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Functions with all partial derivatives arbitrarily
prescribed at a point

by A. Pui§ and T. WAZEWSKI (Krakéw)

In this note we give a construction of functions of n real variables,
in class C* on the whole real space R", possessing arbitrarily prescribed
partial derivatives of all orders at a given point. The existence of such
functions (even analytic except at the given point) results from a more
general theorem of H. Whitney ([1], p. 65, theorem I) but we present
our construction because of its simplicity.

THEOREM. For an arbitrary system of numbers a4, a;,.5., 1 <7, < ...
<ir<nyn=1, k=1,2,.. there exists a function f(x), ® = (Zy, ..., Tn),
of class C° on R", satisfying at a given point the conditions

0 0

1) f(z) =a,, E-~-E]‘(w)=ail...na 1<h <o € <m,
1 k

k - 1, 2, see
Proof. Without loss of generality we can assume that the derivatives
are prescribed at £ = 0. Let ag, aj,..,, 1 <Hi < ... <<y, k=1,2,..

be arbitrarily fixed. It is known that for each m > 1 there exists a homo-
geneous polynomial pn,(z) of m-th degree satisfying the conditions

0 0
3.@,'1 - 3&71,"

(2) Pal®) = @jyjim s TOr 1 <Gy <eoe S<m < (1)

NorATION. We shall denote by D,f any unspecified derivative of f
of the order k.

Obviously we have the following relation:
(3) Dipn(z) =0 at «=0 for any D;, j #m.
. Moreover, for every m there exists a constant Cp such that
| D pm()| < Cl ™%, i=0,1,..,m.

(*) Such a polynomial is unique, but this is irrelevant to our purpose, and can be
given explicitly.
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Particularly, for every m and every positive b

(4) |D;pm(®)] < Cmd™*  for |z[<b, i=0,1,..,m

Write Pp( Z pi(x), where py(z) = a,. We have

5 i °p (w - f k<
(5) o, 3?,; m(Z)|z=0 = 617,1 3.’Dh — Pi(®)|z=0 = @i OT <m,

in virtue of (3), (2). ‘
In the construction we shall use an arbitrarily given function g(x)
of class C” on R" with the following properties:

(6) g(x) =1 in a neighbourhood of z =0,
(7) gz) =0 for |x/>1,

where |2| = (2} + ... + 25)"" (2).
In virtue of (7) there exists such a positive non-decreasing sequence
E]‘ that
|Dig(2)| < Er, forallz, k=0,1,..

Hence we have

|Drg(x/b)] < Exb~%, for all x and any positive b, k=0,1, ..

8
( ) .Ek<Ek+1, k=0,1,...

It is well known that if the series of polynomials p,,(z) is (uniformly)
convergent in a certain neighbourhood of # = 0, then the limit function
is analytic and satisfies (1) at # = 0, but it may be divergent at every
point except & = 0. Therefore we modify each polynomial p,(z) outside
a certain neighbourhood N, of x = 0 putting

(9 qn(®, b) = pu(z)g(2/b), M =0,1,..,

where b is a positive constant and g(x) is a function of class ¢* on R"
satisfying (6), (7).
We have, in virtue of (6), (7),

(10) gm(z, b) = pn(z) in a neighbourhood of =0,

(*) An example of such a function can be constructed in the following manner:
The. function

1
h(t) =fexp((s—1/2)(s—1))_‘ds for 1/2< t<1,
i
h(t) =0 for t > 1, h(t) = h(1/2) for ¢t < 1/2, is of class C™ for —oo < ¢t < oo. Hence,

the function g(z) = A(|z|)/h(1/2) is of class C* for |z| > 0, and (6), (7) are satisfied.
By (8) g(=) is of class C™ for all z.
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and
(11) gn(x,b) =0 for |x|=>Db.

Consider the functions

(12) Q@) = ) qul@, bi) 5
k=0

where b, are positive numbers.

In virtue of (10), for each m, Q,(xr) = P,(x) in a neighbourhood of
z = 0 and hence, in virtue of (5), Qn(x) satisfy (1) for & < m. Therefore,
if sequence (12) together with each of its derivatives is uniformly con-
vergent on R" for a certain positive sequence b, the theorem holds true.

Any derivative D;¢n, j < m, is in virtue of (9) a sum of 2’ products
of the type D;pm(z)D;_ig(x/b), 0 <t <j. In virtue of (8) |D;_;g(z/b)|
< B;_:b" 7 < E;b" 7. Hence, in virtue of (4) | Dipm(x) D;j—_:g (x/b)| < E; Cpub™
for |z| < b. Therefore, | D;gm(x, b)| < 2'E; C,,b™ 7 for |x| < b and because
of (11) for all z. For b <1, m > j we have |D;gn(z, b)| < 2'E;Cnb. We
take a number b = b,, so small that |D;qu(x, b)| <27 ™ for j < m and all .
It follows by (12) that Qn(x) together with each of its derivatives is
uniformly convergent on R" and thus the proof is complete.
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