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ON o-DISCRETE COVERINGS
CONSISTING OF CONNECTED SETS

BY

TEODOR PRZYMUSINSKI (WARSZAWA)

In this note it is proved that every open covering of a locally connect-
ed paracompact space admits a o-discrete open refinement consisting
of connected sets (!). As a corollary we infer that every metric locally
connected space has a o-discrete base consisting of connected sets. This
theorem gives the affirmative answer to Problems 688 and 689 (2) raised
by Engelking and Lelek in [2]. It is not known whether every open cover-
ing of a locally connected paracompact space has a locally finite open
refinement consisting of connected sets (3).

Definition. Let A be a subspace of a topological space X. Define
C(x, A, X) to be the component of A containing = if xeA and the empty
set otherwise.

Definition. We say that a family of sets {4,};.r is directed if it is
directed with respect to the inclusion, i.e., for every t,, t, T there exists
t;eT such that 4, U4, < 4.

LEMMA. If X is a connected and locally connected space and W = {U};.p
18 an open directed covering of X, then, for every xeX,

teT
Proof. For every teT, let B, = {V,,},.5, be the family of compo-

nents of U,. For every =z,eX, there exists a finite chain Vioys -+ o Ve,
consisting of sets belonging to (B, such that z¢V, ,, moeV, o and

teT
Vi,e N Vt-+1-81'+1 # 0 for 1\z< n (cf. [3], § 46, II, Theorem 8). If we

choose t,eT such that UU, < U, then x,¢C(x, U, , X) which com-
pletes the proof. i=1

(1) Our notations and terminology are as in [1].
(3) The positive solution of Problem 689 was first obtained in [4].
(3) The problem has been formulated by A. H. Stone.
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COROLLARY 1. Let X be a normal locally connected space and V an

open subset of X. Then V i8 a connected F, if and only if V = U V., where
V, are open, connected and V,cV, +1e
Proof. Only the “only if” part needs the proof. Since X is normal

and V is an F,, we can assume that V = JU,, where U, are open

n=1

and f]_; < U,y . Let us choose ze¢V. By the Lemma,
V=UC@,U,V).
n=1

It suffices to put V,, =C(z, U,, V).
Remark. Corollary 1 is a generalization of Theorem 14 in § 49 of [3].

THEOREM. Every o-discrete (o-locally fimite) open covering of a locally
conmected normal and countably paracompact space X admits a o-discrete
(o-locally finite) open refinement consisting of conmected sets.

Proof. Let B = |JB, be a o-discrete (o-locally finite) open cov-

n=1
ering of X, where B, = {V,,,,},,Tn is a discrete (locally finite) family. We
can find a closed covering {F, ;}7., ;cr, of the space X such that F,, < V,,
(cf. [1], Theorem 5.2.1 (iv) and Lemma 1 to Theorem 5.1.3). Since X is
normal, there exist open F,-sets G,, such that F,,<@G,; < V,,. Let
us assume that

nt = U Gnt’
where Gy, are open and G"‘, < Gpf'. On the other hand,

Gn,t = U Un,t,u
8eSp ¢
where {Up,}ses,, 18 the family of components of @, .
Let us put U,,,, = Up,s NGry- Choose an @,4,eU,, if U,,, #0
and take an arbitrary x,;, if U,;, = 0. By the Lemma,

Un,t,a = U G(wn,t.s’ Uz:t,sy Un,t,s)°

me=]

Write
C = U G:’:’

n,m=1
where % = {C(%n,,60 Unit,or Unyo)bier, ,9¢8, ¢°
We easily see that € is an open refinement of B consustmg of connected
sets. It suffices to prove that, for every n,m =1,2,..., € is a discrete
(locally finite) family. |
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Let us fix n, m and 2 <X, and put T, (v) = {teT,: x G, }. For every
teT,(x), we can find precisely one 8(f)eS,, such that x¢U, .. Then

H = n Un,t,a(t) N\ U G::t
teTp() £eT\T'p(2)

is an open neighbourhood of # which intersects at most one element (at
most finitely many elements) of €7 which completes the proof.

COROLLARY 2. Every couniable open covering of a countably paracom-
pact, normal and locally connected space has a o-discrete open refinement
consisting of connected sets.

COROLLARY 3. Every open covering of a locally connected paracompact
s8pace has an open o-discrete refinement consisting of commected sets.

COROLLARY 4. Every metric locally connected space has a o-discrete
base consisting of conmected sets.

Remark. Not every open covering of a strongly paracompact locally
connected space admits a star-finite open refinement consisting of connect-
ed sets. The hedgehog with N, prickles (cf. [1], Example 4.1.3), which
is metric and separable, is an easy example.

On the other hand, every open covering of a weakly paracompact
locally connected space obviously admits a point-finite open refinement,
consisting of connected sets.

The author is indebted to Professor R. Engelking for suggesting the
problem.
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