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On generalizations of pseudo-harmonic
and pseudo-Killing vectors

by MURALIDHAR PRASAD and K. D. SINGH (Lucknow)

Pseudo-harmonic and pseudo-Killing vectors were studied by Yano
and Bochner in [2]. Srivastava in paper [1] defined and studied the prop-
erties of generalized harmonic and Killing vectors. In the present paper
we have defined pseudo-harmonic and pseudo-Killing vectors of type
p which, when p =1, reduce to pseudo-harmonic and pseudo-Killing
vectors as given in [2]. We have also obtained the properties of pseudo-
harmonic and pseudo-Killing vectors of type p which correspond to
those of pseudo-harmonic and pseudo-Killing vectors (of type one). In
Sections 7 and 8, we have established the relations between pseudo-
harmonic and pseudo-Killing vectors of type p-+1 and of type p in
a compact orientable metric manifold with torsion satisfying equa-
tions (1.4).

1. Introduction. Let V, be a n-dimensional compact orientable mani-
fold of class C?*? with a positive definite metric

(1.1) ds? = gyditdd, gy = gu,

and a metric connection Ij,.s0 that
0g;
(1.2) ik, = —0;‘,;‘ — Yl — 93Tt = 0,

where the semi-colon followed by an index denotes covariant differentia-
tion with respect to I7,.

We assume that g;; and all the vectors considered in this paper are
of class OP*.

We denote the torsion tensor by ka, where
(1.3) S;k = ‘%(I}ik—mj)’

and call such a manifold a metric manifold with torsion. We shall assume
throughout that

(1.4) 8 =0.



216 M. Prasad and K. D. S8ingh

This condition is satisfied automatically if the covariant torsion
tensor 8,,; = giS% is antisymmetric in all the indices.

Let Rf,,, denote the curvature tensor formed with respect to the
connection I}, and let R; and R denote the Ricci tensor and the scalar
curvature, respectively.

For the convenience of the reader, we state the following two results
which are frequently used in this paper:

(a) In a compact manifold with positive definite metric, if, for a scalar
@(x), we have [2]

Ap = ¢ 5> 0,
then we have Ap = 0 (Bochner’s lemma).
(b) For any vector v', we have
av'

v’ =37 +d T} = o+ 20 8,
x

where a comma followed by an index denotes covariant differentiation with
respect to the Christoffel symbols. Thus

1 Vgt
(1.5) "y =l/—;—a,-—; g = |94ly

by virtue of assumption (1.4). Thus for any vector field v*
(1.6) [ oido =0,
Vﬂ
the integral being taken over the whole manifold, dv being the volume ele-

ment [2].
We shall write:

(1) Birig.ip  OY Bigji,

2) Tiriy..igiiptriprg  PY Pirfigiiplipia?
(3) ghhg e .. gio'e by g71/giotilipte,
and

(4) g lg7naty,, by &',

2. Let «; be a vector field and ¢ = a't:%2/%p @i 34,04, The Laplacian of
¢ is given by dp = ¢"'p y, i. e., by

dp = 2(a' izﬁpkw‘ﬁiz/‘p" +gMa; :‘zlip"lwﬁ:‘zﬁp ).
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Now
a:ili"zl"p"a:il;iz,i = g /gip’pgklm’iﬁizlipkwhﬂzlipl
is a positive definite form in x; ;, Jighe and therefore if #; satisfies an equation
of the form
(2.1) 9B igpiggt = iy @ 04 20, i g o0
and

— By3ialiy piridald 213ty w1 Tolinr
U = uill,tpjllipm 1:%2ltp gf1i72 p+2vil,ipjl”p'x 1 zzhpwfl 207p > 0’

where % j;, and 9,5, . are continuous tensor fields of type

indicated by their indices; then Adg > 0.
Consequently from Bochner’s Lemma Adp = 0, and in view of the
above discussion

Tusigie = 0y
(2.2) ” aivialip givialip 429 a1 i2lip gfiifed o7 — 0
iylighlip fighlipt I

Thus we have proved:

THEOREM 1. In a compact melric manifold with torsion, if a veclor
x; satisfies the relation

il _ ifald, sigllyr
9 Tigsigsigi = Wi y17, 02 P+ 20; g0 @712,
then we cannot have
U= Ugggi gy, @RI 4 B0, g eI > 0

unless we have Bisigfighe = 0 and consequently v = 0.
Using Rieci identity, we have

(2.3) Lieiyfinint — L igfight + Tiysigfipht — Disigpiliy
P
p— — . ) . . ) — ] . a-
= — g izlipRak'ill 2 , mk:tzlz,._ 1% 41/ip -Raz,.zll zwk;tﬁ/zpas OUN

r=2

Contraction of this equation with ¢ gives

1 1 1
g Lisighipht ™ g (wilzizlipk - mk;izlipil); 17— Uiy )ity

P
1 !
= &%y, Baty— 2 % ayri,_y iy _stip Baiip— 29451, 8% 1
r=2
»
_ _ jrifalty
= (Rililgizlegipjp 22, Ri,o‘,.ililgiziz/gi,.,li,...lgi,.+1;",.+l/gipjp)m’ vial’p
=

— 28450 Giys, | Gipip 2 T2lipr
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Thus if a vector field z; satisfies
(2.4) g l(.wil;izlipk'_wk;izlipil);l+ wl;izliplil =0,
then it also satisfies

(2.5) ¢ twil:izlipkl

p
= (Rilflgizle Gigip™ 2 Rirfrflilgizle iy —rip1 iy rtrin] Yirip ) 272l —

r=2
—_ 281:17'11‘ gi2f2 /gipjp a}jl;izlfpr
and consequently Theorem 1 yields

- THEOBEM 2. In a compact metric manifold with torsion, there exists
no vector field x; which satisfies

1 !
7 (wil;izlipk_mk;izlipil);l+x;iz/iplil =0

and
)
W= (R"lf 19 i27'2/ Gigip— Z; Rirfr?'lil Giniy g ip—vir—1Jirt 1701 / gipfp) g2l gl Talip
=

— 2845, Gigty | g"pfpwlmzhpa'jlmﬁpr =0
unless we have Bisigligh = 0 and consequently w' = 0.
Identity (2.3) can also be written as
— Liysiglighl + (xfl;if_,/ipk + mk;@/ipil); v Prgip figliy
y 4

— — : > ) d 3 . - s ) — ) . a
- wd;tg[‘&pRaInll 2 ' mk;zg/ir_lazr_l.l/szazml 2wk;@2ltpaS 1!
r=2

which on contraction with . g* gives

1 ki !
- gk Ty talipht +g ("‘Uil;iglipk"l' mk;ig/ipil); — sialipliy
V4
—_ g . — e s O . . i felip __
- ( ‘Rilfl 9 1272/ Yiip 2 R‘r"t?mg'z?z /‘g‘r—lfr—lg"r+l7r+l/ irin ) @/l

r=2
— 2Sili1rgi2i2/gipfp v h2lipT
Thus if a vector field z; satisfies

(2'6) gkl(‘”il;iﬂ/ipk“l‘wk:izlipil);l_ml; iglipliy = 0 H
then it also satisfies
(2.7) gklwil;izlipkl == (Riljlgizy'zlgip/p_
D
— Z: R0, 9iia |9ty iy Gt 2Dy ) Ty +
r=

+ 281’17'11' Gizi, /ginjp o/ vl2lip?
and consequently Theorem 1 yields
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THEOREM 3. In a compact melric manifold with torsion, there exists
no vector field x; which satisfies

1
g (wil:izlipk‘+ Tg; izlipil);l_ml yiglipliy — 0
and
u = (Rililgiziz/gipfp_
yd

iy3ialip gy iali
- 2RirfrjlilgiziZ_Igir—lfr—lgir+lir+1/gipfp )w valtp gt 12p —

r=2
_2Siljlrgiziz/gipjp-71'11”2’1'1’w71572/?pr <0
unless we have Lisiglip = 0 and consequently v’ = 0.

3. Pseudo-harmonic and pseudo-Killing vectors of type p.

DEFINITION. We shall call a vector field x; pseudo-harmonic of type
p, if it satisfies the conditions

(3.1) Tiyiigligiptr ™ Piptritaliphy = 0,
and
(3.2) @i, = 0-

Remark. This definition for p = 1 reduces to the classical case [2].

Now, if z; is a pseudc-harmonic vector field of type p, then it satisfies
(2.4) and consequently we have (2.5). Thus, as a special case of Theorem 2,
we can state:

THEOREM 4. In a compact metric manifold with torsion, there exists
no pseudo-harmonic vector field x; of type p which satisfies

w = (Rilflgizleiipfp—

. 2' 115 taft sioliy
Rirjrflilg’iﬂg/gir_p'r—lgif+17‘r+1/g’ip7.p)ml 2 pmfl o
r—2
— 28,410 Gigsy 1915, @V 2 P V20T 2 0

unless we have x; = 0 and consequently ' = 0.

viglip+1
DerFINITION. We shall call a vector field x; pseudo-Killing of type p,

if it satisfies the conditions

(3.3) Lipsiglinipsy T Fipypiigliniy = 0
and then automatically
(3.4) m’l;izlipil =0.

Remark. This definition for p = 1 reduces to the classical case [2].

Now, if x; is a pseudo-Killing vector field of type p, then it satisfies
(2.6) and consequently we have (2.7). Thus, as a special case of Theorem
3 we have:
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THEOREM 5. In a compact melric manifold with torsion, there exists
no pseudo-Killing vector field x; of lype p which satisfies

u' =Ry, iy 90,5,
D

% iy:89)iy pd1idald,
— X Bt i 8iis 3, 1Tty 41|90, | TV

r=2

—2 Sixilfgizfz'/yip;p v ialip ginifallpt < ()

unless we have z; = 0 and consequently w' = 0.

1i2lip+1
4. In this section we establish an integral formula for a compact
orientable metric manifold with torsion satisfying equations (1.4) and
use it to obtain alternative proofs of Theorems 4 and 5.
Let us consider an arbitraty vector field z; and form the vector field

L iptvielip__ gip+r . . SHOTL
B tgtigip1T TP igligin 11T »
whose divergence is
+1itolighy
D= Liysialiy +lmp ?
— . S I iidalip. pipt1, | . i1 tofip
(.’L‘ ;‘z/ip':pﬂ’“l z 3‘2"p‘l‘p+l)m z "2/ip'p+lm Piy -

From the Riceci identity we have

mip+ 1 —_ xip+ 1

siglipip+1ia siglt ilip+l

= — S R, 777 S L
a” iglip ai1+ Z z I"r"la"r+l"pRa"'r"l"'p+l 2z ﬂzltpas fip+1°

re=2

Substituting this into the divergence D we obtain
(4.1) D 1’1'1'2,”13”191-1@ P+l-"2/@ l+ (R"‘l’lg'if2/gzpjp

- 5 Rys it 9utal96 sty 1Oty G, ) T 20020
r-=2

i 3infi s alint . i dofi
_2Sililfgi2j2/gipf1,mtl %I‘pfl ]2171’ --m”P‘H $1'1 tzhpil.

stelipipn+y
~ Integrating both members of (4.1) over the whole manifold and
applying (1.6) we obtain the formula

(4.2) f [( B, 9i,1,19: ip

P
— tystalip Ny delin __
2 Rirfﬂlilgiﬂz/g‘r—lfr— 1gir+1fr+1/gip1p) @12 112l

T=2
— 2Si1f1'gi2i3/gipjp— i balip o dvidallpr 4

to+1tefinty _ mi 1,,[1,
+wzl;1zltpip+lwp ! P1— gptl ilaliptp 4 z: 2 ]dv = 0’
which is valid for any vector field ;.

Using (4.2) one obtains alternative proofs of Theorems 4 and b.
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5. A necessary and sufficient condition for a vector field to be pseudo-
harmonic of type p or pseudo-Killing of type p.
From Section 3 a pseudo-harmonic veetor field x; of type p satisties

(6.1 ¢ lwil; iglipht ™ (Rilflgizizlgipjp_

P
o Z R"rfrflﬁ g"'212/ Jirrip19ips 15r+1/ g ip’p) af1ifalip +

r=2
+ 2Sililrgizlegipfpa?f‘;j'*’ﬁpr =40.

In this section we prove the converse.
For arbitrary vector field x; we put

¢ =o' Pilray
and form
A(p = 2(gklwil;izfipklwil:igﬁp+wil:iz‘lipip+lwi13izlipip+l)'
Integrating both members over the whole manifold and applying
(1.6), we get

(5.2) f(gklwil;izlipkl$’:l;i2ﬂp+m’:l;izlipip-l-la;, dv = 0.
¥n

@l;i,/ip«:pﬂ)
Using the integral formulae (4.2) and (5.2) we obtain

.f “gk l“’"@'x:«'zlipkl_ (Rilflgizfz/gipf,,“
n

D
iqli
- ZRirirjlilgi‘zlegir—lfr—lg":r+l7'r+l/gipip) wh et

r=2

+ 285,095, / Girip @ l;jzl’pr} whiale
iy3iofind —_, o

_|_ ity p+l({pil; ialigip+1 m1p+1:lzltp’l])+

tys gt —
+ .fp'i'p+l;1:2 o givialip 1:1] dv=20

which can be written in the form

6.3)  [o i (Ri, 913y 1953, —
n

D
fidoli E

r=2
’ 71 315 Toft .
+2Si171"g’t2fz/gipip a2ty }w"l alip |
'3 o/t b w13 iofind
+ Bt — gt ) (@ B igli) T

+ w"pHn.‘z ﬁpip_‘_lmil?izﬁpil] dv = 0.
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This equation shows that if x; satisfies (5.1), then we must have

=0

Zipsigligiper Vigyy tplipiy
and
3
T iy, = 0y
i, e., the vector must be pseudo-harmonic of type p. Thus we have proved

THEOREM 6. In a compact orientable metric manifold with torsion
satisfying equation (1.4), a mecessary and sufficient condition that a vector
field x; be pseudo-harmonic of type p is that it satisfies

1

D
iidoli
- ZRirjrflilgizfz/gir—l"r—1yir+l7.r+llg":p7.p) w’l 2 717-]-

r=2
+ 28‘!:17'11'91:21'2 /g'ipj'p wil; 12 lip' - 0 -
A similar approach proves

THEOREM 7. In a compact orientable metric manifold with torsion,
satisfying (1.4), a necessary and sufficient condition that a vector field x;
be pseudo-Killing of type p is that it satisfies '

1
9" @iyt (Riﬂ'x Gigia 957, —

Y
— g g s . . i dalip __
Zé‘Ri,jr?]‘llglz?g/gtr_l]r—lglr+17r+1/glp7p) x’l 2p
=
_'2Sily'lrgi2i2/gipjp$i vhlipT =
and
1 —
T l;i2ﬁ'p’:1 =0.

7. In this section we prove that a pseudo-Killing vector of type
p+1 is a pseudo-harmonic vector of type p.

For an arbitrary vector field »; the Ricci identity may be written
in the form

(wil;'izlipip+ll+ Ly, /ipip+1i1)  Phighigipyiy ™ Figsigliglipta
D
e — a ’ K » . 3 : 3 a- . . s — 3 3 3 a 3
=7 ?%/%Rh"hpﬂ_i' Z Bisiglip—y "r+1/"pRmrhp+l 2“’11:'2/%: 8 ip1la*
r=2

Contraction of this equation with gii's+1 gives

fip+1 e L Y—gtetagy, gt
g'e (wil;zzlipzp+ll+wl:zz/zpzp+11,1) g » mlnz/tpzp.;‘.lzl zr iiglipling 41

P

= —%, . E'i+1.. a . R. —9g'pt1, . @

= w”zl‘pR“l-l_ Y] “r+1/‘pR‘"rup+1 2w'® iglip Sip-i-ll“'
r=2
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Thus if z; is a pseudo-Killing vector of type p+1, then from above
it satisfies '
— gV By = T iy, Bat
(4

E'i+1.. a . 1 — 2@t % 8,
+ LT iglip ’"r+1/‘pR‘"r“p+1 20w $ilip St”ﬂla,
T=2

i. e, it satisfies

1
g L sty ikt —
P
. f1doli
- (Riljlg".z-".z/gipjp— Z Rirfrfl"'lgizfz/gir—lfr—lgiﬁ11r+1/gipfp)a’al Sk y
r=2

+ 2Si17'1r Giziy /g"pfp gihlh” =0 ’

and by Theorem 6, the vector is pseudo-harmonic of type p.
Hence we have proved

THEOREM 8. In a compact orientable metric manifold with torsion,
satisfying (1.4) a pseudo-Killing vector field of type p+ 1 is pseudo-harmonic
of type p.

Now if a vector field z; is a pseudo-Killing vector of type p as well
as of type p+1, we have '

(7.1)

Tigsiglipips1 + Ty yitgligh =

and from previous theorem it is also a pseudo-harmonic vector of type
p 8o that

(7.2)

L ysigligiper ™ Pigaitgligh =
Equations (7.1) and (7.2) give
Tipiiglipsr = 0.

Conversely, if a vector field x; satisfies

=0,

Ziy; Talip+

it is both a pseudo-Killing vector of type p as well as of type p+1.
Hence we have proved '

THEOREM 9. In a compact orientable metric manifold with torsion,

satisfying (1.4) a necessary and sufficient condition for a vector field wx; to
be pseudo-Killing of type p as well as of type p+1 s that it satisfies

.’v,; = O.

1iialip+1

8. In this section we prove that a pseudo-harmonic vector field of
type p-+1 satisfying a certain condition is pseudo-Killing of type p.
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For an arbitrary vector field x; the Ricci identity may also be writtel;.
in the form

(g3 tahigip 48— Phitgligipaaty) T Prigligip iy — Biphaliglipt
D
= a . > a s K . Lt 3 . S a
=T 4503 R‘l““pﬂ + Z Tiyiglip—y ‘r+1/‘pR¢"rl‘p+1 2{”*1?‘2/@1; 's‘p+11¢'
r=2

This by contraction with gi's+1 gives

oot (g. . . g— ) otig, . . . . —giptl, . .
g (w‘13'2"p‘p+1' w’;iﬂ"pipﬂ"l)_[-g e T N el T N T
P
— s a . i » * aa 3 > y —— i k) a .
= z ;t,/ipRal‘l‘ Zw p_H;uz[i —1 1,+1[szm,hp+l 2 p+l;i2/tp Stp.Hla-
T=2
Thus if 2; is a pseudo-harmonic vector field of type p+ 1, then it
satisfies

i1ip+1 ,

yd

= —a%, ip+1, . @ R, —92" a

= — %, Ba+ Z:w” Nigfimy tpyrfipBaigtipy, —28 P 00,° 8y | 0y
P

1. e., it satisfies

g, tyigat
p 3
T (Rilh Gurty / Gitp— 2 R"rfrf 161 s / Yirrtp—19ir s vir 1 g qcp")’) &/ 72llp—
P2

—2Silf1r94212/yip4pm’ ¥12llp” = 0,
and by Theorem 7, if it satisfies
wtl:izlipil = 0’
it is a pseudo-Killing vector of type p. Hence we have
THEOREM 10. In a compact orientable metric manifold with torsion,
satisfying (1.4) a pseudo-harmonic vector field x; of type p+1 satisfying
an additional condition
18 a pseudo-Killing vector of type p.
- Now if a vector field @; is a pseudo-harmonic vector of type p as
well as of type p+1, we have

(8.1) =0

Tiyitaligiper ™ Vipritalighy
and from previous theorem it is also a pseudo-Killing vector of type p
so that

(8.2) Bipstafigiprr T Ty iiatiphy, = 0
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The two equations (8.1) and (8.2) give

€; = 0.

1lip+1
Conversely, if a vector field x; satisfies

Tigsiglipyr = 0,
it is both a pseudo-harmonic vector of type p as well as of type p+1.
Thus we have proved the following
THEOREM 11. In a compact orientable metric manifold with torsion,
satisfying (1.4) a necessary and sufficient condition for a vector field x; to
be pseudo-harmonic of type p as well as of type p+ 1 is that it satisfies
Birtiglins, = 0
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