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On distinguished representative domains

by STEFAN BERGMAN (Stanford)

Abstract. In previous papers, the class C(B?*) of pseudoconformally equivalent
domains B* has been considered. It has been shown that to an arbitrary point ¢, {eB*
there exists a representative domain R(B%,t). In the case of conformal mappings
of bounded domains B2 in the plane, R(B?% ¢) is the unit circle {|z—1t| < 1}. In the
present paper, we introduce interior distinguished sets, as follows: with the class
C (B) of pseudoconformally equivalent, one can associate an invariant
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where K is the kernel function of B.

One can show that J(z, z) has finitely many critical sets and we assume that
some of these sets are points ¢,, » = 1,2,..., N. The domains R(B,t,) are called
distinguished representalive domains.

Some properties of E(B,t,) are indicated.

1. Introduction. A mapping of a domain (}) B = B* by a pair
(1) 2 = wy(21,2), k=12,

of analytic functions (with a non-vanishing Jacobian in B) is called a PCT
(pseudoconformal transformation). The totality of the domains which one
obtains by PCT’s from B forms the class C(B) of pseudoconformally equiv-
alent domains. A subset, say S, SeB, which in every PCT of B preserves
some characteristic properties, is called an interior distinguished set. One
of the problems of the theory of PCT’s is to determine in a class C(B)
a special domain R (B, t), called a representative domain with respect to an
interior point t = (&,,t,) of B.
A PCT (1) is said to be normalized at t = (t,,t,)eB, if

Owk(zl,zz)) s — |1 for k = p,
02 Joper, |0 for k #p,
k = 1’ 2; p = 1’ 2.

(2) Wy (b5 &) = b, (

See (47), p. 188 of [2] (?).
(*) B* is a domain of the x,y,#,y,-space; x,, ¥, are real.
() To avoid a repetition of various known considerations, we assume here

that the reader is acquainted with [2].
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Using the theory of the kernel function, see p. 188-198 of [2], a map-
ping normalized at ¢
(3) z: =0l92;1), 2z =0""(2;1), 2= (215 %)

was defined which maps B onto E(B, t). It possesses the property that
if B and B* can be mapped pseudoconformally onto each other by a PCT
normalized at ¢, then

(4) B (5 1) =vE(2,1), V(1) =5z, 1)

The introduction of representative domains suggests the following
problem: the determination of one (or finitely many) interior distinguished
points t, in B, so that we can define distinguished representative domains
R(B,t), »=1,2,...,N, N < oo, in the class C(B).

In the present paper we shall discuss this problem.

Remark. One obtains the mappings normalized at 0 from a PCT
with a fixed point at 0 by a linear transformation, namely, it holds

vhe (2%, 0) = a,,9% (2, 0) + a;,v% (2, 0),
oBl'(Z*’ 0) = azl"’B(z 0)+a2277 (z 0),

a,, — constants.
See (72), p. 191 of [2]. ¢

(3)

2. Interior distinguished sets. The kernel function K z(z, z) is a relative
tnvariant, see (25) p. 180 of [2]. Using Ky, one can get various absolute
invariants (with respect to PCT’s). For instance,

(6) IO = Jp(z,2) = =
B TﬁTz'z'—lTﬁlz K KoolﬁKoooi’
K1006K1016-Klooi
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is an (absolute) invariant involving Ky and the first and second deriva-
tives,

am+n+M+NK
K, — MI+N<L?2
milMN = gomomosiony, i THANSS
of K, see (37a), p. 183 of [2].
LEMMA. Using the relation
K 0*logd.
vH) i) . 2 TToY)
(7) J( +1 J(v) (') l](’)lz ’ Jm; - azmazn ’

one can get further absolute invariants.
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Proof. Let
(8) z;‘c =zI:(zuz2)’ k=1,2,
be a PCT of B,
azj(v) azj(v)
82} 0z, 0z, 07%;
a2j® 92§
02} 0z, 07 0z,

(9 @ = 58— i3 =

is a relative invariant.
Since

2

0(2yy 2»)

1 an(z*. 2 = q¥
( 0) (zl ’ zz) (zu zz) a(zr’ z;

holds, and z,(z},#), k¥ = 1,2, are analytic functions of two complex
variables 2], 2, ,

0*logJ® (27, 2;) - 0*logJ® (2, 2,)

oz, 0%, oz, 07 ’
Therefore,
0*logJ® 9*log J® 0*logJ®  9*logJ®
1) 02107, 02, 0%, 02,027 02,07 | (2, 2,)
9*log J® d*logd®| |d*logd® @*logd®| (21, 7)
0 om 0705 07,07 02,07

d*logJ®)  8*logJ®*
02,07, 02,0Z; || 0(zy, 2,) |*
0% logJ® 0*logd® ‘
02,07, 02,0z,

See p. 207 of [10].

Remark. For certain domains (for instance for a hypersphere or
a bicylinder) J% are constant. In general the J¥(z,2), » =1,2,..., N,
obtained using procedure (7) are not independent from each other.

We suppose that the boundary hypersurface 0B is at every point
twice continuously differentiable (Hypothesis I). Then by a conveniently
chosen PCT, see p. 12 of [3], in the neighborhood of every boundary point
0B can be brought in the form
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(12) 20, —ay;—olzl*+ ... =0.
We assume (Hypothesis IT) that at every point of dB it holds
(13) a>0.

&>
Then, as shown in [3], it holds at every point of 0B

2
On?’
ie., J® assumes constant boundary values on 4B.

We make now an additional Hypothesis III: J®(z, zZ) has monotone
values, when approaching the boundary 0B, namely, we assume that it
decreases for z—~Qe0B, if we approach along the interior normal to 0B.

J@(z, z) is an analytic function of four real variables in B. We assume
that all critical sets of J® are non-degenerate (Hypothesis IV), and there-

fore by Morse’s results the following relations between the numbers
M* of critical points of index u of J®

(14) Jp(2, ) =

(15) MO—M 4+ M2 _M34+-M*=N
and
(16) Mk > Rk

hold. Here N is the Iluler characteristic, & the connectivity number
and R* the k-th Betti number of B. See (2) and (3), p. 29 of [11].

In the following we shall assume (Hypothexis IV) that among the
critical sets of J{? there is one (and only one) which is a eritical point,
say t, of J& and where J$ assumes a value which is smaller than the
value of J% at other critical sets. Since J® (2, z) is an invariant with
respect to PCT’s, in a PCT of B onto B*, B*C(B), t goes over into the
critical point t* of JE(z*, z*); t* possesses the same properties as #, in
particular relation (4) holds. R(B,t) is denoted as the distinguished
representalive domain in the elass C(B).

3. Distinguished representative domains. While in the case of the
theory of functions of one complex variable, the simply connected, bounded
domains B? are homogeneous, i.e., by a conformal transformation an
arbitrary point 2V, 2V B%, can be transformed into another point z®,
#®eB2, this is no longer the case for domains of two (and n, n > 2) com-
-plex variables. In this connection, it seems of interest to introduce and
investigate the “distinguished sets,” i.e., subsets of domain B*, which
in PCT’s of B* go over in subsets possessing the same characteristic prop-
erties. The introduction of the “distinguished boundary surface” repre-
sented the first step in this direction. If one attempts to develop the
theory of PCT’s using the method of the kernel function, it is natural to
determine absolute invariants and then to study their critical sets (which
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we denote as interior distinguished sets). The theory of the kernel function
leads in a natural way to the notion of representative domains E(B", t)
with respect to an arbitrary point ¢, te B*, and it seems natural to choose
a distinguished point for f. Of course, instead of a critical point of the
invariant J®, one could use some other distinguished points or some
other invariants. In the present paper, we use the invariant which seems
to be “simplest” in an approach based on the theory of the kernel function:
J®(z, z) depends only on K and second derivatives of K.

The second important question is the study of geometrical prop-
erties of the representative domains. As shown in [2],[1], [12] and [9], p.
308, the Reinhardt domains, general circular domains and certain (m, p)
circular domains are representative domains with respect to the center.
On the other hand, as the example of a doubly connected domain (in
the case of one complex variable) shows, the representative domains
are not necessarily schlicht, see [2], p. 105-107.

References

[1] N. Aronszajn, Sur les invariants des transformation dans le domaine de variables
complexes, C. R. Acad. Sci. Paris. Vol. 197 (1933), p. 1579-1581, and Vol.
198 (1934), p. 143-146.

[2] 8. Bergman, The kernel function and conformal mapping, Survey #V of Amecr.
Math. Sec. Providencoe, R. I., Second Edition, 1970.

(3] - Uber die Kernfunction eines Bereiches und ihr Verhalten am Rande, J. Reine
Angew. Math., Vol. 169 (1933), p. 1-42; Vol. 172 (1934), p. 89-123.

[4] — Swur les fonclions orthogonales de plusieur variables complexes avec les appli-
cations & la théorie des fonctions analytigues, Mémor. Sci. Math. No. 106, Paris
1947.

[51 — Sur la fonction — mnoyau d’un domaine et ses applications dans la théorie
des transformations pseudoconformes, ibidem No. 108, Paris 1948.

[6] — On pseudoconformal mappings of circular domains, Pacific J. Math., Vol.
41 (1972), p. 579-585.

[7] — and Kyong T. Hahn, Some properties of pseudoconformal images of Rein-
hardt circular domains, The Rocky Mountain J. of Math., Vol. 2 (1972), p.
p. 423-441.

[8] B. Fuks, Theory of analytic functions of several complex variables (Russian),
Ogiz, Moscow-Leningrad 1948.

[91 — Special chapters in the theory of analytic functions of several complex variables
{Russian): Moscow 1963 (English); Amer. Math. Soc., Providence, R. I., 1965.

[10] G. Kowalewski, Binfiikrung in die Determinantentheorie, 3-rd edition, Chelsea
Publishing Co., New York 1948.

(11] J. Milnor, Morse theory, Princeton University Press, Princeton, N. J., 1963.

[12] H. Welke, Uber die analytischen Abbildungen von Kreiskorpern und Hartog-
schen Bereichen, Math. Ann. 103 (1930), p. 437-449.

Regu par la Rédaction le 9. 2. 1975



