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LOCAL HOMEOMORPHISMS ONTO TREE-LIKE CONTINUA

BY

T. MACKOWIAK (WROCLAW)

All spaces considered in this paper are compact metric, and all map-
pings are continuous surjective. A continuum is a compact connected
space.

A simple chain is a finite collegtion of open sets Gy, @, ..., G, such
that G; intersects G; if and only if [¢ —j| < 1. If the links of a chain are of
diameter less than ¢, the chain is called an e-chain. A continuum is
called arc-like if for each positive number ¢ it can be covered by an e-chain.
Sometimes the arc-like continua are also called chainable or snake-like.

A collection G, G,, ..., G, 18 a circular chain if it has more than two
links and G¥ intersects G; whenever either |i—j| <1 or |i—j| = k—1.
A collection ¥ is coherent if it has more than two links and if, for each proper
subcollection %' of it, an element of ¥’ intersects an element of ¥\¥".
A finite coherent collection ¥ of open sets is called a tree-chain if no three
of the open sets have a point in common and no subcollection of ¢ is
a circular chain. A continuum is called tree-like if for each positive number
¢ there is a tree-chain covering it so that each element of the tree chain
is of diameter less than ¢ (for the above-mentioned definitions see [1],
p. 653).

Recall that every A-dendroid, i.e., a hereditarily decomposable and
hereditarily unicoherent continuum (see [3], Theorem 1, p. 16), is tree-like:
(see [4], Corollary, p. 20), whence it follows, in particular, that every dend-
rite (i.e., a locally connected continuum without a simple closed curve)
is also tree-like.

A continuous mapping f from a space X onto a space Y is said to be

(i) @ local homeomorphism if for every point x € X there exists an open
neighbourhood U of z such that f(U) is an open neighbourhood of f(z),
and f restricted to U is a homeomorphism between U and f(U) (see [14],
p. 199);

(ii) open if f maps every set open in X onto a set open in Y.

We have the following characterization of local homeomorphisms
(see [10], Theorem 4, p. 856, and [14], (6.21), p. 200):
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PROPOSITION. A mapping f: X—Y of X onto a continuum Y is a local
homeomorphism if and only if f i an open mapping and there 18 a natural
number n such that cardf~'(y) = n for each y € Y.

It is known that a local homeomorphism of a continuum onto & den-
drite (a A-dendroid) is a homeomorphism (see [14], Corollary, p. 199, and
[10], Theorem 9; cf. also [9], Théoréme 3, p. 56). Similarly, a local
homeomorphism of an arc-like eontinuum is & homeomorphism (see [13],
Theorem 2.0, p. 261). Some other results of this kind are contained
in [6] and in [11] (see also [2]).

We face the problem: does it follow that if a local homeomorphism
f maps a continuum onto a tree-like continuum, then f is a homeomor-
phism? (See [10], Problem 12, p. 858; [11], Problem 14; and ef. [13],
Question 4, p. 262.)

The following theorem answers this question. This theorem is a con-
sequence of Theorem (6.1) of [6], but the methods used in the proof
are different. The author is very much indebted to Professor A. Lelek
‘who paid the author’s attention to Fox’s theorem.

TBEOREM. Each local homeomorphism of a continuum onto a tree-like
continuum i8 a homeomorphism.

Proof. Let a local homeomorphism f map a continuum X onto
a tree-like continuum Y. Since f is a local homeomorphism and since X
is compact, we conclude that |

(1) There exists a positive 4 such that, for every two different points
z,2 € X, f(x) = f(2') implies o(z, z’) > 44.
Further, by the Proposition we have

(2) There is a natural » such that cardf~'(y) = » for each y € Y.
Moreover,

{3) There exists a positive ¢ such that, for any y, ¥’ € Y, it follows from
o(y,vy’) < ¢ that for each z ef!(y) there is 2’ ef~'(y’) satisfying
o(z, ') < 8, where ¢ is given a8 in (1).

In fact, let ¥y be an arbitrary point of ¥ and assume that f~'(y)
= {&,, T3, ..., %,} (cf. (2)). Since f is a local homeomorphism, there are
-open sets U,, U,, ..., U, such that z; € U;, U; is of diameter less than
8/2 (cf. (1)), f(U,) is an open set and f|U; is a homeomorphism for any
1=1,2,...,n. Put

V=éﬂm-

Since ¥ € V and V is open, we infer that there is a positive ¢, such that
B(y, ¢,) < V, where B(y, ¢,) denotes an open ball in ¥ with the centre in y
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and with the radius ¢,. Let o(y,y’) <¢,. Then y’ € B(y, ¢,) < V. Since
flOnfH(V) =V,
we conclude that, for each ¢ =1, 2, ..., n,
Uy (Uinf~Y(V)) #9.

Therefore, for each = e f~'(y) there is '€ f~'(y’) satisfying o(x, 2')
< 8/2, since U, is of diameter less than §/2.
For each y € Y take an open ball B(y, ¢,), where ¢, is as before.
Since Y is compact, there is a finite covering
B(y1) &,)) B(Yay &y,)y -+ 9 B(Ums &y,,)-

It follows from Corollary 4d. in [8], § 41, VI, p. 24, that there is a posi-
tive e such that if o(y, ¥') < ¢, theny, y’ € B(y;, &y, ) for some j =1, 2,
.., m. This ¢ satisfies the required condition (3). Indeed, if o (v, ¥') < &,
then ¥,y' € B(y;, s”j) for some j =1, 2, ..., m. Therefore,

e(¥,¥)<¢g, and e(y’,y,)<s,,j.

Thus for each z’ e f~'(y,;) there are z ef !(y) and 2’ €f~*(y’) such
that o(z”,x) < 8/2 and o(z”,a’) < 8/2. Sinee

cardf~!(y;) = cardf'(y) = cardf '(y') =n

(cf. (2)), we infer that | for each x e f~'(y) there is (even exactly one)
@' ef~'(y’') such that o(z,s’) < 6. Thus (3) holds.
Let ¢ = {G4,@,,...,G;} be a tree-chain covering Y such that

(4) @; is of diameter less than ¢ for ¢ =1,2,..., k
and let b,, b,, ..., b, be a sequence of points of Y such that
(5) b, e\ (G,VG,u ... UG;_ICJG‘_HU'... UG for i =1,2,...,k.
Put, for¢ =1,2,...,kand j =1,2,...,n (cf. (2)),
1) ={a1, 4, ...,a;} and Hj =f"'(&)nB(a,d),

where B(z, 6) denotes an open ball in X with the centre,;n 2 anﬁ m,th
the radius d.

We have
atrgoitee T

(6) f(H) =@ fori=1,2,. ka’n’dg =71,2,n P

In fact, the.definition,ef JH implies:that f(H)) & G;. Let:y cG;.
Then.g(y,b;). < &by (4) and (B). pSmco o} 6} and. fief) = b;, we, eonclude

vognl oo . iyt f
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that there is « € f~!(y) satisfying o(2, &) < 8 by (3). Therefore, z € f~*(y)
and 2 € B(aj, 8). Thus
z e f y)nfG)nB(d,0), ie, aef(ynH:.
This implies that y e f(Hj). Consequently, G; < f(Hj). Hence f(H}) = G,
i.e., (6) holds.
Further,
(1) HinH =@ for j #1, j,t =1,2,...,n and i =1,2,..., %

Suppose, on the contrary, that z e HinHj for 4, j, and ¢ as in (7).

Then
o(ai,2) <8 and o(df,2) < .

Therefore o(a}, i) < 26. Since f(aj) = f(aj), we obtain a contradiction
by (1), since j #t.

We have also
(8) IfHNnH; #0,then HinH, =@ fort #w,i #8,i,8 =1,2,...,k

and j,t,'w =1,2, ceeg M

Suppose, on the contrary, that ze H,nH; and 2’ € HjnH; for

t,7,8,t, and w as in (8). Then

olay, z) < 0, g(a:;‘,Z) <9, Q(Gj,Z') <d and g(ay,?)<d.

Therefore p(a}, ay,) < 46. Since f(ay) = f(ay,), and ¢ = w, we obtain
a contradiction by (1).
(9) If G;nG, #9O, then for any j =1,2,...,n there are t =1, 2, ...
..y n such that H;nH] + @, where i,s =1,2,..., k.
In fact, if 2 € ¢;NG,, then o(2, b,) < &. It follows from (6) that there
is 2’ e f~1(2)n H;. From (3) we infer that o(2’, af) < & for some ¢ =1, 2,
.., n. Therefore, 2’ ¢ HjnH; by the deﬁmtlon of H, since 2’ € f (z)
cf—l(Gs)
(10) If HinH{nH!, +O, then either i = and j =¢, or s =r and
t=w, or 1t=1r and j = w, where ¢,8,r =1,2,...,k and
Jyty, w=1,2,...,n
Indeed, if HjnH;NnH,, #@, then G;nG,nG, G by (6). Thus
either ¢ = s or 8 = r or ¢ = r (cf. the definition of a tree-chain). Assume
that ¢ = r. Then j = w by (7). Therefore (10) holds.
Moreover, we have
(11) The collection 3¢ = {Hj:4 =1,2,...,k and j =1,2,...,n} i8
an open cover of X.

It is clear that sets Hj are open. It suffices to show that s is a cover
of X. Let # € X. Then y = f(x) € G; for some ¢ = 1,2, ..., k. Therefore
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e(y, b;) < e; we conclude from (3) that for each j =1,2,...,n there
is o; ef~'(y) such that o(s;, a}) < 8. Condition (1) implies that points
%y, &gy ..., &, are different. Thus 2 = x; for some j =1,2,...,n, since
cardf~'(y) = n (cf. (2)) and ¥ = f(x). Hence we have z eH}. This means
that /# covers X.

Let P be a nerve of ¢ and let p,, p,, ..., p, be vertices of P which
correspond to G,,G,, ..., G,, respectively (for the definition of a nerve
see [7], § 28, V, p. 318). Since ¥ is a tree-chain, we infer that

(12) P is a one-dimensional polyhedron containing no simple closed
curve.

Similarly, let @ be a nerve of # and let g} be a vertex of @ which
corresponds to Hj, where ¢ =1,2,...,k and j = 1,2,...,n. By (10)
and (11) we conclude that

(13) @ is a one-dimensional polyhedron.

We define a mapping h of @ onto P as follows: h(g}) = p; for i =
1,2,...,kand j=1,2,...,n, and h is a homeomorphism of the simplex
giq{ onto the simplex p,p, provided G;NG, # @ and t is a8 in (9) (such
1 i8 exactly one by (8)).

It follows from the definition of % that  is continuous and cardh™!(p)
= n for each p € P (moreover, one can prove that % is a local homeomor-
phism). Since » maps a continuum onto a dendrite (cf. (12) and (13)),
we *~$er that n = 1 by Theorem 8 in [11] (¢f. [10], Theorem 9, p. 857,
and 14], Corollary, p. 199). Therefore, f is a homeomorphism (cf. (2)).
The proof of the Theorem is complete.

Since a locally homeomorphi¢c image of a tree-like continuum is
tree-like (see [12], p. 472; cf. our Proposition), by the Theorem we have
the following corollary: '

COROLLARY. Each local homeomorphism of a tree-like continuum is
a homeomorphism.
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