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INTRODUCTION

The aim of this paper is to discuss some fundamental notiong of
local geometry and to explain the relationships existing between them.
In Chapter IT we give the axioms of the groupoid theory without making
use of the Rilenberg and MacLlane category notion (see [4]). In this
chapter we prove that a multiplicative system gatisfies those axioms
if and only if it is a groupoid in the sense of Bhresmann (gee [3]) and
thus it is a particular case of the category notion. The Ehresmann
groupoid notion appears to be closely related to another groupoid notion
introduced earlier by . Brandt (see [2]). Nijenhuis in his paper [12]
explaing the structure of Brandt groupoids by formulating the relations
existing between the notion of a groupoid and that of a group. The theo-
rem proved in paragraph 3 of Chapter IL of the present paper enables
us to explain the structure of Ehresmann groupoids with the aid of
Brandt’s notion of groupoid.

Speaking of a category and a groupoid (see [3]) we assume that
the algebraical operations defined in them are defined in sets and not
in classes in the sense of N. Bourbalki. Thus the considerations contained
in this paper may be asserted in terms of the get theory.

On the other hand, we prove in Chapter IT a representation theorem
for categories, whence we deduce an analogous theorem for Ehresmann
groupoids. This theorem in turn gives the relation between Ehresmann
groupoids and an earlier notion of a Golagb pseudogroup (see [8]). It
appears that any Ehresmann groupoid may be reduced by an isomorphism
to a Golgb psendogroup in a suitably chosen topological space. In Chapter
IIT we prove that the sets of all possible functional elements determined
by functions belonging to a given pseudogroup form a groupoid with
the composition of clements as the algebraic operation. Chapter IV is
entirely devoted to the problem of generating pseudogroups by arbitrary
sets of local homeomorphisms in a given topological space. As S. Golab
has proved, each clement of a pseudogroup is a local homeomorphism.
On the other hand, the set of all local homeomorphisms of a given space
forms a pseudogroup in that space. Thus it is a pseudogroup including
in it all the pseudogroups of the given space. Thus, in a natural manner,
the problem arises how to define, for a set, given a priori, of local home-
omorphisms, the pseudogroup generated by this set. This problem is
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much more complicated than the corresponding problem in the group
theory, since it appears that if is not for every set of local homeomor-
phisms that there exists a pseundogroup, including a given set of local
homeomorphisms, which is the smallest, in the sense of inclusion. In
this chapter we prove that of all the pseudogroups including a given get
of local homeomorphisms the generated psendogroup gives the smallest
possible set of functional elements. Chapter V contains some generaliza-
tion of the Golab pseudogroup and an attempt at generalizing the notions
of the differentiable manifold and of analytical structure. The nofion
of analytical structure introduced here is independent of the notions
of analysis, such as the notions of the derivative and of Cartesian space.



I. TERMS AND NOTATION

The symbols: vV, A, =, <, \/, A\ denote respectively the alterna-
tive, the conjunction, the implication, the equivalence of sentences, the
existential quantifier and the generality quantifier.

If R is a set whose elements are also sets, then by (JR and (MR we
mean the union and the intersection of all séts belonging to R respec-
tively. By = we mean the inclusion of the sets. The product of the
gets A and B will be denoted by A xXB.

By a function we always mean a binary relation unambiguous with
respect to the second argument and by a relation we mean a subset of
the product of a certain set and the same set (see [11]). For a given
function f by D; we mean the domain of the function f. For a given
set A = D; by f(A) we mean the image of the set 4 by the function f.
In particular, the set f(D;) is the set of all values of the function f. For
a given set A = Dy, by f|-A we denote a function of the form f ~ (4 X f(Dy)).
This is what we call a function reduced to the set 4. We obviously have
Dy = A. The notion of an operation is a particular case of the notion
of a function. By an operation defined in the set A we mean a function f
satisfying the conditions D; « A XA and f(Dy) = 4. The set D; will be
called the domain of the operation f.

By {z: P(z)} we denote the set of all # satisfying the condition P (»).

If F is a function whose values are sets, and if P(?) is the condition
such that

A¢ (P(t) = teDp);
then by {F(?): P(t)} we mean
[4: Vi (P()A4 = F(1))).

For a given topological space X we denote by X and «(X) the set
of all the points and the set of all the open sets of that space respectively.
In this paper we only assume that

{ew(X), /\Mcw(X)(U MEU)(X))g /\A,Bzm(X)(-A ~ BEW(X))-

Tor a given topological space X and a set 4 = X we denote by X4
a gpace induced by the space X in the set A. Hence it follows that
o(X|4) = w(X)|4.
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By (X — Y) we mean the set of all functions mapping continuously
a topological space X into a topological space Y. Similarly by (X « Y)
we mean the set of all the homeomorphisms of the space X into the
space Y.

II. GROUPOIDS AND CATEGORIES

1. The notion of groupoid. An ordered pair (C,-), where ¢ denotes
a et and an operation defined in this set, will be called a multiplicative
system (see [5]). The operation may be defined merely for some ordered
pairs (z, y)eC X C. By R we denote the domain of the operation Let O,
denote a et defined by the equality

(1.0) O, ={e: ecCAle,e)eRAe e =c¢}.

An ordered pair (C,-) will be called a groupoid if it satisfies the
following axioms:

(1Y) Awgel@, 9)eRA (Y, 2)eR) = (7, y-2)R),
(12)  Azys(((@,9)eRA (Y, 2)eR) = (2, 2)eR),
(13) Aol )y
(14)  Nsge((@,9)eR A (@9, 2)<R) = (y,2)¢R),
(15)  Newsl(@,9)eRA(y,2)eRA (09, 2)eRA (2, y-2) e R)
= (8y)2 = 3-(y-2)),
(1.6) /\M.z(((m,y)eR/\ (@, 2)e RAG Y =22) =>4y = z),

(
(@
¥,2)eRA (2,4 2)eR) > (2,9)eR
(@ )
(@

(1.7)- /\aa,:/,z(((’!h z)eRA(2,2)e RAY 2 = zm) > = z),
(1.8)  AwcVuol@,y)eRAz-yeCy).
We shall prove that

(1.9) /\hoo/\m(((w, e)eR = w6 =z A(¢, d)eR = ¢ 7 = w))

Proof. Suppose ee(,. Let zeC and (z, ¢)eR. From the definition
of the set O, it follows that (e, ¢)eR. Hence by axioms (1.1) and (1.2)
we obtain (z-¢,e)eR and (#,¢-e)eR. From (1.5) it follows that

(xe)e=umz(ee) =x-c.

Hence by (1.7) #-¢ = 2. Suppose now that (¢, z)eR. From (1.1), (1.2)
and (1.5) it follows that (e-¢, z)eR and

¢ (e x) = (e'e)ow=em.

Hence by (1.6) we get @ = ¢'», which completes the proof.
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We shall prove the following proposition:

(1.10) /\meg/\%.,ztgo(((w, e)eRA (2, 6)eR) = ¢ = e,).

Proof. It follows from (1.9) that z'¢, = @ = #-e,. Hence by the
axiom (1.6) we get 6, = e,.
One can prove gimilarly that

(1.11) /\w«d/\el.ezeoo(((en @)eR A (e, a})eR) > 6 = 62) .
We ghall prove that
(1.12) Nea((@, 9)eRA 2-y<Co) = (3, ) eR A y-0e0y).

Proof. Consider two arbitrary elements # and y of the set ¢ such
that (2, y)eR and 2-ye<,. It follows from the definition of the set 0,
that (2-y,2-y)eR. Hence by (1.1)-(1.5) and (1.10) we get (¥, w'y)eR,
(¥, ®)eR, (@, Yy ®)eR, (y-@,y @)k, (v, v (y-®))eR and

(o) (yo) =y (o) =y (vy) )=y,
which ends the proof.

(1.13) Naeo V el,ezsao((w; é)eR A(ey, m) E-R)'

Proof. Consider an arbitrary element » of the set €. Axiom (1.8)
implies the existence of a 7¢O such that (z, y)eR and z-y<0,. By (1.12)
we deduce that (y, z)eR and y-xeC,. To finish the proof it suffices to
observe that (z,y-x)eR and (z-y, z)eR.

Now we shall prove the following equality:

(1.14) €, = {e: ecOA /\mg(((m, ¢)eR = ax-e =) A(e, ) eR > e =m))),

Proof. Suppose that ¢ belongs to the set occurring in the right
member of equality (1.14). By (1.13) there exists an ¢,¢C, such that
(e, ¢)eR. Hence it follows that e¢-e, = ¢;. On the other hand, by (1.9)
we have ¢:¢, = ¢. Hence ¢ = ¢,. Thus (e,e)eR and ¢-¢ = e In other
words ¢eC,. It follows immediately from (1.9) that the set (, is included
in the set occurring in the right member of equality (1.14), which com-
pletes the proof.

(1.15) /\m.,,‘,(((m, Y)eRA (0,2)e RAT YeOyA@-2eCy) =y = z)
(116)  Nugs(((W, DR A (2, 8) e RAY-0eCy A 2:06Cy) =y =4).

Proof of (1.15). Consider arbitrary elements ,y, 2z satisfying the
conditions contained in the assumption of implication (1.16). From the
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agsertion of (1.12) it follows that (2, ®)eR and z-xe(,. Hence by axioms
(1.1) and (1.2) we deduce that (2, -y)el and (x-z,z-y)eR. Thus, since
(w-2, 2-2)eR by the assertion of (1.10), we obtain the equality ¢ -y = -2,
Hence by axiom (1.6) we obtain y = 2.

The proof of assertion (1.16) is similar to that of assertion (1.15).

For an arbitrary #¢C we shall denote by #~' an element of the set C,
unique by (1.15), which satisfies the conditions (2, #™")e( and w-27"¢(,.
The existence of such an element follows from axiom (1.8). It follows
from (1.12) and (1.16) that the clement #~' is also characterized by the
condition (#7!, 2)eR and o 'zeC,. We call the element »~' an clement
inverse to .

2. Equivalence of the definition of groupoid to the definition of
Ehresmann, In their book devoted to the foundations of algebraic topo-
logy 8. Eilenberg and N. Steenrod formulate the definition of the notion
of abstract category as follows:

“DEFINITION 2.1. A set O of elements {y} is called a multiplicative
system if, for some pairs y,, y,eC, a product y,y,¢C is defined. An element
ee( i called an identity (or a unit) if ey, = y, and y,& = y, whenever ¢y,
and y,¢ are defined. The multiplicative system is called an abstract cate-
gory if the following axioms are satisfied:

(1) The triple product yy(v.y,) s defined if and only if (ysy)n 18
defined., When either is defined the associative law

va(y271) = (Ysv2) M

holds. This friple product will be written as vyv,y;.

(2) The triple product ysy,y, s defined whenever both products y,y,
and yyy, are defined.

(3) For each ye(Q there ewist identilies e, £,¢C such that ye, and ey
are defimed.”

From thig definition it follows that the conjunction of the axioms
considered in it is equivalent to the conjunction of axioms (1.1)-(1.5)
and of the propositions (1.10), (1.11) and (1.13). In this connection the
set () oceurring in the axioms (1.10), (1.11) and (1.13) is to be defined
by equality (1.14). Thus every groupoid is an abstract category.

The notion of an abstract category is a modification of the notion
of category introduced by 8. Eilenberg and 8. MacLane in their paper [4].
The notion of abstract category, termed briefly category, also appears
in paper [3] by Ch. Ehresmann.

If (G, ) is a category, then by (1.10), (1.11) and (1.13) for every
@0 there exist exactly one element a(w)eC, such that (», a(v))eR and
exactly one element f(v)eC, such that (f(v), x)eR.
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Ch. Ehresmann, in paper [3], uses the name groupoid for a category
satisfying the following condition:

(21)  NeoVuo(@, 9)eRA (Y, 8)eRADy = p(3) Ay & = o(0)).
We shall prove tho following theorem.

THEOREM. In order that a multiplicative system be a groupoid defined

by amioms (1.1)-(1.8) it is mecessary and sufficient that it is a groupoid
in the sense of Fhresmann.

Proof. Suppose that the multiplicative system (0, -) satisfies axioms
(1.1)-(L.8). Then it is a category. Consider an arbitrary element »eC.
Then (z,a™"#)eR, (#, a(2))eR, 87" 2¢C, and a(z)eC,. Hence by (1.10)
we deduce that 7' -z=a(2). Similarly from (1.11) it follows that z-z~!
= f(x). Thus axiom (2.1) is satisfied.

Suppose now that the multiplicative system (C, -) is an Ehresmann
groupoid. Axioms (1.1)-(1.5) are satisfied, for (C,-) is a category. In
order to prove that axiom (1.6) is also satisfied consider arbitrary ele-
ments z,¥,z of the set C such that (z, y)eR, (#,2)eR and -y = 2-2.
Axiom (2.1) implics the existence of an element %eC such that (u, x)eR
and u-z = a(x). Henco (a(x), y)eR, (a(2), 2)<R and

y=a@)y =(waz)y=u (Y =u (2 =u2)rz=a@z2=2

Axiom (1.6) is thus satisfied. The proof that axiom (1.7) is also satisfied
is analogous. Further wo shall prove that if the set C, is defined by equality
(1.14), then the equality

(2.2) Co={c:ecCA(e,e)eRAe €= ¢}
holds.

Indeed, suppose that ¢<0,. Axiom (2.1) implies the exigtence of an
aeC such that (a,c¢)eR, (¢,a)eR, a-¢ = a(e) and e-a = f(e). Hence
(era,e)elR, (¢,a-e)el and f(¢) =ca = (¢'a)c=-e-(ae)=e-ale) =e¢.
Thus (e, ¢) = (B(¢), ¢Je B and e-¢c = p(e)-¢ = ¢. Suppose (¢,¢)eR and
¢-¢ =e Let ¢ be an arbitrary element of the set C such that (z, ¢)eR.
Then @-¢ = w-(¢-¢) = (x-e)-e. Since axiom (1.7) is satisfied, then
z = x-e. Similarly (e, x)e Il implies ¢-¢ = @, Thus ¢eC,. Equality (2.2),
which has just been proved, and axiom (2.1) immediately imply that
axiom (1.8) is satisfied.

3. Relationship hctween the notion of an Ehresmann groupoid and
the notion of a Brandt groupoid. Tn his paper [2] H. Brandt introduced
the notion of a groupoid. The notion of an Khresmann groupoid is
more general than that of a Brandf gronpoid. A Brandt groupoid may be
defined as an Iihresmann groupoid satisfying the axiom

(3.1) AoV uo((®, ©) eR A (u, y) e R).
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Consider a multiplicative system (O, ‘) and an arbitrary set 4 < O.
Let B be the domain of the operation By -4, we denote the operation
defined as follows:

vy =y Tfor (v,y)eR~(AdXA4).

The domain of the operation is the set R ~ (4 X A4).

TuworeM 1. In order that a muliiplicative system (C, ) be an Ehres-
mann groupoid it is mecessary and sufficient that there ewists a division Y
of the set O indo disjoint seis such that

(3.2) Re U {MxM: M},

and that for every A e the multiplicative system (A, 4) be a groupoid in
the sense of Brandt. If (C, -) is an Ehresmann groupoid, then such a division
s unique.

Proof. Suppose that the multiplicative system (C, ) i§ an FEhres-
mann groupoid. Consider a relation p defined as follows:

g = {(m1 y): (o, ¥)eCxC: \/uec((wa ’u))eR/\ (w, y)eR}.

We ghall prove that the relation o is an equivalence in the set C.
Let 2 be an arbitrary element of the set C. Since (2, #7') e R and (2~ ', #)eR,
then (%, ®)ep. Suppose now (2, ¥) eg. Then there exists a u<C such that
(@, w) e R and (u, y) < R. Hence it follows that (v, #™ ") e Rand (¥, ') e R.
Thus also (y~ "%, 27 ')<R. Thus

(v, (" w)x)eR and (g huTh) 27l a)eR.

Congequently (¥, x)ep.

Suppose now that (z,y)eg and (y,2)ep. Then there exist u,veC
such that the ordered pairs (wz, w), (%, ¥y), (y,v) and (v,2) belong to R.
From axioms (1.1)-(1.5) it follows that (w,u‘(:t/-fv)) and (u-(y-v),2),
belong to R. Hence follows (x, 2)eg. Thus we have also proved that the
relation ¢ is an equivalence in C.

Denote by (/o the family of equivalence classes of the relation p.

Congider an arbitrary set 4eC/o. We shall prove that (4, -4) is
a groupoid in the sense of Brandt for A e¢C/o. Let (w,y) and (v, 2) be
arbitrary ordered pairs of the set R ~ (4 xA). Hence it follows that
('y,2)eR and that (z,y-2)eR. From the fact that (C, -) is a category
it follows that a(w-y) = f(=). Hence {#-y, f(2)) R and (f(2), 2)eR. Thus
(z-y,2)ep. Similarly we can show that (@, y-2)ep. Since wed and zed,
then z-yeA and y-2eA. Thus the ordered pairs (x4 v, 2) and (®, ¥ -4 2)
belong to the set B ~ (4 X A). So we have proved that the axioms (1.1)
and (1.2) are satisfied. It can similarly be proved that axioms (1.3) and
(1.4) are also satisfied. Axioms (1.5), (1.6) and (1.7) are satisfied, since
the domain of the operation -4 is a part of the domain of the operation
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Let x be an arbitrary element of the set 4. Since the pairs (r, m‘l) and
(w-2~', @) belong to R, then (#,27')eg and (z-27', #)ep. So s~ 'ed and
p-5 'eA. Hence it follows that the ordered pairs (z, 2™ ") and (v-27',
2o~ ") belong to the set B ~ (A xA) and that

20 gz = (@) (o2t = 227
So axiom (1.8) is satisfied. Let # and y be arbitrary elements of the set A.
It follows from the definition of the relation o that there exists an ueC
such that (z, u)eR and (%, y)eR. Hence we deduce that (x, u)eg. Then
weA. Hence it follows that the ordered pairs (x, ) and (,y) belong
to the set I8 ~ (A X A). Thus the multiplicative system (4, -,) also sati-
sfies axiom (3.1).

Now we proceed to the verification of condition (3.2). Accordingly,
consider an arbitrary ordered pair (z,y)eR. It follows that (2, y)eo.
There exists a set AeC/p such that 2eA. Consequently also yed. Thus
(z,y) belongs to the set B ~ (4 X 4). Thus the proof of necessity of the
condition asserted in the theorem has been completed.

To prove the sufficiency of this condition suppose that there exists
a division of the set ¢ such that the multiplicative system (4, -4) is
a groupoid in the sense of Brandt for A <% and that condition (3.2) is
satisfied.

Congider the ordered pairs (v, y) and (y, 2) belonging to the set R.
Thug there exist sets A, Be2l such that (v,y)ed XA and (y,2)eBXDB.
Hence it follows that yeA ~ B. 8o A = B. Since the multiplicative
gystem (4, -,4) satisfies axioms (1.1) and (1.2), the ordered pairs (z-vy, 2)
and (z, y-2) belong to the set R ~ (4 X.4). Thus these pairs belong to E.
Consequently the multiplicative system (C,:) satisfies axioms (1.1)
and (1.2). Now let the pairs (y,#) and (x,y:2) belong to E. As Dbefore,
there exist sets 4 and B belonging to 2 such that (y,2)ed XA and
(@, y-2)eBxB. Since (4, '4) is a multiplicative system, we have y-z
=1y-42eA. On the other hand, y-2¢B. Hence 4 = B. Hence it follows
that (», y) belongs to R ~ (A X A) and thus to the domain of the opera-
tion -4, which proves that axiom (1.3) is satisfied. The proof that the
multiplicative system (O, ) satisfies axiom (1.4) is analogous. From
the fact that axioms (1.5), (1.6) and (1.7) are satisfied by the groupoids
(4,-4) for A2 and from the disjontedness of the sets of the family %
it immediately follows that the multiplicative system (C,-) satisfies
axioms (1.5), (1.6) and (1.7). Since ¢ = U and (4, -4) satisfies axiom
(1.8), the multiplicative system (C, -) also satisfies this axiom.

To prove the uniqueness of the division considered in the theorem
take an arbitrary such division 2 and observe that

(3.3) Now((@ed A (D, y)eR) = yed).
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Indeed, suppose zed 2 and (v, y)eR. Then there oxists a set Be?l
such that (@,y)eBXB. Thus wed ~ B. Since all sets belonging to 2
are pairwise digjoint, we have A4 = B. Consequently yeA.

Now let the divisions 2, and 2, satisfy the condition stated in the
theorem. Consider an arbitrary set 4,¢; and an arbitrary element z
of A,. There exists a get A,¢¥, such that ze4,. Consider an arbitrary
element y of the set 4,. Since the multiplicative system (A,, -4,) satisties
axiom (3.1), there exists a wed, such that the ordered pairs (@, ») and
(#, y) belong to R ~ (4,X4,). By (3.3) ned,. From the same remark
it follows that ye4,. Consequently 4, = A4,. Similarly, from 4, ~ 4, # @
it follows that 4; = A,. Thus 4, = 4,%,. We have proved that A, = 2,.
Similarly we can show that 2, = ;. Hence 2, = 2,.

4. Categories of functions and representation theorems. We ghall
congider a multiplicative system (I7,0), where I" is a set of functions
and o denotes the composition of functions. In this case the get

8 ={(g;)eF XT: f(Dy) = Dy}.
is the domain of the operation o. By ¢|4 we denote the identity
function defined in the set A.

ToeorEM 1. Twery ordered pair (F, o) satisfying the following condi-
tions:

(4.1) Nojer((Dy = DyV Dy ~ Dy = @) A Dy + 9),
(4.2) /\stVUeF(f(Df) < -Dn)’

(4.3) At (3] Dy ),

(4.4) Voser(f(Dy) = Dy = go feF)

is a oategory.

Dvery abstract category is isomorphic with some functional category
(F,0) satisfying conditions (4.1)-(4.4).

Proof. Suppose that an ordered pair (I7,o) satisfies conditions
(4.1)-(4.4). From (4.4) it follows that the ordered pair (I, o) is a multi-
plicative system. From the definition of composition of functions if
immediately follows that axioms (1.1), (1.2), (1.4) and (1.5) are satisfied.
To prove that axiom (1.3) is also satisfied consider arbitrary functions
fyg and h such that f(D;) = D, and g(f(Dy)) = D). (4.2) implies the
existence of a function keF such that g(D,) = D. Henco

d # g(f(Dy)) = Dy, ~ D,.
From (4.1) it follows that D, = D,. Thus g(D,) = Dy,. Consequently
(h, g) belongs to §. Now we shall prove that
(4.5) [e: eeFP A /\/J'(((f; e)eS = foe=fla(le,f)eS =eof =f))}
= {i|Dy: feF}.
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In fact, let ¢ belong to the set appearing in the left member of equality
(4.5). From condition (4.3) it follows that 7| D, e F'. The condition (e, 4| D.)eS
implies the equality |D, = ¢o¢|D, = ¢. Consider now a function of
the form %|D; where feI'. Let g be an arbitrary function from the set F
such that (g, ¢|Dy)e8. Hence it follows that Dy = D,. From condition
(4.1) we obtain the equality Dy = D,. Thus ¢ = go i|D;. From the
definition of the set § we deduce that if (¢|Dy, g)eS, then ¢|Djo g = g.
Thus equality (4.0) has been proved. We shall prove that the multipli-
cative system (F, o) satisfies axioms (1.10), (1.11) and (1.13). Let f be
an arbitrary function from the set I". Let ¢ and % be arbitrary functions
from the set 7 such that (f,4|D,)eS and (f,i|Dy)eS. Since D, o Dy,
it follows from (4.1) that D; = D,. Similarly we obtain the equality
D; = D;. Thus axiom (1.10) is satisfied. Suppose that the ordered pairs
(8] D, f) and (3| Dy, f) belong to the set S. Hence it follows that D; = D,
~ D,. Hence by (4.1) we deduce D,= D;, which proves that axiom
(1.11) is satisfied. Since condition (4.2) is satisfied and equality (4.5)
holds, axiom (1.13) is also satisfied. So the ordered pair (I, o) is a category.

We now pass to the proof of the second part of theorem 1. Consider
an arbitrary abstract category (CU,o). FFor every wueC denote by I(w)
a funcfion defined as follows:

I(u) = {2t Val(u,2)eRA2 = (z,u a))},
where R is the domain of the operation, and assume
(4.6) I =1(0).

From the definition of the function I(u) it follows that

Dy = {z: (4, 2)e R}
and
(I(w)(@) =ua for weDyy.

Let (%,v)eR and consider an arbitrary element y of the set (I(v))(Dry)-
Then there exists an zeC such that (u,v)eR and y =wv-z. Hence
we obtain (u,v-2)eR or, in other words, yeDr,,. Suppose now that
the set (I(v))(Dre) is contained in the set Dyyy. Since a(v)eDyy and
(I()}{«(v)) = », We have veDyy. Hence (u,v)eR. Let us observe that

(I(u)o I(w))(t) = u-(v+1) = (u-v)'l = ([(u-))(¥) for teDry.
Thus we have proved the condition
(A7) Aup((w, v)eR < (I(w), I(v))eS = I(u)o I(v) = I(uv)),
where § is the set defined by equality (4.0).
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Now let %, veC and I(u) = I(v). Then a(v)eDyy. Thus (u, a(v))eR.
Hence it follows that
(Z(w){a(®)) = u-a(v) = u.
On the other hand,

(@) {a(v)) = v-a(v) = ».

Thus » = 9. So we have proved that function I gives a one to one map-
ping of the set C onto the set F. From (4.6) it follows that I is an iso-
morphism mapping the category (C, -) onto the category (F, o), where F
denotes the set defined by equality (4.6).
Further we shall prove that the set I’ satisfies conditions (4.1)-(4.4).
In fact, (4.6) immediately implies (4.4). To prove condition (4.1)
suppose that Dy n Dy # 9. Consider an arbitrary zeDj,,. There
exists a teDyy » Dry). Hence it follows that a(u) = f(¢) = a(v) and
a(u) = B(x). Thus a(v) = f(w). Consequently (v,x)el’ or, on the other
hand, @eDyyy. Thus we have proved that Djuy = Dyy. Similarly we
obtain inclusion Dy < Diw. Hence Dy = Dyyy. Since (u, a(u))eR,
we have Dy, = @. Let v belong to the set (I(w))(Dyw). Thus there
exists an @eDyy, such that v = «-a. Since f(v) = f(u) and (B(v), v)<R,
we have fue])I(ﬂ(u)). Consequently

(I (w))(D1w) < Dripuy-

So condition (4.2) is satisfied.

Let ueC. Then (u,a(u))eR. Thus a(u)eDy, . On the other hand,
since 4 = u-a(u), it follows from (1.4) that (a(u), a(u)) eR. Consequently
a(u)e.DI(,,(u)). From (4.1) we obtain Dy, = D,(u(u,). Hence

| Dy = §| Drauyy = I(a(u)) .

Thus condition (4.5) is satisfied, which completes the proof.

THEOREM 2. Hvery ordered pair (F,o) satisfying condition (4.1) and
the condition

(4.7) Noser(Dg = Dy = (f'eFAgoflel)

s a groupoid. Hvery groupoid is isomorphic with some functional groupoid
(F,0) satisfying conditions (4.1) and (4.7).

Proof. (4.2) follows from (4.7). Let g,feF and f(D;) < D,. Since
f'eF, it follows from (4.1) that D,_, = D,. From (4.7) we conclude
that g o feF. Thus condition (4.4) is satlsﬁed (4.7) and (4.1) imply (4.3).
So (F,0) is a category Consider now an arbitrary function fe¢F. From
the equalites f~'of = ¢|Dyand fo f~! = ¢|D,_, and from equality (4.5) it
follows that (F,o) satisfies axiom (2.1).

Theorem 1 implies the existence of an isomorphism I mapping the
groupoid (O, ‘) onto a functional ocategory (F,o) satisfying conditions
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(4.1)-(4.4). Consider an arbitrary eeCy. Let (I(e), f) belong to §, where §
denotes the domain of the operation o in the groupoid (F,o). Thers
exists an 2e¢C such that f = I(z). Then (e, z)eR. Consequently I(e)o f
= I(6-®) = I(#) = f. Similarly we could prove that (f, I(¢))<S implies
fol(e)= f. By equality (4.5) we deduce the existence of a function
heI' such that I(e) = ¢|D,.

Suppose now that g and f are arbitrary functions from the set F
such that D, = D;. There exist @, y<C such that f = I(z) and g = I(y).
Let & = I(2™'). Obviously (h,f)eS, (f, h)eS
and

hof =I(z " &) = I(u(z) = i|Dy

for some ke'. But this implies that ho f = ¢|.D,. Similarly fo h = ¢|D,.

Hence it follows that the funection f is reversible and f~! = heF. From
(4.4) it follows that go f~'e¢F, which completes the proof.

5. The algebraic product of sets and the closure of a set in the
multiplicative system. Let (C, ‘) be an arbitrary multiplicative system
and R the domain of the operation  Consider arbitrary subsets M and
N of the set . By M N we shall denote the set defined by the equality

(5.1) M-N = {2: Vay(@,9)eR A (MXN)A2z = z-y)}.
By M? we mean a set defined as follows:
(6.2) M'=M and M =M-M"' for p=1,2,..

TumorEM 1. If a mulliplicative system (C,:) satisfies awioms (1.1),
(1.4) and (1.8), then for any subsets M, M,, M, of the set C we hawve

(6.3) (M, My) My M, (M, M)

Proof. Consider an arbitrary element z of the set (M, M,)-M,.
There exist elements x;eM; (¢ =1, 2, 3) such that (x,, 2;) e R, (%, @y, €3) e R
and ¢ = (@, ®,)-2;. From the axiom (1.4) it follows that (x,, 2;) ¢ E. Hence
by axiom (1.1) we obtain (2,, 2, #;)e R. From axiom (1.5) it follows that
& = @ (- my). Thus weM, (M, M), which completes the proof.

THEOREM 2. If « multiplicative system (C, ) satisfies conditions
(1.1), (1.4) and (1.5), then any set M < C satisfies the condition
(6.4) M?P-M?c MPT for p,q=1,2,...

Proof. Jor p = 1, condition (5.4) is satisfied. Let p be an arbitrary
positive integer and suppose that M?~'-M? < MP*?~' From theorem 1
and equality (5.2) it follows that

MPM* = (M MP')-M%c M- (MP'-M%)c M -MPH' = MNP

Thus the theorem has been proved.
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For an arbitrary M = C we denote by CA(M, ) a set defined by
the equality

(5.5) OA(M, ") = QIM”.

This set we shall call the algebraical closure of the set M with respect
to the operation

TuEOREM 3. If a multiplicative system (C, -) satisfics condilions (1.1),
(1.4) and (1.5), then for any set M < € the set CA(M, ) is the smallest
of all sets N satisfying the condition

(6.6) MoN-NcNcd.

Proof. Becanse of M' = M we have the set M = CA(M, ). From
equalites (8.1), (6.5) and inclugion (b.4) it follows that

CA(M, ) 0A(M, )

00 00 o1 =] o0 =] o0
=UM-UM =y UM -MclylUMt= M"cCAM,-).
Pl d=1 Pe=l =1 P=1 =1 n=2
Consider now an arbifrary set N < C satisfying condition (5.6). First
we prove that MP < N for p =1,2,... Accordingly, suppose that
MP~! = N. Multiplying both members of this inclusion by M and making
use of (5.6), according to (5.2) we obtain

M =M -M"'cM-NcN-NcN.
Hence it follows that OA(M,:) = N, which completes the proof.

II. THE RELATIONSHIP BETWEEN A GOLAB PSEUDOGROUP
AND AN EHRESMANN GROUPOID

In his paper [8] S. Golgb introduced the notion of a pseudogroup.
This chapter is devoted to investigating the properties of pseudogroups.
In particular we prove that the notion of an Ehresmann groupoid may, by
means of an igomorphism, be reduced to the notion of a Golgb pseudogroup.

6. The notions of a Golagb pseudogroup and of a functional

element. Let a topological space X be given. Suppose that a set G of
transformations satisfies the following conditions:

(6.0) N1a(@ # Dyew(X)),
(6.1) N1 N acoxy(@ # A = Dy = fl A el),
(6.2) Nosa((fe@ A Dy = f(Dy)) = go fe6),

(6.3)  Nsg Moy V st Voal®ed = DAD, = flA)ngo flA = i]4),

where by X and w(X) wo denote the set of points and the family of open
sets of a given space X respectively (see Chapter I).
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8. Golgb has named a set & with the above properties a pseudogroup.
Let us observe that if the set & satisfies condition (6.3), then the suppo-
gition A ,,G(D,em(X )) in condition (6.0) is superfluous. Indeed, let fe@
and 2eD;. Condition (6.3) implies the existence of a set Aew(X). Condi-
tion (6.3) may be written in an equivalent form as follows:

(6.4) N1V aeny \ aanzy(@ed = Dy (flA) 6.

In fact, suppose that & satisfies condition (6.3) and let fe@ and zeD;.
Then there exists & set A em(X) and a function ge@ such that

wed = D)y D, =f(Ad) and gof|d =1ilA.

Hence it follows that the function g is reversible and that fild = g~*
It is easily seen that (6.3) follows from (6.4).

In paper [8] S. Golgb has proved that every function Dbelonging
to a set M which satisfies conditions (6.0), (6.1) and (6.3) is continuous.
Thus from (6.3) it follows that every function belonging to such a set M
is a local homeomorphism. By L(X) we denote the set of all local home-
omorphisms of a space X. The set of all psendogroups of a space X we
denote by psgX.

Now we shall define the notion of a functional element. Let functions

fe(X|Dy—»X) and ge(X|D,— X),

Where Dyy Dyew(X) be given. Let weD; and yeD,. The ordered pairs
(f, =) and (¢, ) will be considered equivalent if and only if the following
CODd.lthﬂB are satisfied: £ = y and there exists a set 4 ew(X) such that
zed <« Dy~ D, and f|A = g|A.

The reflexivity of the relation thus defined follows from .Djew(X).
The symmetry of this relation is obvious. Its transitivity follows from
the fact that the intersection of two open sets is open. The equivalence
classes of the relation thus defined will be called funciional elements.
The equivalence class to which the ordered pair (f, ) belongs will be
denoted Ly [f, #]. We observe that f(z) does not depend on the choice
of the representative (f, #) of the element [f, #]. For a given functional
element p = [f, »] we denote by ¢(p) and v(p) the points @ and f(=),
respectively, which are uniquely determined by the given element.

Consider two functional elements p and ¢ such that v(p) = ¢(q).
Assume p = [f, z] and q = [g,y]. Thus we have f(w) = yeD,. From
the continuity 01‘ the function f it follows that f~'(D,) ew (X ). The ordered
pair (g oflf I m) determines a functional element which we denote
by qp. We shall ])1ove that the element ¢p does not depend on the choice
of the representatives (f, #) and (g, Y). the elements p» and g¢.

VA
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Indeed, let p = [h, 2] and ¢ = [k, y]. There exists a sel Bew(X)
such that yeBc D, ~ D, and ¢|B = k|B. From the continuity of the
functions f and % it follows that the set f~'(B)ew(X)and ™' (B)ew(X).
Thus there exists a set A ew(X) such that

ged c fYUB) AR I(B) and flA=~"h|A.
Hence it follows that
(FIF (D)) 1A = (R|B~(Dy)) | 4.

Thus (%o h|h~(Dx), #)egp. The element gp will be called the composition
of the elements p and g¢.

Now let p be an arbitrary functional element such that there oxists
an ordered pair (f, z)ep satisfying the condition f|A ¢L(X) for a certain
Acw(X) such that ze¢A. As before, we can prove that the clement
[(f]14)7Y, f(»)] depends neither on the set 4 nor on the representative
(f, z) of the element p. We denote this element by p~' and call it the
clement inverse to p, while the element p we call inversible.

7. The isomorphism of an arbitrary Ehresmann groupoid and a Golab
pseudogroup of a certain type. Groupoids of functional elements. Let ¢
denote an arbitrary non-empty family of non-empty disjoint sets and
let @, be defined by the equality:

(7.1) @ = {B: Vsco(B=U 8)}.

It follows from the definition of the family @, that the union of any set
of sets of the family ¢, and the intersection of a finite set of sets of the
family @, belong to ¢),. The sets @ and | @ belong to @,. Thus the family
Qo topologizes the set |_) Q. Moreover, this ig the weakest topology of the
set () @ for which all sets of the family @ are open. The topological space
thus formed will be denoted by @  So we have

(7.2) 0@ )=¢, and @ =U@Q.

THEOREM 1. For every Ehresmann groupoid (C,-) there ewist a topo-
logical space X and a pseudogroup G in this space such thal the multipli-
cative system (G,0) is a groupoid isomorphio with the groupoid (C, ).

Proof. Theorem 2 of paragraph 4 implies the existence of a set @
of functions which satisfies conditions (4.1) and (4.6) such that the group-
oids (C, -) and (@, 0) are isomorphic. Let ¢ denote {D;: fe@}. Obviously,
we may assume that C s @. Thus @ iy a non-empty family of non-empty
digjoint sets. Let X =@  We shall prove that GepsgX. Indeed, let
fe@ Then @ +# Dje@ « w(X). Thus @ satisties condition (6.0). Consider
an arbitrary set Bew(X) such that @ #B < D;. From (7.2) and (7.1)
it immediately follows that there exists a family H < G such that
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B=\J {Du: heH}. Thus there exists a function heH such that
@ # Dy = Dy. From (4.1) it follows that D, = D;. Consequently B = I;.
Thus f| B = fe@. Thus @ satisfies condition (6.1). Consider now arbitrary
functions ¢, fe@ for which D, = f(D,). From (4.6) it follows that go feF.
Finally, to prove that G satisfies condition (6.3) it suffices to observe
that fe@; then Djew(X) and f~'<@, which completes the proof.

The theorem just proved reduces by an isomorphism the notion of
a groupoid to that of a Golgb pseudogroup. We shall prove a theorem
which makes possible the construction of groupoids with the aid of pseudo-
groups.

For an arbitrary set M < L(X) we shall denote by M* a set defined
by the equality

(1.3) M* = {[f, %]: feM AweDy}.

TuEOREM 2. If GepsgX, then the multiplicative system (G*, -), where
denotes the composition of functional elements in the set G*, is an Ehresmann
groupoid.

Proof. In view of the theorem proved in paragraph 2 it suffices
to verify axioms (1.1)-(1.8) for the system (G*,-). Let

R ={(¢,p): (g, 2)eG* XG@" nc(q) = v(p)}.

Thus R is the domain of the operation Let us observe that from the
definition of the composition of functional elements it follows that

(7.4) (¢, P)eR = (e(g-p) = ¢(p) Av(g D) = 2(g)).

Let (r, q), (¢, p)eR. From (7.4) it follows that ¢(r) = v(g-p) and ¢(r-q)
= o(p). Thus (r-q, p), (r, ¢-p)eR. So axioms (1.1) and (1.2) are satisfied.
One can prove similarly that axioms (1.3) and (1.4) are also satisfied.
From (6.1) and from the continuity of the functions belonging to @ it
follows that if (r, q), (¢, p) <R, then there exist functions f, g, heG such
that for some zeD, we have

p = [f, o], q = [g,f(@)], r=[h,g(f(w))],
f(Dy)e D, and ¢g(Dy) c Dy.

Then [ho(gof),a] =r-(qg-p) and [(hog)of,s] = (r-q)-p. Hence it
follows that r(q-p) = (r-q)-p. Thus axiom (1.5) is satisfied. Suppose
now that (r, p), (r, q)eR and r-p = r-¢. In view of the continuity of the
functions belonging to @ conditions (6.4) and (6.1) imply the existence
of functions f, g, he@ such that ', ¢", h '@, f(D)) = g(Dy) = Dy and
p = [f, ], ¢ = [g, 2], = [k, f(z)] for some x<D;. Moreover, ho f = ho g.
Hence it follows that f = g. Thus » = ¢. The proof that axiom (1.7)



20 Catogories, groupoids, pseudogronps and anolylical sbruetures.

is algo satisfied is similar. Axiom (1.8) is satisfied because for an arbitrary
P @ there exists a function fe@ such that f'e@ and p = [f, «] for a cer-
tain @eD,. The element p~' = [f ', f(«)] satisfies the conditiong

p~tp =[i|Dye] and p-p7 = [if(Dy), f(=)],
which completes the proof.

IV. GENERATING IN GOLAB PSEUDOGROUPS AND SOME PROI'ERTIES
OF A SET OF FUNCTIONS

In the theory of groups one proves that for an arbitrary set Z of ele-
ments of a certain group there exists a subgroup which is the smallest sub-
group of the given group ineluding the set Z. Thiy subgroup is uniquely
determined by the set Z and it is called the subgroup generated by the
set Z. It is clear that for a given topological space X the set L{X)
of all the local homeomorphisms constitutes a pseudogronp. This pseudo-
group includes all the other pseudogroups of the given space. In this
connection the question arises whether or not for cvery set M of local
homeomorphisms of a given space there exists pseundogroup, including
the set I, which is the smallest (in the sense of inclusion).

To give an answer to this question consider an example of a family
of functions f, defined for —oo < a << -|-co by the formula

fol@) =2-+a for xe(—o0, H-00).

Denote by X the space of real numbers. Consider a family G, defined
for every real a by the equality

G, = {g: \/Asw(X)(@ # ANy = falA)},
and for ¢ >0 the family
Fa,a = {g: gel'y A 6(Dy) < 8}7
where by 4(4) we denote the diameter of the set A. For ¢ > 0 we put
M=U{G: a<0} and H,= M~ (J{Fq.: a>>0}.
It can easily be proved that for every e > 0 the family H,epsgX.
In view of
N{UFe: a>0}: >0} =0
we obtain the equality M = (M{H,: ¢ > 0}. From the definition of the
set M it follows that it is not a pseudogroup. Then the smallest paeudo-
group including the set M does not exist. So the answer to the question
raised is negative. There is, however, a method of generating pseudo-

groups by an arbitrary family of local homeomorphisms. This chapter
is devoted to the discusion of this method.
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8. Some operations with sets of functions. Consider a multiplic-
ative system (77, <), where I" denoties a set of functions and the com-
position of functions defined for ordered pairs (g, f) of functions satisfying
the condition

(8.1) Dy = f(Dy).

The domain of the operation thus defined is the set of those and only
those ordered pairs (g,f)eZ' X I' which satisfy condition (8.1).
For a given set M = I by M* we denote the set CA (M, -) (see (5.5)).
TumoreM 1. For an arbilrary set M < F the set M* satisfies the
condition
(8.2) Mo M*M* =M%,
The set M* s the smallest of all the scis N satisfying condition

MovN-NcN

Proof. The second part of the theorem immediately follows from
theorem 3 of paragraph 5. Thus it suffices to prove condition (8.2). First
we observe that for any sets M,, M,, M, included in I the equality

(MyM,)-My = My (M, My)

holds. Indeed, consider an arbitrary function feM;-(M, M,). There
exigt functions fieM; for ¢ =1,2,3 such that Dy, = fy(Dy,) and Dy
= (fofs)(Dy,). Hence it follows that Dy = [2(Dy,). Thus fiofyeM,-M,.
Consequently fe(M,-M,)-M, and

M,y (My M) < (My-I,)-M,.

The converse inclusion follows from theorem 1 of paragraph 5. Hence
we deduce that

MM = M"Y for p,¢=1,2,...
and consequently

o o0 00 0o 00
MoM*M*=MNo M UM =MNv UM*'"=) M = M,
=1 q=1 P=1qg=1 n=1
which completes the proof.
TuwornM 2. If M satisfies condition (6.0), then M* satisfies condi-
tions (6.0) and (6.2).
Proof. Suppose that M satisfies condition (6.0). From the fact that
the domain of a composed function is identical with the domain of the
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internal funetion it follows that M* also satisfies condition (6.0). From
M*-M* « M* it immediately follows that condition (6.2) is satisfied,
TurorEM 3. If M satisfies condition (6.1) and M < L(X), then M*
satisfies condition (6.1).
Proof. Take an arbitrary positive integer p and suppose that

(8.3) /\fch/\Agm(X)(g # A c .D/ => fIAE.]le).

Let heMPt!, @+ Aew(X) and A < Dj. There oxist functions geM? and
feM such that D, = f(D;) and b = go f. In view of the fact that f is
a local homeomorphism it follows that f(Ad)ew(X). From D, =D, we
have by (6.1) f| 4 M. From (8.3) we deduce that g|f(4)eM”. The equality
b4 = (gIf(A))of|A yields h|AeMP*'. Thus every positive integer p
satisfies condition (6.1).

THEOREM 4. If the sets M and N of funclions satisfy conditions (6.0),
(6.1) and (6.3), then the set N- M < M-N satisfies condition (6.3).

Proof. Assuming that the sets M and N satisfy conditions (6.0),
(6.1) and (6.3), consider an arbitrary function heN:- M and an arbitrary
point xeD;. There exist functions feM and geN such that D, = f(Dy)
and h = go f. Since M satisfies condition (6.3), there exists a set A ew(X)
such that zed < D; and (f|4)"'eM. It follows from the assumption of
the theorem that f is a local homeomorphism, consequently f(A)ew(X).
Since N satisfies conditions (6.1) and (6.3), we have g|f(A)eN and there
exists a et Bew(X) such that f(a)eB < f(4) and (g|B) 'eN. Let us
assume C = (f|4)"'(B). In view of the fact that M satisfies condition
(6.1) we have f|C <M. Consequently

(R10)™ =(f10) "o (g|B) 'e M N,

which completes the proof.

TeHEOREM 5. If the set M of functions satisfies conditions (6.0), (6.1)
and (6.3), then the set M* satisfies condition (6.3).

Proof. From the fact that the set M satisfies conditions (6.0),
(6.1) and (6.3) it follows by theorem 4 that tho set M” satisfies eondi-
tion (6.3) for p =1, 2, ... Since the union of any set of sets satisfying
condition (6.3) also satisfies this condition, it is also satisfied by the
set M.

From theorems 2, 3 and 5 we immediately deduce the following:

THueoREM 6. If M satisfies conditions (6.0), (6.1) and (6.3), then
M*epsg X.

This theorem maltes it possible to construct pseudogroups inecluding
sets, given a priori, of local homeomorphisms.



IV. Genorating in Golgh pseudogroups 23

Tor any family M of functions having their regions and their sets
of values in tho set X wo define the sets /%, M~', M~ by the following
equalitios:

(8.4) M = {f: \/(kM\/.dem(JI{)(0 # A c DyAf = g14)},
(8.5) M~ ={f: M AD; v (D)) = X},
(8.6) M~ = {f: .D/ 7= O A /\z,pf\/,“,,,(x)(msA c .Df /\fI.AEM)}.

An immediate consequonce of definition (8.4) is the following:

TurorrM 7. For any set M of functions f satisfying condition
Do f(Dy) € X the seb MY satisfies conditions (6.0) and (6.1).

We prove the following:

TuroreM 8. If a sei M of functions satisfies conditions (6.0) and
(6.1), then the set M"™ also satisfies conditions (6.0) and (6.1).

Proof, Suppose that the set M satisfies conditions (6.0) and (6.1).
From equality (8.06) it immediately follows that the set M satisfies condi-
tion (6.0). To prove that M" satisfies condition (6.1) consider an arbitrary
function feM and an arbitrary set Bew(X) such that @ < B c Dy. Let
weB. There exists a set 4 ew(X) such that ved = D; and f|4 <M. From
(6.1) it follows that

fl(A~B)eM and zed~ Bc Dy.

Thus feM~, which completes the proof.

TucoreM 9. If we have a set M = L(X) and if 4t satisfies condition
(6.1) then the set M~ satisfies conditions (6.0) and (6.1) and the set M v M~
satisfies condition (6.3).

Proof. Lot feM™'. Hence f~'¢M. We have

Dj =fm1(.D/—1)€CU(X), a8 f_lfL(.X).

Consequently the set M satisfies condition (6.0). Now let a set A satisfy
the conditions @ # A = D, and Aew(X). (f|4)" = f"'|f(4) belongs to
M, for M satisfics condition (6.1). Hence f|AeM ™"

To prove that the set M o M~ satisfies condition (6.3) consider
an arbitrary function feM and an arbitrary point zeD;. Then there exists
a et Aew(X) such that zed = D; and (f|4)"'«L(X). Since M satisfies
condition (6.1), woe have f|AeM. Consequently (f|4)~" belongs to M~
Now lot feM~' and 2¢D),. From the definition of the set M~ it follows
that f~'eM. Then the set M o M~! satisfies condition (6.3). Thus our
theorem has been proved.

Trzovem 10. If M c L(X), then (MY v (M°)™")" epsg X.

Proof. From the assumption it follows that M = L(X). From theo-
rem 7 we deduce that M“ satisfies condition (6.1). Hence by theorem 9
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we conclude that (M“)~' satisfies conditions (6.0) and (6.1) and that
the set M~ u (M“)~! patisfies condition (6.3). Since the union of sets
satisfying conditions (6.0) and (6.1) also sabisfies those conditions, the
set M~ v (M")~ gatisfies conditions (6.0) and (6.1). By making use of
theorem 6 we complete the proof.

TuroREM 11. If GepsgX, then G epsgX.

Proof. In view of theorem 8 it suffices to prove that tho set G gatis-
fies conditions (6.2) and (6.3). Considoer arbitrary functions f, ge@ such
that D, = f(D;). Let b = go f and let wel),. Thoen, according to defini-
tion (8.6), there exist sets A, Bew(X) such that

wed <Dy, f@eBcf(d), [flded and g|Bed.

Denote by € the get (f|4)~'(B). tence wo have xeCew(X), ( c A,
f(0) = B and f|Ce@. Since G satisfies condition (6.1), we have f|CG.
Hence it follows that

B|C = glf(C)o flCe(t.

S0 he@G. Consequently G~ satisfies condition (6.2).

Consider an arbitrary function fe# and an arbitrary point weD;.
There exists a set A ew(X) such that ¢4 = D; and f| 4 «@. From (6.3)
it follows that there exists a set Bew(X) such that ze B = A and (f| B)™'<@.
In view of the fact that @ ¢ @ we have (f| B)~'«@. This proves that G°
satisfies condition (6.3). Then G epsgX.

9. A quasi-order of the family of all subsets of the set L(X). We

now define a binary relation < between the sets included in L(X) a8
follows:

91) MLKNe(MoNcLX)A

A Nseat Aoy g V sdew(@ed = Dy~ Dy Afl A = g 4)).

From definition (9.1) it immediately follows that tho relation < i8
reflexive and transitive.

TomorEM 1. If the sets M, and N, satisfy condition (6.1) and M, < M,
and Nl < Nz, then 'NI.MI ~<\ .N.g'M2‘

Proof. Consider an arbitrary function heN, M, and an arbitrary
point ¢ Dy, . There exist functions f; e M, and ¢, « N, such that Dy, = fi(Dy).
Since f,(x)e Dy, there exist a function g,eN, and a sot Bew(X) such that

fl(m) EB C Dal m D‘72 a}lld. glllg = gleo
Similarly, there exist a function f,eM, and a set Aew(X) such that

mEAC.D/IK"\.sz and fll-A =f3|4‘1-
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Since f; is a local homeomorphism, the set A’ = f;7'(B) ~ A belongs
to o(X) and fi(A")ew (X). Moreover, zed’, f,|A' = f,| 4’ and fi(d'y = B.
Since the sets M, and N, satisfy condition (6.1), we have

fild eM, and  g|fi(4)) = g|fi(4') N,

Hence it follows that
MA = q|fi(d)ofi|A'eN, M,,

which completes the proof.
THuwoREM 2. If My<I Ny for any tel, then

U {Mt: 55.’1’}{ U {Nl: té’.’l'}.

Proof. Consider an arbitrary function fe | {M;: teT} and an arbi-
trary point #eD;. There exists a te1' such that fel,. From the definition
of the relation < it follows that there exist & function ge¥N, and a scb
Aew(X) such that xed « Dy ~ Dy, and f|Ad = g|A. Then |J {M: teT}
< U {Ny: teT}.

TuroreM 3. If M < N and the set N satisfies condition (6.1), then
M* < N*.

Proof. In the proof of theorem 3 of paragraph 7 we have shown
that if a set IV satisfies condition (6.1), then this condition is satisfied by
the set N? for p = 1,2, ... F'rom theorem 1 it thus follows that M” < NP
for p =1, 2,... Hence by theorem 2 we obtain M* < N*, which com-
pletes the proof.

TucoruM 4. If M < N and N satisfies condition (6.1), then M~ <, N".

Proof. Consider an arbitrary function feM and an arbitrary point
zeDy. From (8.6) it follows that there exists a set Aew(X) such--that
zed < Dy and f|AdeM. Since M < N, there exist a function geN and
a set Bew(X) such that

veBc A~ D, and f|B=(fl4)|B =g¢g|B.
From (6.1) it follows that g|Be¢N. Then feN”, which completes the proof.

Tqualities (8.1) and (8.6) and the definition of the relation < yields
the following

TneoreMm 6. If M < L(X), then MY < M and M~ < M.

We shall prove

TuroreM 6. If M GepsgX, then M~ < G

Proof. Consider an arbitrary function feM~™' and. an arbitrary
point xeD,. From equality (8.5) it follows that f~'eM. Thus there exists
a sebt Aew(X) such that f(w)ed < f(D;) and f'|4 G, From condition

(6.4) it follows that there exists a set Bew(X) such that f(w)eB < 4
and f|f~'(B) = (f~*|B)~" belongs to G. Hence it follows that M@,
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For an arbitrary set M < L(X) we denote by [M] the et defined
by the equality
[M] = (B o ()7,

THEOREM 7. For any set M < L(X) the set [M] is a pscudogroup
satisfying the following three conditions:

(9.1) M < [(M],
(9.2) (M < GepsgX) = ([M] < F),
(9.3) (F < [M]) = (I« [M]).

These conditions characterise the pseudogroup [M].

Proof. Let M < L(X). Condition (9.1) is obvious. From theorems
10 and 11 of paragraph 7 it follows that [M]epsgX. Suppose that
M < GepsgX. Then M° < @' <G TFrom theorem 6 it follows that
(M“)' < @ TFrom theorems 2 and 3 it follows that

(M= (M) )* < ()% = 6.

4

Theorem 5 yields [M] < G" < @. Suppose now that F < M. By theorem 4,
Fc P c[M]
Congider now an arbitrary pseudogroup H satisfying the conditions

(9.4) McH,
(9.5) (M < GepsgX) = (H < @),
(9.6) (F<H)=>FcH.

From (9.4) it follows that M < H. Hence by (9.2) we deduce that [M] < H.
From condition (9.6) we get [M] = H. Similarly from (9.1) it follows that
M < [M). Hence by (9.5) we have H < [M]. From (9.3) we obtain H < [M]
which ghould be proved.

10. Determining a pseudogroup with the aid of sets of functional
elements. This paragraph is devoted to the discussion of some qualities
of sets of local homeomorphisms. In particular we explain here the con-
nection between a pseudogroup generated by an arbitrary set of local
homeomorphisms and sets of functional elements.

THEOREM 1. If M v N < L(X), then M < N if and only if M* < N*
(see (7.3)).

Proof. Suppose that M < N. Consider an arbitrary element pel*.
From equality (7.3) we deduce that there exist a function feM and a point
zeDy such that p = [f, #]. From (9.1) it follows that there exist a fune-
tion ge N and a set A ew(X) such that 2¢4 < D; ~ D, and f|4A = g|4.
Hence it follows that p = [¢, 2]<N* Consequently M* = N™.
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Suppose now that M v ¥ <« L(X) and M* = N*. Consider an ar-
bitrary function feM and an arbitrary point weD,. From (7.1) it follows
that [f, #]eM™. So [f,«]eN*. Thus there exists a function geN such
that @eD, and [f,z] = [¢, #]. The definition of a functional element
implies the existence of a set Aew(X) such that zed < Dy~ D, and
flA =g|4. Thus M < N, which completes the proof.

Tor an arbitrary set P of functional elements by P~! we denote
the seti of all elements inverse to the inversible elements of the set P.
Similarly, for any sets P and @ of functional clements we ghall denote

by QP tho set
[rare(L(X)* A Vopu(p <P AgeQ Aclg) = n(p) AT = q-1)}.

THEOREM 2. If GepsgX, then (@*) ' G*G* <« G*.

Proof. Suppose that @ epsg X. Let p e(G*)~'. Then there exist a fune-
tion feG and a point xeD, such that p~' = [f, #]. Condition (6.4) implies
the existence of a 8ot Aew(X) such that 2¢4 = D; and (f|4) 'eG. Con-
sequently » = [(f|4) ", f(z)]«@. Now let geG* be a functional element
such that ¢(q) = v(p). Then there exists a funection g <@ such that ¢ = [f, 2]
and D,=f(Dy). From (6.2) it follows that ¢ o fe@. Thus q-p=[go f, z]G*,
which eompletes the proof.

For any P < (L(X))* we denote by P’ the set defined by the equality

(10.1) P = {f: feL(X) A Neuny ([f, @] eP)}.

Making use of definitions (7.3) and (10.1) we ghall prove the
following theorem.

THEOREM 3. If M c L(X) then M < M™ and M* = M**.

Proof. Consider an arbitrary function feM and an arbitrary point
zeDy. Then [f, z]eM*. Hence it follows that feM™* Thus M < M*,
and also M* < M**. Consider now an arbitrary functional element
peM**, There exist a function feM* and a point #eD; such that
p = [f, w]. For any zeD; we have [f, z]<M*. In particular, p eM*. Thus
M** < M*, which completes the proof.

Turorem 4. If P~'w PP < P c (L(X))* then P epsgX.

Proof. Consider an arbitrary function feP’ and an arbitrary set
Acw(X) such that @ =2 A = D,. Let z denote any point of the set 4.
Clearly [f|4,»] = [f, #]eP. Thus f|4<P’ The set P’ satisties condition
(6.1). Consider functions g, feP’ such that D, = f(D;) and an arbitrary
point xeD;. Thus we have f(z)eD,, [f,z]eP and [g,f(z)]eP. Hence

[gof, ] =[g,f(®)][f, z]<P.

Thus go feP’. Consequently condition (6.2) is satisfied. To prove that
condition (6.3) is also satisfied consider an arbitrary function feP' and
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an arbitrary point zeD;. Since the function f is a local homeomorphism,
there exists a set 4 ew (X) such that 2ed < Dyand (f| A)~1eL(X). Consider
an 4rbitrary point wef(4) and assume v = (f | A)~'(w). Thus we have
veA and

[(F14)7Y w] = [f, 0] eP.

Congequently (f|A4)™'eP’, which completes the proot.

TuEOREM 5. If P c (L(X))* and F* < P, then ' < P’

Proof. Oonsider an arbitrary function fel'. Tiet @ be an arbitrary
point of the set D;. Then [f, #]eF™ . Thus [f,«]eP™ Henco it follows
that there exists a function geP’ such that [f, 2] == [y, ). From the
definition of the set P’ it follows that [¢, #]eP. Thus [f, x]eP. Conse-
quently feP’, which completes the proof.

THEHEOREM 6. If M < L(X), M" < H* and HepsgX, then there
exists a set QepsgX such that M <= G and H* = G*

Proof. Assume @ = H* TFrom theorem 3 it follows that G* = H*,
Consider an arbitrary function feM and an arbitrary point xe¢D;. Then
[f, z]eM*. Hence it follows that [f, #]eH* Hence feG. By theorem 2
we have (@*)~! v G*G* = G*. According to theorem 4 GepsgX, which
completes the proof.

Let us assume for any seti M < L(X)

(10.2) My = (N {H*: M < HepsgX}),

(see (7.3) and (10.1)).

THEOREM 7. The set M, defined by equality (10.2) salisfies the following
conditions :

(10.3) M= MyepsgX,
(10.4) (F e LX)AF* < M}) = F <« M,,
(10.5) (M*<c H* AHepsg X) = My c H*.

The pseudogroup [M] generated by the set M s identical with M,.

Proof. Denote by P the set. (\{H*: M = HepsgX}. Consider an
arbitrary functional element peP~'. Then p~'eP. Hence by theorem 2
we deduce that peP. Consider now an arbitrary functional olement
qeP satisfying the condition ¢(g) = v(p). Then ge<H* for any pseudo-
group H > M. Hence q-peH*. Thus q-peP. So we have proved that
P~'U PP < P. From theorem 4 we deduce that M, = P'<psgX. From

the condition M < HepsgX it follows that M* < H*. Hence M* < P.
By theorem 3 we obtain

Mc MY <P = M,
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Thus condition (10.3) is satisfied. Consider now an arbitrary set F < L(X)
such that F* « My. Let G be any pseudogroup including the set M.
Then P = G*. Hence M, = G* According to theorem 3 we get

F* - G*’* — G_*

Thus F* < P. Consequently I' = ™ < M,. To prove implication (10.5)
congider an arbitrary pseudogroup H such that M* < H*. From theorem
6 it follows that there exists a pseudogroup @ such that M < @ and
H* = (*. Therefore P < G*. Hence M, = ¥ Thus

My =" = G" = H*,

According to theorem 1 it follows from conditions (10.3)-(10.5) that
the set M, satisflics conditions (9.1)-(9.3). Since, however, according to
theorem 7 of paragraph 9, there exists exactly one set satistying those
conditions, we have M, = [ M], which completes the proof.

In the theory of geometrical objects we congider, at a given point
of a manifold, a sei of local systems of coordinates called the set of
admissible sets of coordinates with respect to a pseudogroup G (cf. [7]).
Local systems of coordinates are regarded as equivalent if one of them
may Dbe obtained from another by supplementing it with a funectional
element determined by some function belonging to a pseudogroup @
and a point Dbelonging to the domain of this function. The sets of
coordinates systems admissible with regard to the pseudogroup @ at
a given point are the equivalence classes, of the equivalence relation
thus defined. Thus the psendogroup @ induces at a given point a certain
local geometry.

If we have a set of local homeomorphisms, then, according to theo-
rem 6, the set of funetional elements determined by all possible functions
belonging to a pseudogroup inecluding this set i3 the smallest for the
pseudogroup which it generates. The notion of a generated pseudo-
group enables us to define the local geometry by means of an arbitrarily
chosen set of local homeomorphisms of a certain space (usually a Cartesian
space).

11. The problem of the existence of the smallest pseudogroup
inclading a given sct of local homeomorphisms. Our previous consider-
ations referred to the construction of a certain pseudogroup called
a pseudogroup gonerated by a family of loeal homeomorphisms. In
this paragraph we give the conditions under which the smallest pseudo-
group including a family, given a priori, of local homeomorphisms does
not exist. From theorems 7 and 1 of paragraph 8 it immediately follows
that for any set M of functions whose domains are included in the set X
and whose values belong to X, the set (M)" satisfies conditions (6.0),
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(6.1) and (6.2). Moreover, the set (M“)* iy the smallest one among the
sets including the set M and satisfying conditions (6.0), (6.1) and (6.2),
The set (M“)*, however, need not satisfy condition (6.3). The existence
of the smallest pseudogroup including the set (M~)* is the necessary
and sufficient condition for the existence of the smallest pseundogroup
including the set M. In view of what has been said, the problem of find-
ing the smallest pseudogroup including a set given o priori can be reduced
to finding the smallest pseudogroup including a et given a priori which
satisties conditions (6.0), (6.1) and (6.2).

In this paragraph the operation has the same meaning as in para-
graph 8, that is to say, it is the composition of functions satisfying con-
dition (8.1). Denoting the algebraical product of sets we shall omil the
sign

THEOREM 1. If M and N are sets of function mapping the subsels
of a set B into the subsets of the set Il salisfying the conditions MM < M
and NN < N, then

(Mo N*=MuLo MLo MLM  where L=XNn~ J(NMPN.

p=1
Proof. Assume 4, ;, = M and Ay = N for i =1,2,.... First we

prove that

(11.1) (M v N)* =Ql (A;... 4,9 4,... 4;,,).

Suppose that

(11.2) (MuN)”ciQ (Ay... A v Ay ... Aq,)).

Multiplying both members of this inclusion by M < N we obtain

o

(M\J .Npllc U .A{MUAQ.-.A:,:_}_'I.Z'IU A.] ...A{.N ~/ flg...fl{.l_l.N)

T

—

U (Al e A.i, -/ A2 Ai-]-l)'

Hence it follows that inclusion (11.2) holds for each p = 1,2, On
the other hand, 4; « M v N. Hence

Ay Adjv Ay A e (Mo N e (Mo N)* for i=1,2,...
Thus equality (11.1) has been proved. Let us observe that

Ay Ay = (NMY  for j=1,82,..
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Hence it follows that

(o ¢]

(11.3) 1U1A1 ven gy =4, v -‘111U Ay Ay =Moo M) (NMY
= =4 j=1

= M v MLM,

(11.4) p} Ay... Ay =N ugzlg iy N=Nou ,Q (NMYN = L.
Trom (11.4) we obtain

(11.5) ;Q Ay Ay =ML and Ql Ay.o Ay, = LM,

From equalities (11.1), (11.3), (11.4) and (11.5) we immediately obtain
equalities occurring in theorem 1.

THEOREM 2. If a set M < L(X) satisfies conditions (6.0), (6.1) and
(6.2) but does not satisfy condition (6.3) and if there ewists a function p
whith real positive values defined on the family w(X) satisfying the condi-
tions

(11.6) A apex)(4 = B = u(4) < u(B)),
(11'7) /\m’eJ_fV >0 V.A«u(X)(mEA A/“(-A) < 8)’
(11.8) min {sup {u(F(Dy)/u(Dy): feM}, sup{u(Dn)/u(F(Dy): fel)} < oo,

then for amy pseudogroup G > M there exists a pseudogroup H satisfying
the condition

Mc Hc@+#H.

Proof. Suppose that G is a pseudogroup including the set M and
put for any ¢ > 0

N, = |f: fe@ AS eM A p(D)) < e Ap(f(Dy) < e}

COonsider an arbitrary function feN, and an arbitrary set Bew(X) satis-
fying condition @ 3¢ B < D;. Then f|Be@,

(FIB) ' =f\f(B)eM, u((f(B)<u(f(D))<e and wu(B)<p(Dy)<e.

Thus f|BeN,. Now let heN,N,. There exist functions g, feN, such that
D, =f(D;) and I = go f. Hence it follows that A~* =f'o g™ eM,

uw(Dy) = pDy<e and u(h(Dy) = w9 (Dy)) < e.



32 Catiegories, groupoids, pseudogroups and analylicnl structures

Then hedN,. Thus we have proved that N, satisfics conditions (6.0) and
(6.1) and N,N, c N,. Consider an arbitrary function feM and an arbi-
trary point meD;. Since M c @, there exists a seb A em(X) such that
weA < D; and (f|4) 'e@. From condition (11.7) it follows that there
exist sets B, Cew(X) such that zeB, f(2)eC, u(B)<e& and u(0)<e.
Denote by A4, the set 4 ~ B~ f~1(0). Since the function f is continuous,
we have Ajew(X). Hence it follows that (f|d,) 'e@, flA,eM, n(4,)
< p(By<e and ulf(4y) < u(C)<e Thus (fldy)" "eN,. On the other
hand, it follows from the definition of the set N, that if fe N, then f~'edf,
Consequently the set M v N, satisfies condition (6.3). From theorem 6
of paragraph 8 it follows that (M « N,)* epsg X. Cloarly M = (M « N }*<@
for any &> 0. We ghall prove that there oxists an e >>0 such that
(M ~ N,)* # @ For, suppose that (M v N,)* = @& for any ¢ = 0. T'rom
theorem 1 it follows that for any & >0

(11.9) G=MvoL v ML v LMvwvMLM,
where
(11.10) L, =N,vlJ (NM)VN,.

p=1

Since M ¢psg X, we have M # @G. Thus there exists a function f,eG — M.
Making use of (11.8), suppose that

sup {u{f (D)) [(D): Fe} < oo,

Hence it follows that there oxists a constant ¢ > 1 such that

pf(D))) < eu(Dy) for  feM.
Let

n = min{y(D;), (fﬂ('Dfo))/U] '

I fyeL, v ML, L,M, then in view of (11.10) and the definition of
the set N, we would have u(D;)< 7 or p(fo(l')jﬂ)) < u. This, however,
would contradict the definition of the number 7. Ilence according to
equality (11.9) it follows that fyeML,M, Thus thore oxist functions,
fiyfoeM and geL, satisfying the condition

fl(-Dll) = Dy, g{Dy) = -D/2 and  fy=faiogof.
Hence it follows thaib

wlfo(Dy,) = ulfa(Dy,)) < cu(g(Dy)) < e,

which also contradicts the definition of the number n. By an analogous
argument we conclude from sup {u(Dy)/u(f(Dy)): feM} < +oo that (11.9)
and (11.10) cannot hold for any & > 0 either, which completes the proof.
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V. SEMI-PSEUDOGROUPS AND A GENERALIZATION OF THE NOTION
OF AN ANALYTICAL STRUCTURE

12, Semi-pseudogroups. In a topological space X consider a set ¢
of functions with their values in X which satisfies conditions (6.0), (6.1)
and (4.4). Any such set ' will be called a semi-pseudogroup in the space X.
The notion of a semi-pseudogroup is a gencralization of the notion of
a Golgb pseudogroup, that is to say, we have the following

TunornM 1. Any pseudogroup in a space X is a semi-pseudogroup
in that space.

Proof. Let (epsgX. Consider arbitrary functions g, fe@ such that
D, = f(Dy). Since @ iy a psendogroup, f is a local homeomorphism. From
(6.0) it follows that [y ew(X). Thus f(D;)ew(X). According to (6.1) the
function ¢|f(Dy) belongs to G. From (6.2) we have go f = g|f(D,) o feG,
which completes the proof.

Consider an arbitrary set M of functions. Thus the operation o,
means the composition defined for ordered pairs (g,f)eM x M which
satisfy condition D, = f(D;). Instead of oy we shall simply write o,
while by CA(M, o) we shall denote the algebraical closure of the set M
with respect to the operation oy (see (5.5)). If f(D;) = X for any function
feM, then the set M™ is defined by equality (8.4).

THEOREM 2. If a set C of functions with their values in the set X,
satisfies condition (6.0), then the set CA(CY,0) is the smallest semi-pseudo-
group including the set C.

Proof. First we show that CA(C”,0) is a semi-pseudogroup includ-
ing the set C. Indeed, since C satisfies condition (6.0), we have C = (v.
By theorem 7 of paragraph 8 the set C satisfies conditions (6.0) and
(6.1). Since the domain of a composed function is identical with the
domain of an internal function, we deduce by (5.2) and (5.5) that the set
CA(C~, o) satisfies conditions (6.0) and (6.1). From theorem 3 of paragraph
b it follows that O = CA(C”,o) and the set CA(C”, o) satisfies condi-
tion (4.4), It remains to prove that CA(C", o) is the smallest one among
the semi-pseudogroups including the set O. Accordingly consider an
arbitrary semi-pseudogroup @ including the set C. Since the set @ satisfies
condition (6.1), we have @ = G. In view of the fact that G satisfies con-
dition (4.4), the inclusion CA(@,0) = & holds. Thus we have ( < C¥
< @ < G < OA(@,0) c @&, which completes the prooi.

TumoruM 3. If a set C of functions whose values belong o the set X
satisfies condition (6.0), then among the semi-pseudogroups G including
the set C and satisfying the condition

(121)  A/(Dy # BA AaenyV scopzy(@e A < Dy Af| A €G) > fed),

there exists one which is the smallest.

Rozprawy Malemniyczne XLV
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Proof. Congider an arbitrary set ¢ of functions with their values
in the set X which satisfies condition (6.0). By S(C) we denote the get
of all semﬁ)seudogroups including the set C and satisfying condition
(12.1). First we prove that the set G, of all functions f satisfying the con-
ditions @ = Dyew(X) and f(Dy) « X belongs to §(C). Indeed, we imme-
diately see that conditions (6.0), (6.1) and (4.4) are satisfied. To prove
that @, satisfies condition (12.1) consider an arbitrary function f and
suppose that D;s @ and that for any point zeD; there exists a set
Azew(X) such that zed, = Dy and f|d.¢Gy. From Dy = | J {4;: xD)}
it follows that Djew(X). Since for every point @el; the condition f(w)
= (f|Bg)(z) eX holds, we have fe@,. Observe now that the set (M) §(0)
satisfies conditions (6.0), (6.1) and (4.4). Consider an arbitrary function f
which for H = () 8(0) satisfies the condition:

(12.2) .Dr # B A /\ngfVng(X)(me < .Df/\fIBEH).

Let @ be any semi-pseudogroup belonging to the set 8(C). From
condition (12.2) it follows that for any point xe.D; there exists a set Bew(X)
such that xe¢B < D; and f|Be@. Since G satisfies condition (12.1), we
have fe@. Thus fe | ) S8(C). This proves that () §(C)eS(C), which com-
pletes the proof.

The theorem just proved enables us to construct semi-pseudogroups
satisfying condition (12.1).

In paragraph 8 for a given set M of functions whose values belong
to the set X we have defined the set M~ by means of equality (8.6) In
particular the set (" has been defined for every semi-pseudogroup C.

THEOREM 4. IFor any semi-pseudogroup C of functions mapping
continuously the space X |D, into the space X, the set C" s the smallest
semi-pseudogroup including C and satisfying condition (12.1).

Proof. The inclusion 0 « ¢” immediately follows from (8.6). From
theorem 8 of paragraph 8 it follows that the set ¢~ satisfies conditions
(6.0) and (6.1). Consider now arbitrary functions g,feC” such that
f(Dy) = D,;. Let zeD,. There.exist sets 4, Bew(X) satisfying the con-
ditions

2ed c Dy, f@)eBcD, fldeC and g|BeC.

From the continuity of the function f| 4 it follows that the set (f|.4)"*(B)
is open. From (6.1) it follows that

fll4 ~ (f14)7"(B))eC.
Since C -sabisfies condition (4.4), we have

(goNI{4 ~ (FIA)H(B)) = g| Bof|(4 ~ (f]4)7" (8))€C.
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Hence it follows g o feC". Consequently the set ¢ is a semi-pseudogroup.

To prove that the set 0" satisfies condition (12.1) consider an arbitrary
function f satisfying condition (12.2) for G = 0. Let weD;. There exists
a set Bew(X) such that xeB < D; and f| B¢0". According to the defini-

tion of the set O™ there exists a set Aew(X) such that #¢4 = B and
fl|AeC. Thus feCO".

Suppose that H is any semi-pseudogroup including the set ¢ and
satisfies condition (12.1). Consider an arbitrary function feC", Let xeD;.
There exists a set Bew(X) such that weB c D, and f|Be(. Hence it
follows that f|Be¢H. From condition (12.1) we deduce that feH. Accord-
ingly 0" < H, which completes the proof.

Tor a given set € of functions whose values belong to the set X and
which satisfies condition (6.0) we denote by 0~ the smallest of the semi-
pseudogroups H including C and satisfying condition (12.1)

THEOREM b. For every set C of functions which satisfies condition (6.0)
and the following condition

(12.3) Asolfe(X|D; — X)),

the equality 0~ = (CA(CY, o))" holds.

Proof. Tirst we prove that if C satisfies conditions (6.0) and (12.3),
then the set CA(C", o) also satisfies those conditions. Consider an arbi-
trary function geC. The definition of the set C” implies that there exist
a function feC and a set 4ew(X) such that @ # A < D; and g = f| 4.
From condition (12.3) it follows that ge(X|A4A — X). Accordingly, the
set 0% satisties condition (12.3). The continuity of a ecomposition of
continuous functions implies that the set CA{C", o) satisfies condition
(12.3). From theorem 2 we deduce that CA(C”, o) is a semi-psendogroup
including the set C. It follows from theorem 4 that the set (CA(C“, o))"
is a semi-pseudogroup satisfying condition (12.1) and including the set C.
Thus ¢~ < (CA(C¥,0))". Consider now an arbitrary semi-psendogroup
including the set € and satisfying condition (12.1). From theorem
2 it follows that OCA(CY,0) « G. Theorem 4 yields the inclusion
(CA(0~,0))" = @ Thus (CA(CY,0))" = 0" which completes the proof.

13. The notion of an amalytical structure. Let X be a topological
space. Speaking of the analytical structure of a given manifold, we usually
congider, in a parametrical space X, a set of transformations satisfying,
besides conditions (6.0)-(6.2), where X denotes a Cartesian n-dimengional
space, some conditions concerning differentiability. One arrives at the
notion of an analytical structure by identifing some sets of homeomor-
phisms which map some open sets of the manifold in question onto open
sets of an n-dimensional Cartesian space.
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This paragraph contains a generalization of the well-known notion
of an analytical structure. We only assume about the space X that it
is a topological space, and the assumptions concerning the analytical
character connected with the transition from one parametrization to
another are replaced by conditions formulated in purely topological
terms.

Consider arbitrary topological spaces T and X. Let C be an arbi-
trary set of functions whose values belong to the set X and which satisfies
condition (6.0). By # (T, X, C) we denoto the set of all sets 77 whose
elements are functions satisfying the following conditions:

(13.1) Niar(B# Dyew(T) Afe(T| Dy - X|f(D))),
(13.2) U {Dy: feF} =1,
(13.3) Nosar((Dy ~ Dy # B) = go f7|f(Dy ~ Dy)eC”).

From conditions (13.1) and (13.3) it follows that if fel", where
FeF(T,X,0), then fo f~'eC". Since the set C~ satisfies condition (6.0),
we have f(Dy)ew(X).

For the elements of the set # (I', X, C) we define a relation =4 in
the following way:

(13.4)
By =T, < (FieF (T, X, O)AFyeF (T, X, 0) AT, © F,eF (T, X, C)).

Proof. The reflexivity and the symmetry of the relation =g are
obvious. To prove the transitivity of this relation consider arbitrary
sets ¥,, ¥,, F, belonging to # (T, X, C) such that ¥, v F, and F, v F,
belong to # (T, X, C). Clearly the set ¥, v I, satisfies conditions (13.1)
and (13.2). To prove that the set I, v F'; satisfies condition (13.3) con-
sider arbifrary functions g, fe¥, v F, such that D, ~ D, # @. If ¢, feFy
or g,feFy, then by (13.3) the functions f and g satisfy the condition

(13.5) g0 f1f(Dy ~ Dy)eC”

We may thus assume that ge, and fel'y. Consider an arbitrary point
weDy ~ D,. Condition (13.2) implies the existence of a function hel,
such that @eDj. From condition (13.1) in view of f(D,)ew(X) we deduce
that f(.Dj M 'DU e D;,)ECU(.X). From
ho fH|f(Dy ~ Dy)eC”
it follows that
hof(Dy ~ Dy~ Dy)eC™
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and the set C~ satisfies condition (6.0). Consequently the function

go ff(Dy ~ Dy ~ Dy)
= (go W f(Dy ~ Dy)yo (ho f|f(Dy ~ Dy ~ Dy))e0”

The fact that O satisfies condition (12.1) implies that the functions g
and f satisfy condition (13.5). Thus the relation =4 i§ transitive.

The equivalence classes of the relation =g will be called analytical
structures of a class C of a topological space T, with respect to a topolo-
gical space X.

In particular, if the space X is a Cartesian n-dimensional space with
the ordinary topology and C is the class of functions defined on open
sefis of the space X and possessing derivatives to the kth order inclusively,
then the eondition # (T, X, C) # @ means that the space T is a manifold
of the class C*.

In general we shall call a topological space T a manifold of the class
C with respect to the space X if the condition

F(T,X,00#+0
ig matisfied.
For a given family # of homeomorphisms f mapping the topolo-
gical space T'|D; onto the topological space X|f(Dy), by F° we denote
a set defined by the equality

F° = {gof~ |f(Dy ~ Dy): g,feF Dy ~ Dy # B},

THEOREM 2. If in a topological space X a set C of functions with
thetr values in the set X satisfies condition (6.0), then for every set
FeF (T, X,0) the set (F°°)* (see (8.6) and (8.1)) is a pseudogroup n
the space X and FeF (T, X, (F™)%).

Proof. Suppose that Fe# (T, X, (). Theorem 7 of paragraph 8
implies that the set F° gatisfies conditions (6.0) and (6.1). Consider
an arbitrary function heF°~. According to definition (8.6) there exist
functions g, fel' and a set Bew(X) such that O+# B c f(D; ~ D,) and
h = gof!'|B. From condition (13.1) it follows that f~!(B)ew(T). Simi-
larly, in view of g(D,)ew(X), we have ¢(f '(B))ew(X). On the other
hand, according to the definition of the set F°, the function fo g7'|f(D,
~ Dy) el Thus the function

W = (fo g7 1f(Dy 0 D)) g (B)) 7™

Consequently the set F°~ satisfies condition (6.3). By theorem 6 of para-
graph 8 we deduce that I°~* epsgX.
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In view of the fact that the set I" satisfies conditions (13.1) and
(13.2) it suffices to prove that the set ¢ = (F°)* satisfies condition
(13.3). Accordingly, comsider functions g¢,feI" such that D, ~ D;+# @,
From the definition of the set F° it follows that

goff(Dy ~ D) F° = (1)),

whichk completes the proof.
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