n)) = H(TP",(m)| TS™"** P§ .v {s).
Using Theorem 5.10 of [5] and (11) we have

(12) TP~ ,(m) LPM—m ¢,

Now, let k <n be fixed. From (12) we obtain

(13) TP, (m) LP"™ (.

Taking in (13) the limit as n — 0o and using the fact that P is regular we get

TP i(m) LPOL, k1.

Therefore

(14) P(m) LPO (5.
Let us observe that (9) means

(15) P(m—1) LPO=hyp,

It follows from (14), (15) and Corollary 2 that
 P(m) LMoL
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Thus P(m) LP®~D¢ for any meN. Since P is a generator, we get (
= P v P; and the theorem is proved.
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