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1. A subset I of the integers Z is called a set of uniform convergence,
or a UC set, if every Fourier series of the form

(1) 2 cnem"
nel

which represents a continuous function, converges uniformly. In [1]
an example was given of a UC set which is not a Sidon set, i.e. such that
there exist uniformly convergent series of form (1) which are not abso-
lutely convergent. In this note we exhibit another example of a UC set
which is not Sidon, by showing that the union of a set as in [1] and a finite
number of Hadamard sets is still a UC set. To prove this fact we use con-
volutions with the de la Vallée Poussin kernels instead of the Riesz poly-
nomials considered in [1]. The question of whether the union of two
UC sets is again a UC set remains open in general. We do not know the
answer even in the case where one of the sets is a Sidon set. For subsets
of the dual of the Cantor group, some partial results are contained in [3]
where general properties of UC sets are also discussed.

2. Let n, be a sequence of positive integers such that

Potl' S 143,
ns
and let B = {n,+n;: i # j}. Let By = {m{"}2, be sequences of positive
integers such that m{’),/m{) > ¢ > 1 for some gand ! =1, ..., M. Finally,
let
M St
F = UE,.
1=1
Then

THEOREM. EUF 18 a UC set which is not a Sidon set.

Proof. Clearly, EUF is not a Sidon set, since it contains infinite
sets which are not Sidon (see [1]). Without loss of generality we may
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suppose that, for some peZ, n,,;/n, < p. Let h be a positive integer such
that ¢ > p. Then there are at most AM = A elements of F between
ng+mn,_, and n,,, +n,. Indeed, let m{’ be the smallest element of E,
such that m{) > n,+mn,_,. Then

’m(l) = qhm(l) > P(Ng+Me_y) = Ngyy + Ny

Let now f be a continuous function on the circle group T such that
f(n) =0 if n¢EUF For every positive integer N let

= Z fnye™.
n=-N

The theorem will follow if we prove that for every &N

(2) 18 (f)lleo < Clifllcoy

where C is a constant depending only on the set EUF. Clearly, we may
suppose that Ne FU F. For every positive integer n, let

K, ) = ) (1 - ;'i'—l)e*‘ﬂ

j=-n

be the Féjer kernel, and V, = 2K,,,, —K, the de la Vallée Poussin
kernel. Then (see [2], p. 15) we get

(1) IVl <3,
(11) Va(j) =1 if Ijl n+1, and V W(j) =0 if [J|>2n+1
Fu'stly, let N =n,+n,_;. Then, according to (ii),
3) Su(f) = Vaanf = X Vaa(f e,
where the summation is over all jeF such that
N+ NRey < J < 2n,4+2m,_,.

Remark that 2n,42n,_, < n,,,+n,, since n,,,[/n, > 1 +V3.

Since, by definition, |¥,(j)| <1, and the summation on the right-
-hand side of (3) contains at most A terms, by (i) we get

(4) 183 (f)lleo < B+ 4)IIf lloo--
Let N = keF with n,,+n, > k> n,+n,_,. Then

Bu(f) = By pn,_,(N+ D f(G)e*,

where the summation is extended to all jeF such that n,4+n,_, <j<Fk.
By (4) we have '

(5) 185 (f)lloo < (3+24) i ll-
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Let now N = n,,, +mn, with 1 <r <s—1. Since, by (ii),

exXp(ifgy 1) Voursf = D Vi 1(i— 1) f(d)exp(ijt)

li—ngqql<2n,—1
and ﬁnr_l(j—'n,ﬂ) =1 for [j —mn,,| <mn,, the following identity holds
true:

(6)  Sy(f) = Snyiny_y (f)+€XP(ing41t) Vo _1%f—
— D Ve —mea)f(dexp ijt) + D flexp(jt).

2n,—1>|f—ny 4 11>n, ngtng_1<j<ngy1—n,

Remark that f (j) # 0 in the summations on the right-hand side of (6)
only if jeF. Hence each sum contains at most A terms so that, by (4)
and (i),

(7) 18x (oo < (3+ A flloo+3 If lloo + 24 [ flloo = (6 +3A4) I lleo-

Finally, suppose that N =keF with n,.,+n, <k < n.,+n,.
Then, if r is the largest integer such that n,,, +n, < k, we have

Sn(f) = 8y, 4n (F)+ D F(5)e™,
where the summation is over all jeF such that n,,, +n, < j < k. Hence

(8) I8x (Flle < (6 +44) [If llo-
Therefore, by (4), (5), (7) and (8), inequality (2) holds with C = 6 + 4A4.
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