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On generalized recurrent Kaehlerian manifolds
. of second order I1*

by S.S. SingH (Gorakhpur, India)**

Abstract. This paper is a continuation of paper [2], where properties of generalized
Kaehler manifolds admitting some recurrent tensors were discussed.

1. Introduction. We shall consider a Kaehlerian manifold satisfying

(1.1) Ryijiom = Rnigt Bt Vim Riijics

(1.2) Rypim = Rt B+ Vim R

(1.3) Prisim = Prijiyt Bmt Vim Prje;  and
(14) Byijk.im = Buijk,1 B+ Vim Bhijx

for non-zero B, and y,,, where the comma followed by an index denotes
covariant differentiation with respect to the metric tensor g;;. We call G2
recurrent, G2 Ricci-recurrent, G2 H-projective recurrent, and G2 Bochner-
recurrent Kaehlerian manifolds satisfying (1.1), (1.2), (1.3) and (1.4), respect-
ively, the H-projective curvature tensor and the Bochner curvature tensor
being given by

1
(1.5) Py = RMjk—n+2(leghk—thgfk +HuJu—Hme—2Hm-]jk),
where H;; = R;,J%, and

1
(1.6) B = Rhijk—m(Rijghk_thgik +H;jJ o — HyyJig—=2Hi I+

+ Ry gi;— R g+ Hu Jiy— Hy Jpj— 2Hp J ) +

(g Gm—Gn G Ty T =TT — 2T )
+(n+2)(n+4)(gughk gh]g”t 1Y hk hivik hi Jk)

respectively.

* The content of this paper was presented as a talk at the Polish-GDR—Czechoslovakian
Conference on D.G. 1978, held in Boszkowo, Poland. ' '

** Present address: Faculty of Mechanics and Mathematics, Moscow State University,
Moscow, V-234, USS.R.
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2. Generalized recurrent Kaehler manifolds of second order.
DerinTioN 2.1. A Kaehler manifold is called generalized recurrent of
second order (or briefly, G2 recurrent) if

(2.1) Ryijiim = Vim Ruijic+ Rt B

and it is called generalized Ricci-recurrent Kaehler manifold of second order
(or briefly, G2 Ricci-recurrent Kaehler manifold) if

(2.2) Rijim = Riji Bt Vim Ryjs
or equivalently
(2.3) Hyjim = Hij 1 B+ 7im Hyys

where f,, and y,, are not both zero.
Multiplying (2.2) by g%, we get

(24) Rim =RiBm+7mR

Remark 2.1. From (2.1) and (2.2) it follows that every G2 recurrent
Kaehler manifold is G2 Ricci-recurrent but the converse is not necessarily
true.

DeriniTioN 2.2. A Kaehler manifold is called generalized H-projective
recurrent of second order (or briefly, G2 H-projective recurrent) if its holomor-
phically projective curvature tensor satisfies the relation

(2.5) Phijisim = Priji,t Bm+ Vim Prijis
where f, and v, are not both zero.

THEOREM 2.2. The necessary and sufficient condition for a Kaehler mani-
fold to be generalized G2 Ricci-recurrent is that

(2.6) Phisitm = Phijit Bm— Vim Prijkc = Riije,im — Ruigit B — Vim R
holds.
Proof. From equation (1.5) we have

27y P wijk,im — P mﬂ:.:ﬁm—%m Py

1
= Rhljk. Im— RhUk.! B —Vim ka "m {ghk (R ifim ™ R J. 1B Vim Ru) -

~ix (th,lm - th,l B — Vim th) + J (Hij.im - Hu,x Bm—Vim Hu) -
—Ju (th,lm ‘Hm.:ﬁm —VPim th)‘ 2ij(th.lm —~Hy 1 B = Vim Hm')}-

Let us suppose that the manifold is G2 Ricci-recurrent; then in view of 22
and (2.3) we have condition (2.6).

Conversely, if (2.6) holds, we have from (2.7) the relation
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(28) g (Rijim— Rt B~ Yim Ri) = Gix (Ruj,om— Rij,t Bon— Yim Ry)+
+ T (Higam = Hijy Bon = Vim Hi) = Ty (Hp 1 — Hiyjt B~ Vim Hyp)—
~—2J 0 (Hyi,tm— Hpiyt B = Yim Hu) = 0.
Now we have the relations

(2.9) Jug™Hyy = —gi, J% Ry I g™ = —R;;.
and
(2.10) Jug™ Hy = —9,J°% g™ Ry I, = —R;;.

Using these relations in (2.9), we obtain
(2.11) Rij,xm—Ru.rﬂm—?rm R;; =0,

which shows that the Kaehlerian manifold is G2 Ricci-recurrent.
Now if the H-projective curvature tensor vanishes, then from equation
(2.6) we get

(2.12) Rhm.am - Rhijk.l Bn—Vim Rhijk = 0,

which shows that the manifold is G2 recurrent.
Following the pattern of proof of Theorem 2.2 we can establish the
following

THEOREM. 2.3. The necessary and sufficient condition for a Kaehler mani-
fold to be generalized G2 Ricci-recurrent is that

(2.13) Bk, tm — Biij,i B = Vim Brijk = Ruijiim — Ruijust B — Vim Riju

holds, where By; is given by (1.6).
In view ot Theorems 2.2 and 2.3 we can state

THEOREM. 2.4. The necessary and sufficient condition for a Kaehler mani-
fold to be Kaehlerian Ricci-recurrent is that

(2.14) Byijkim = Bhiju,t Bm— Yim Buijk = Phijicyim = Phigit Bm = Vim Prigk

holds.
In view of Remark 2.1 and equation (2.7) we obtain

THEOREM 2.5. The necessary and sufficient condition for a G2 Ricci-
recurent Kaehler manifold to be G2 recurrent is that the manifold be G2
H-projective recurrent.

From Remark 2.1 and Theorem 2.2 follows

THEOREM 2.6. The necessary and sufficient conditions for a Kaehler mani-
fold to be G2 recurrent are that the manifold be G2 H-projective recurrent and
equation (2.6) be satisfied.
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In view of Remark 2.1 and Theorem 2.3 follows

TueoreM 2.7. The necessary and sufficient conditions for a Kaehler mani-
fold to be G2 recurrent are that the manifold be G2 Bochner recurrent and
equation (2.13) be satisfied.

In view of Theorems 24.and 2.5 we obtain

TueoreM 2.8. If a Kaehler manifold satisfies any two of the following
properties:

1° it is G2 Bochner recurrent;

2° it is G2 H-projective recurrent ;

3° it is G2 Ricci-recurrent
then it must also satisfy the third.

Moreover, we also have

TueoreM 2.9. If a Kaehler manifold satisfies any two of the following
properties .

1° it is G2 Bochner recurrent;

2° it is G2 recurrent;

3° it is G2 Ricci-recurrent ;
then it must also satisfy the third,
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