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Remark on a conjectured characterization of the sphere

by RorF ScHNEIDER (Berlin)

Abstract. It is proved that a convex body in a three-dimensional Euclidean
space whose surfnce area measures @, @, satisfy the inequality @, — 2r®; +12Q < 0
(2 being Lebesgue measure on the unit sphere) with some constant r, and which
admits rome circular projection, is either a ball or a solid circular cylinder with two
half-balls attached to its ends. This generalizes (and simiplifies the proof of) a recent
result of Koutroufiotis who considered ovaloids of class C3 with positive Gauss curva-
ture.

It has been conjectured that a sufficiently smooth ovaloid (closed
convex surface) in a three-dimensional Euclidean space E°, whose prin-
cipal curvatures %y, &, satisfy the inequality

(1) ' (ky—ce)(By—e) <0

with some constant ¢, must be a sphere. Partial results have been obtained
by Aleksandrov [2] (for analytic surfaces and under the additional assump-
tion that (k,—e¢)(ky—e¢) = 0 only if Doth factors are zero), and Miinzner
[9] (for analytic surfaces) and [8] (for surfaces of revolution). Recently
Koutroufiotis [7] has shown that an ovaloid of class (° with positive
Gauss curvature is necessarily a sphere if (1) holds and if the surface is
assumed to admit a circular enveloping cylinder in some direction. The
purpose of this note is to show that, if this additional hypothesis is accept-
ed, a very short proof is possible, and a more general result can be ob-
tained. '

For an ovaloid with positive Gauss curvature assumption (1) is
equivalent to

(2) 8,—2r8, +72< 0,

where » = ¢! and §,, 28, denote the product, respectively the sum, of
the principal radii of curvature of the surface. Here §,, S, are viewed
as functions on the unit sphere X with its centre at the origin of E°, where
the correspondence between the ovaloid and the sphere is established
by the spherical image map. For a unit vector v¢ X we have the well-known
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formulae (Bonnesen—-Fenchel [3], p. 67)
[ 1¢u, 221 8a(n) AQ(w) = 24 (v),

3) fl(u, )8, (1) d2(w) = L(v)

(( , » being the inner product in E* and Q Lebesgue measure on X),
where A (v) denotes the area of the orthogonal projection of the ovaloid
in direction v onto some plane, and L(») is the length of the boundary
curve of that projection. If now the enveloping cylinder of the ovaloid
in direction » is circular, say of radius p, it follows from (2) and (3) that

03 [ I, 0318y —2r8; 4 19)dQ(u) = 2m(g—1) >0,

henee o = », and the surface satisfies 8, —2r8;4 1% =0, or (k; —e)(ks—¢)
= ( thronghout. In this case it is well known that the ovaloid must be
4 sphere. )

Let us now turn to the announced generalization. It concerns arbi-
trary convex Dbodies. For a convex body K (non-empty, compact, con-
vex point set) in E*, let &,(I(, -) denote its second and @,(K, -) its first
surface area measure, as introduced by Aleksandrov [1] (§ 2, p. 962 and
966) and Fenchel-Jessen [H] (see also Busemann [4], § 8 and p. 70). Thus @,
and @, are Borel measures on the unit sphere X, which may be charac-
terized by the fact that they depend in a weakly continuous manner
on the convex bodies (where the set of convex bodies is equipped with
the usual topology induced by the IHausdorff-Blaschke metriec, see [3],
p. 34), and that

D,(K, o) = j 8;dQ  for each Borel set w € X
(2]

(i =1,2), if the boundary of K is of class ¢° and has positive Gauss
curvature. Hence, for such convex bodies, assumption (1) is equivalent to

(4) Dy (I, ) — 20Dy (I, ) +722 < 0;

but the latter inequality makes sense for arbitrary convex bodies. We
shall prove the following theorem.

THEOREM. If a convex body K in E° satisfies (4) with some constant »
and adwits some circular orthogonal projection, then K is either a ball or
a solid circular cylinder with two half-balls attached to its ends.

It has been conjectured by A. D. Aleksandrov (in his lecture at the
ICM, Moscow 1966) that this result holds without the assumption on the
existence of a circular projection. Clearly our theorem implies the result
of Koutroufiotis, since the houndary surface of the “telescoped” ball
is only . '
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To prove the theorem, we first remark that formulae (3) hold for an
arbitrary convex body, if §;dQ is replaced by d®; (sce, e.g., [1], II). There-
fore assumption (4) implies that any circular projection of the body K
has radius 7, and that

(5) D (I, 0)—2r® (K, o) +1r2Q2(w) =0

for each Borel set o < Z\o,, where o, = {weX|{u, v, = 0}, provided
that veX is a direction for which the projection of I is circular. We shall
show that (5) holds also for m < o,.

Let Z denote the cylindrical surface of direction 2 circumsecribed
about the body XK. Thus the (orthogonal) eross-section of Z is a circle
of radius ». Let B, denote o ball of radius » inscribed into Z. Then each
convex body (L—A)K +2AB, (where 0 <{ 1< 1) is also inseribed into Z.
The geometrical interpretation of the measure @, tells us that @,((1 —1) x
XK +AB,, 0,) is the surface arvea of Zn[(L—21)K+B,]. If @ is any
generating line of the cylinder Z, we have

GN[(1—A)K+iB,] = (1— ) (GNK)+A(GNB,)
(a consequence of [3], p. 31), from which we deduce that
(6) D,((L—%) K +7iB,, o)) = (1—7) D (K, 0,).
On the other hand, for an arbitrary Borel set o = Y the equality
() Dy(L—N)E+2B,, w) = (L —21)*D,(K, w)+2(1 -4) 4r®, (K, )+
+ 227 Q(w)

holds (a special case of [3], p. 23). Comparison of (6) and (7) ylelds
D, (K, 0,) —2r®, (I, 5,)= 0. As Q(c,) = 0 and (4)is assumed, we see that(5)
is valid for each Borel subset » of ¢,, and hence for arbitrary Borel sets
on X, In particular, we may take X' itself, which neans that

(8) F(K)—2rM(K)+trmr2 = 0.

Here F(K) denotes the smface area of K, and M(K) is 2w times its
mean width (or “integral of mean cwrvatwre”).
Finally we consider the function f defined by

fQ) =F(1—-2)EK+2AB,), 0<i<1.

As K and B, are inscribed into the same cylinder, the function f
is known to be concave (Hadwiger [6], p. 256 and 259). But from the
well-known formula

f(A) = (L—ARF(K) 421 —2)ir M () + 4= 257
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and equality (8) we see that f is even linear. As IHadwiger (loe. cit.) has
proved, this can only happen if there are numbers g, o> 0 and a seg-
nent S parallel to » such that K+ o8 is a translate of B,+ a8. Clearly
o= 0, and K is o translate of B, --(oc—0) 8.

Added in proof. That spheres are tho only closed analytic surfaces which satisfy
(1) has also been proved by A. D. Aleksandrov, On the curvature of surfaces (Russian),
Vestnik Leningrad. Univ. 21, No. 19 (Ser. Mat. Meh. Astron. No. 4) (1966), p. 5-11.
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