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Introduction. In [3] Jung showed that if X is compact metric and
f(X) = Y is continuous, then

(i) dim X < dim 4 -+ dim f,

where A = {yeY:dim f~*(y) >dim X — dim Y}. The author [4] has
shown the inequality for X general metric with f a closed mapping.
The present paper proves two related inequalities for closed mappings
on separable metric spaces which involve local dimension. It is proved
that if Y is compact, then

(ii) dim X < dim B+dim f,

where B = {yeY:dim f~'(y) > dim X —dim,Y}. If Y is not compact,
then (ii) may fail, but in any case the following inequality holds

(ii) dim X < dim B+dim f+1,

where B is as described above. Examples are given to show that (iii)
¢annot be improved. It should be noted that (iii) implies Menger’s Second
Fundamental Theorem ([8], p. 135).- In [6] Lelek has shown that the
set B in (ii) has dim B > 0 whenever X is an n-dimensional Cantor mani-
fold with f non-constant.

We assume from now on that X and Y are separable metric spaces
with f a continuous function from X onto Y. By dim, X is meant the
dimension of X at the point x. By dim f is meant the supremum of the
dimensions of the point inverses of f. We assume the notation in [2].

Preliminaries. In this section we establish certain lemmas which
will be necessary in the proof of our main results. For the most part
these are improvements of lemmas appearing in [4] and [6].

LEMMA 1. Let {X;};2, be a countable collection of F,)s in X with
dim X, = 0. Let {U,} be any open cover of X. Then there is a locally finite
open refinement {V;} such that for wxeX

0 < dim, X; U {x} < oo .
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tmplies that
dim, [Fr(V;) n X;] u {r} < dim, X; U {a}
for all j and
dim Fr(V;) < dim X—1

with Fr(V;) 0 X, = O for all j.

Proof. First we note that we can consider {U,} to be a countable
cover {U;} which is locally finite. Let {F;} be a closed cover of X with
F; = U;. By the lemma in Lelek’s paper [6], for each j there is an open
set V; with F; ¢ V; c V; c U; having the properties of the lemma.
Thus we can find an open cover {V;} of X having the desired properties.
It will be locally finite since V; < U; for each j.

LeEMMA 2. Let f(X) = Y be a closed mapping with dim X = n and
dimY = m, n and m finite, with dim f < n. Let {¥Y;}i2, be a countable
collection of F,'s in Y with dim Y, = 0. Then there is a closed set C < Y
with the following properties:

(1) dimC < m—1,
(2) yeY and 0 < dim,Y; U {y} < oo implies that

dim, [C n Y;] U {y} < dim,Y; U {y}—1,

3) Cn Yy, =0, and

(4) dim f-1(C) > n—1.

Proof. Let D c¢ X be closed with g: D — 8" ! continuous such that
g cannot be extended continuously to all of X. Since dim f-!(y) <n—1
for all y¢Y, we may extend g to a mapping g,: U, — 8"~', where U, is
an open set containing D v f-1(y). Let 0y = Y—f(X—U,). Then {0,}
is an open cover of Y with y<0,. Let {V;} be an open refinement of {0,}
satisfying the conditions of Lemma 1. Then if B; = f~1(V;) and V; < O,,
then B; = U,. Thus g has an extension to D u B; for all j. Since {B;}
is locally finite, we can apply Lemma 8 in [4] to say that there must
be a j with dim Fr(B;) > n—1. Thus f~*(Fr(V;)) > n—1. Let C = Fr(V;).
Then C satisfies (1), (2), (3), and (4) of the lemma.

"LEMMA 3. Let B = {yeY: dim X —dim,Y < dim f-*(y)}, where f(X)
=Y 48 a closed mapping with dimX = »n and dimY = m. Then B is
an F, in Y whenever n and m are both finite.

Proof. Let By ={yeY:dimf(y)>k} and let Oy = {ye¥Y: dim,Y
> dim X —k = n—k}. Then Bj; is an F, ([4], Theorem 1) and O} is
an F, ([8], p. 127). Now suppose that yeB; n Cx. Then dim f-1(y) >k
and dim X —dim,Y < k. Thus ye¢B. Now if yeB, then let ¥ = dim X —
—dim,Y. Then yeCyn By. Thus B = (By,nCy)u...v (B, nC,), and
B is an F,.
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Main theorems. We proceed immediately to the first main result.

THEOREM 1. Let f(X)=Y be a closed mapping with dimX = n
>dimY = m and m finite. Let B = {yeY: n—dim, Y < dim f-*(y)}. Then

dim X < dim B-+dim f+1.

Proof. We may suppose that n < oo for otherwise dim f is infinite
by the Hurewicz theorem ([2], Theorem VI. 7, p. 91). If m = 0, then
the result again holds by the Hurewicz theorem. Suppose that the theorem
is true for all lesser values of m and let m > 0. We have three cases to
consider.

Case (i). dim f = n.

This case is trivial since dim f = dim X.

In the next two cases let D = {yeY: dim f~1(y) = n—1}.

Case (ii). dimf<n and dimD > 0.

In this case there is a yeD with dim,D > 0. Thus dim,Y > 0.
Therefore ye B and B # . Thus the theorem holds in this case also.

Case (iii). dimf < and dim D < 0.

In this case let C be closed in Y with the following properties:

(1) 0 < dim,Y implies that dim,Cu {y} < dim,¥—1;

(2) 0 < dim, B u{y} implies the inequality dim,[C n B] v {y}
< dim, B U {y}—1; |

3) CnD=@; and

(4) dim f-1(C) = n—1.

Such a set C exists by Lemmas 2 and 3.

Now if dim B = 0, we may replace (3) by (3') Cn (D uB)=0
since then D u B will be an ¥, of dimension at most zero. So we will
assume C satisfies (1) through (4) and in addition if dim B = 0,

3y Cn(Dy B) =0.

Now consider f|f-1(C): f1(C)—~C. If we let

B* = {y < C: dim f~1(C)—dim, C < dim f-(y)},
theén by our induction assumption we have
(iv) dim f~1(C) < dim B*+dim f|f-1(C)+1,

since dim ¢ < dimY. Now suppose that B* is not contained in B. Then
let ye B*—B. Then we have

(v) dim f-1(y) > n—1—dim, ¢ = n—(dim, C+1),

by (4). The only way for (v) to hold and for y¢B is for n—dim, Y >n—
—(dimy, C+1). But then this implies that dim, Y < dim, C+1. Thus
dim,Y = dim, C. But this only holds when dim,Y = 0 by property (1)
of C. But then dim,C = 0 also and dimf-*(y) > n—1. Thus yeD and
we have a contradiction, by (3). Thus we conclude that B* = B.
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Since B* < B, we have either, by (2) or (3’), that dim B*<dimB—1
or B* = @. We now show that B*# @ because if B* = @, then

n—1 < —1+dim f|f~1(C)+1,

by (4) and (iv). Thus n—1 < dim f|f~(C). This is impossible since C n D= @.
Therefore B* # @ and dim B* < dim B—1. This implies that

n—1 < dim B—1+dim f|f-1(C)+1
and thus that ‘
n < dim B-+dim f+1.

Now the theorem is completely proved.

COROLLARY. If dim X = n < oo and X,, = {xe X: dim, X = n}, then
dim X, > dim X-—1.

Proof. Let f be the identity mapping in Theorem 1 and let ¥ = X.
Then B = X, and dim f = 0. Thus dim X < dim X, +1. This is Menger’s
famous theorem ([8], p. 135).

Example 1. A space X is said to be weakly n-dimensional provided
dim X = and dim X, =n—1 (see [5], p. 298, or [8], p. 138). There
are such spaces for every positive integer n [7]. Let X be weakly »n-di-
mensional and f the identity mapping. Then B = X,, and we have
dim X = dim B+dim f+1. Therefore we cannot improve the inequality
in Theorem 1 in general.

~ Example 2. Let Y be a weakly 1-dimensional space and let X =
I"x Y, where I" is the n-dimensional cube. Then let f: X — Y be the
projection mapping. Then by [1], dim X = »+1. But B =Y, and
thus dim B = 0. Therefore we again have dim X = dim B-+dim f41.

THEOREM 2. Suppose that f(X) = Y s closed with Y compact and
dimX = n > dimY = m with m finite. Let B = {yeY:n—dim,Y
< dim f~Y(y)}. Then

dim X < dim B+ dim f.

Proof. The proof is similar to that of Theorem 1. We may assume
that n < oo again. In case m = 0 the theorem holds by the Hurewicz
theorem. Suppose the theorem holds for all lesser values of m and let
m > 0.

Case (i). dim f = n.

This case is again trivial. Let D = {yeY: dim f-1(y) = n—1}.

Case (ii). dimf <n and dim D > 0.

Since D is an F,, it is o-compact. Thus D must contain a non-degen-
erate continuum E < D. But then £ =« B and dim B > 0. Thus in this
case we have dim X < dim B+4dim f.
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Case (iii). dimf <2 and dim D < 0.

Then let C be closed in Y with C satisfying properties (1), (2), (3),
and (4) as in case (iii) of the proof of Theorem 1. Also assume that
CnB =0 it dim B = 0. Let B* = {y<(: dim f~1(C)—dim, C < dim f~1(y)}.
Then by the induction assumption we have

dim f-1(C) < dim B*4+dim f|f-1(C)

since dimC < dimY. Again it must be that B* ¢ B and thus dim B*
< dimB—1 or B* =@, since B* =« Bn (. Now B*# @ since otherwise
dim f = n. Thus dim B* < dim B—1. Therefore

n—1 < dim B—1+4dim f|f-1(C)
and hence
n < dim B+-dim f.

Now the second theorem is completely proved.

COROLLARY. If f(X) = Y s continuous with X compact and dim X
=n > dimY with n finite, then dimf << n—k implies dim B > F.
This is similar to Lelek’s result [6].
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