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PROSPECTIVE KOLMOGOROV EQUATION OF NON-MARKOVIAN
STOCHASTIC PROCESSES

Let Y,, for ¢t > 0, be a stochastic process with real values from some
interval I. Let F and H be the conditional probability distribution fune-
tions of this process, defined as

(1) F(tyy 4o, t,y) = P(Y,<yl|Y, =),
(2) H(to, yo, wy 2,8, y) = P(Y, <y Y, =%, Y,=2), 0<t<w<i.
Then we have

(3) Pty Yos t,9) = [P(X,<y| ¥y, =9, Yo = 2)d,P(¥u < 2| ¥, = 5,)
i
=fH(to,?/oa"'U’z:t:?/)sz(to’yo,w,z)-
I

Let us assume that there exist continuous derivatives

(4) -(%F(to,yo,t,y) = f(tos %0, £, 9),

(5) %H(to,yo,w,z,t,y) = h(lyy Yo, Wy 2, Ly Y).
From (3)-(5) it follows that

(6) T(toy Yoy tyy) = jfh(to,yo, Wy 2, ty Y)f(toy Yo, w, 2)d2.

It is evident that for a Markov process we have
h(tyy Yo, Wy 2,8, y) = f(w,2,1,y),

and equation (6) takes the following form:

(1) Ty Yos 8, y) = ff('wyz,taf‘/)f(to,yo’wyz)dz-
i
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Formula (7) is the Chapman-Kolmogorov equation. Formula (6)
is a generalization of the Chapman-Kolmogorov equation to the case
of non-Markovian processes. The fact that the first factor of the inte-
grend depends on ¢, and y, shows that the Markov property does not
hold for the process under consideration ([1], p. 89).

It is known that if Y, is a Markov process and for any & > 0 the
function f satisfies the conditions

. 1
®) lim - [ ft— At, 40y t, 9)dy =0,

Al—0 At W—”o|>6

~

1
9) tim = [ (=)=t 90, 1, D) = arlt, 9),

4t—0 at V-l <5

1
10)  lim— [ (y—g)*f— 4t %0, 4, 9)dy = aslt, 9),

a0 At 5o

where the convergence in (8)-(10) is uniform in %,, and the derivatives

0 a*
(11) a‘f(to’?/o,t’?/)y a_y;;f(t"’ Yos ty Y),y

@

B )
a—yi[ai(t, Y)f(tos Yos tyy)] for ¢ =1,2

exist and are continuous, then the function f satisfies the Kolmogorov
equations

0 0
(12) af(to"!/oyt’?/)‘i‘@‘[al(t’?/)f(tm?/o’t’?/)]
1 02
=§'5§;[az(ty?/)f(tm?/o’t:y)]’
13 0 1/ 13 1/ 0 t 1
(13) 'at—of(o’yoy 7?/)]+a1(01?/o)5?;0—f(o’?/oy ' Y)

1 d
= .—;az(to’ Yo) a_ygf(to’?/o’ tyy).

The proof of equations (12) and (13) is based on the fundamental
formula (7).

This paper deal with a generalization of prospective equation (12)
to the case of non-Markovian process.
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We shall assume that the function &, defined by (5), satisfies for
any 6 > 0 the conditions

1
(14) lim — f h(loy Yoy wy 2,8, y)dy = 0,

a0 AL 1y

. 1
(15) lim — f (y—2)h(toy Yo, wy 2,8, y)dy =a’1(t0’3/o’w9z)7

At—0 |y_z|<6

L .
(16) lim — f (¥ —2)2h(toy Yo, wy 2,8, Y) Ay = ay(ty, Yo, w, 2),

a0 4t ly—zl<o

where the convergence in (14)-(16) is uniform in 2, and

i

0 ] .
(17) Ft'f(to;?/oyt’y)y —a?[ai(toy?/mt;?/)f(tm?/o’t’?/)] for ¢ =1,2

exist and are continuous.

It is evident that conditions (14)-(16) are a generalization of condi-
tions (8)-(10).

THEOREM. If conditions (14)-(17) are satisfied, then the function f
satisfies the following partial differential equation:

0 d
(18) Tﬁ‘f(to’ Yosty y)+ '@' [@1(tos Yos Ty ¥)f(fos Yoy Ty ¥)]

D) 3y 2[“2“01./0: s Y (s Yoy 8y ¥)]1-

Proof. Let a and b be arbitrary real numbers such that (a, b)el.
Let R(y) denote an arbitrary non-negative function from class ¢* and
let R(y) =0 for y< a and y > b.

Then

R(a) = R(b) = R'(a) = R'(b) = R"(a) = R"(b) = 0.

From the assumptions concerning the function f and & it follows
that

b

atf(to,?/o, 9 R(y)dy = ff(to,y.,, 9 R(y)dy

b
1
‘llm T [f tO’ yo’t+At’ y) f(tO’ y07t7 ?/)]R(?/)dy

4t—0
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b
1
hmzaf[!h(tmyo,mz,t—l— At,y)f(to,yo,w,z)dz—f(t.,,yo,t,y)]R(y)dy
=lim— f fh(toy?/oyw 2y 0+ Aty Y)f (o) Yo, w, 2) R(y)dy—

- f Fltay Yo, & ) R3]

—llm—A— fdyfh(toyyo’ y Yy b+ A8, 2)f(loy Yoy ¥, y) B(2)dz—

4i—9

- f ftoy 901 45 9) B(y)dy]

—g‘glojff(to,yo, ,w[fh(t.,,yo,t ¥, i+ 41, 2) B(:)de — R(y)]dy

—hm—ffto,yo,,y)[ [ By 30r tr 9,44 4t, 2)R@)da— R(y)| dy +

4
Ho [y—3| <0

+ lim — ff(tm Yor by y)[ f h(to, Yo ¥y ¥, 1448, z)R(z)dzdy]

At—0 A
V—2|=0

= lim —ff(to: Yos t; ?/)[ f h(tyy Yos 24y, t+ A, 2) R(2)d2 — E(y)1dy.
460 Atl ly-3l<d

Let us expand the function R into a Taylor series. Then we have

h(loy Yo, by y, 14 4ty 2) R(2)d2 — R(y) = f h(toyYosty 4y, t+ Aty 2) X

l¥—2|<d [v—2| <6

X[B(y)+(E—y) R (y)+ 1 (:—y)*R"(y) +o(2—y)*]de— R(y)

=Ry [ =9k, Yo, by, t+ A1, 2)de+

ly—2|<o

) .
+5BW [ G=9)hlte o by, 1+ At 2) A+

ly-2|<8

+ [ ole—y)1hits, Yo, t, ¥, t+ At, 2)deto (A1)

V-2i<9
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Then
0
(19) [ flor 30t 9)RY)Ay
I

b
1
=lim i ff(toy Yos s Y) {R'(y)

4t—0

(2—y)h(to; Yo, Ty y, ¢4 A8, 2)d2+

lY—2|<d

1

+'2— R (y) f (2—y)2h(to, Yoy by y, t+ at, z)dz+
ly—2| <9

+ f 0(z—9)%h(loy Yo, ty ¥, t+ At z)dz+o(4t)}dy-

ly—2|<d

Now let us notice that

b
1 _
(20) 'Zt‘ff(to;?/o’t,?/)[ f 0(2—Y)2h(ty, Yo, by Yy, 1+ AL, t, 2)dz|dy

ly—2|<d

b
1
=Zt_ff(t°’y°’t’y)[ f 0(z—y)(2—¥)2h(ly Yoy b, ¥, L+ AL, 2)dz|dy = W.

ly—31<9d

For |z—y| < 6 the function O(2—y) satisfies the inequality —
< O(z—y)<o.

In virtue of (16) it is evident that the function W, defined by (20),
tends to 0 when 6 — 0 and 4t — 0.

Using (15), (16) and the fact that W tends to 0, we can write
relation (19) in:the following form:

b
d
f Ef(toy Yos by Y) R (y)dy

b
= [ £ttor 90, s DIE @) 0sty o, £, 1)+ 4 B (@) aalty Yo, £, 9)1dy

b

) .
=! {—R(y)a_y [@y(foy Yos Ty ¥)f(%os Yoy by ¥) 1+

1 ad
+ g BO) g3 (s Yos 1) (s B0r 4 91 .
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The assertion of the theorem follows directly from the last relation.

The reasoning which was used in proving the Theorem is similar
to that used in proving the corresponding theorem for Markov processes
([2] Chap. VIII, § 1, and [3], § 54). Function (5) depends on ¢, and ¥,,
but these variables in our reasoning have the role of constant parameters.

In virtue of (18) we can determine the function f if the functions a;
are given. Note that without Markov property the function f does not
determine the process (even if an initial condition is given). However,
the function f gives some characteristics of the process.

Now we are going to give a comparison of different forms of pros-
pective equations.

First let us notice that if the process Y, is homogeneous in time
and in space, then equation (18) has the following form:

0
N (t—1y, ?/“?/0)"‘5'?'/' [a,(E—1, Yy —Yo) f(E—10, ¥ —¥o)]

_1 t—1 t—1
—Ea—yz[“z( —loy ¥ —Yo)f(E—10, ¥ —Yo)]-

In this case a,, a, and f can be treated as functions of two variables.
If Y, is a homogeneous Markov process, then equation (12) has the
following form:

i) 0 1 d
Ef(t—toyy—yo)‘i‘“l ‘a—y‘f(t"to’ Y — Yo) =5“2 Wf(t—tm?/_yo)-

In this case a, and a, are constant.
If Y, is a Markov process and an initial distribution P(Y, < y) is
given, then it follows from (12) that the function

3 0
f,y) = s [P(Y, <y)]

satisfies the following equation ([2], § 1):

2

'—(%f(t, y)+a% [a,(t, )1 (2, 9)] = %gy—z [az(t, ¥) S (2, 9)].
All these discussed forms of the prospective equation for the densi-
ties are given in Table 1. '
It is interesting to notice that
1° equations IV and V have an analogous form,
2° equations I and II have an analogous form if the functions
a; (o, Yo, t,y) for ¢ = 1,2 do not depend on ¢, and y,.
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A. PLUCI NSI_KA (Warssawa)

PROSPEKTYWNE ROWNANIE KOLMOGOROWA DLA NIEMARKOWSKICH
PROCESOW STOCHASTYCZNYCH

STRESZCZENIE

Twierdzenie, udowodnione w tcj pracy, podaje roOwnanie rézniczkowe czastkowe
(18), ktére musi spelniaé warunkowa gestosé f(ty, ¥y, ¢, ¥) procesu stochastycznego,
jezeli spelnione s3 warunki (14)-(17), a funkeja h(y, ¥y, w, #,%,y) jest okreslona
réwnaniami (2) i (5). Rozwazanc procesy stochastyczne nie muszg byé procesami
Markowa.



