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ON A LINEARIZATION OF AN EQUATION
OF AN ELASTIC ROD (II)

1. In a previous paper [1] we discussed a method of approximate
integration of the system of equations

(1.1) 2'+eosz =0, o =-cosz, ¥y =sinz

for the unknown functions z, y, 2 defined in the inferval 0 <1 < l, and
satisfying the boundary conditions

(1.2) 2(0) =2'(L) =0, «(0) =y(0)=0.

It is well known how these equations are comnected with the problem
of large deformations of an elastic rod.

In the paper mentioned above some approximating formulas for
the unknown funection z(l) as well as the estimates of the error of the
approximation were given. It was also indicated how these formulas
may be used to get the approximating formulas for the functions z(l)
and y(I). In the present paper our attention is concentrated on the fune-
tion y(I) exclusively and our purpose is to describe a direct way of finding
its approximate form without using approximate formulas for 2(l). Let
us remind that the function y(l) represents, in suitable units, deflection
of a rod and that the conditions (1.2) imply

0<z2(ly)<=/2 for 1,>0.

2. Let us introduce a new unknown function v(f) of an argument {
running through the interval <0,1)> by means of the formulas

sinz(l)

(2.1) o(t) = —

’ t=l/lo,

where z, = z(l,). On account of (1.1) we have

i
(2.2) y(l) = lysinz, [ v(t)dt
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and the function v(t) satisfies the following equation

2

(2.3) v+ —lui 14 ud(2v—3v)] =0
0

playing a basic role in this paper. In this equation %, = sinz, and a dot
denotes the differentiation with respect to ¢. To show this we differentiate
twice the equality (2.1) which leads to

; .

v = — (2"’ cosz—=z'sinz),

Ug
then we replace 2’ by —cosz, according to (1.1), and eliminate 2’2 by
using the first integral of the equation 2'’+ cosz = 0 which for the given
boundary conditions imposed on z(I) has the form }2'2--sinz = sinz,.
Finally, replacing sinz by v(f)sinz,, in aecordance with the formula (2.1),
we get the desired equation (2.3).

The function v(t) satisfies, besides of (2.3), the following boundary

conditions

(2.4) 2(0) =0, o(d)=1, v(1)=0.

If we can find some approximation v,,(t) for v(f), then the formula

t
(2.5) Yapll) = louof'vap(t)dt
0

gives an approximation for the function y(l). Moreover, if the error of
the approximation v,,, defined by L*-norm of v—uv,,, ie. by [[v—v,l,
is known then the estimate of the error, corresponding to the approxima-
tion y,,, may be obtained from the formula

(2.6) 19 (1) — Yap (] < o (L) l0 — g

which results simply from (2.2), (2.5) by applying Schwarz’s inequality.
The whole problem is thus reduced to finding a suitable function »,, and
an estimate of ||v— v,,l. This will be done in the next sections. The equa-
tion (2.3) with the boundary conditions (2.4) will be the starting point
of the procedure proposed there. Moreover, the procedure enables us to
make the estimate of |[v—w,,, in a sense, the best one.

3. The desired function v,, will be the solution, subject to the con-
ditions
(3°1) /va,p(O) = 07 'Dap(l) = 17
of a linear equation

o

(3.2) Vop+ — (a0, +b) = 0
Uy
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with constant coefficients a, b not yet known. If we denote by 7(t) the
difference v(t) —v,,(¢) then the subtraction of the equations (3.2) and (2.3)

one from the other yields the relation

2

(3.3) 17"+1i—°[an—3u§(172—a?)—ﬂ)] =0,

where a and § denote some constants connected with a and b by the
formulas

(3.4) a =u3(2—3a), b=1-3ulp.

Multiplying both sides of (3.3) by #, then integrating the result over
(0,1), we get, due to the boundary conditions %(0) = (1) = 0, the
equality

(3.5) P+ 2%llmll? = 3loue(av+ B—o%, ),
where ( , ) has its ordinary meaning of the scalar product in L*0,1)
and where we put, for the brevity sake, 7 = —als/u,. It will be shown

later that if a ‘‘good’ choice of the parameter a4 is wished then the
non-positive values of it are only to be conmdered Therefore the right-

hand side of the last relation defining 7* is non-negative.
From the formula (3.5) we derive now an estimate of |jn|| = |lv— v,
as follows: applying Schwarz’s inequality to its right-hand side we get

Il [1* -+ 7 llm* < BLowollv* — av— B il

and hence, using Steklov’s inequality =|l7|| < |ln’|l, we are led to the relation
3la%o

+ 2
which is true under the assumption =°+7* > 0. The only thing to do is
to estimate from above the quantity

llv* — av— Bl

(3-6) lInll <

(3.7) 6 = |p*—av—Bll-

It is possible to get a better estimation than (3.6), following the procedure
similar to that one used in [1]. Nevertheless, we shall content ourselves

with (3.6).

4. According to the initial conditions v(1) =1, v'(1) = 0, satisfied
by the funection »(f), we can write the first integral of the equation (2.3)
in the form

22
v? = i(1—'0)(1—u§'02).

Uy
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This follows simply by multiplying (2.3) by » and integrating over (¢, 1)
with respect to {. By means of this integral we may rewrite 6° in the form

u, (v —av— B)?
- d ¢
f('v av—pydt = lo( ) fl/(l—v)(l—“o"’2) ’

which gives, when we replace (1 —uiv*)~"? by (1—ud)~ "% the inequality

s 1 20\,
(4.1) 0 <E(1_—;g) I(a, ),
where
(4.2) ﬂ)——f‘” - '3’

Collecting the formulas (3.6) and (4.1) we get finally the estimate of ||5i|
in the form

3B%uy [ 2u, \V*
(4.3) Il < m(l—u) I(a, ).
Thus the problem of the estimation of ||7]| has been reduced to an evalua-
tion of the integral I. If a and g will be chosen now so that I, which depends
upon them, attains its minimal value I_;,, the method used here will
give the best estimate of 4. Let us denote

1
C, = fv”(l—'v)‘”zdfv.
0
The equations which result from the condition I = I, are

0
‘aﬁalz = 02a+01[3_03 = 0,

0

aﬁI —0]a+00ﬂ 02—0
with Cy, =2, €, = 4/3, C, = 16/15, C; = 32/35. Solving them we get
for the optimal choice of the parameters a, § the values

8 8
(4.4) @ = ﬂ=—3—57
and using then the formula (4.2) we calculate the minimal value of I(a, f)
which results in
8
105

Imin =
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We are now able to determine the values of the unknown constants a
and b which appear in (3.2). We find namely from (3.4) and (4.4)
(4.5) a = —'};"u:, b =1+%u3’

and a has in fact a non-positive value as it was mentioned before. Taking
into account the values of ¢ and I, calculated above we get from (4.3)
the estimate of |jy|| in the form

8 l3/2u0 ( 2“0 )1/4
4.6 <=
(4.6) R e 7]

Instead of minimizing I, which is only a part of the expression appearing
on the right-hand side of (4.3), this may be done with this whole expres-
sion. Nevertheless the result seems to be insufficient to justify the compli-
cation. A similar situation was discussed in [2] and [3].

Gathering all the estimates obtained till now we may write the

inequality

8 B Qu, \W
@) W) —9as ()] < it ( ) o

R\ l—ul

3—5—'7:2-{— = U

This formula represents the desired estimate of the error of the propose&
approximation y(I) ~ ,,(l) where the function y,, is defined by (2.5)
and v,, appearing there is the solution of the problem (3.1), (3.2) with a

and b given by (4.5).
5. A simple calculation gives us
(5.1) Dep (¢) = sht/sho+ A(L—cho(t—})/ch} o),
where o2 and 4 are equal to %’lﬁuo and %,(u.,‘z—l-:—:) respectively. Con-
sequently the formula (2.5) yields

. [ehgt—1 ( _she(t—%)+sh%e)]
(5.2) Yap () = loyu, [_Q-Shg +aft ochlo

with ¢ = I/l,. This is the wanted formula for calculating the approximate

values of y(I).
In particular, the deflection of the end of rod is approximately given by

2 (3(2) o l( L )( 24 2) 1—(2/9)th%e}
(6.3)  Yap(ly) = Elouo{z(z) th-z—'f‘ 1\ 2u, 1+35“o 3(o/2) .

From this formula the asymptotic behaviour of y,,(l,) for 2z, — 0 is clearly
seen. In this case we have u, - 0 and, on account of the inequality

1/2 12
(5.4) (z) < ’°_<(1)
sinz, V2z, €082,
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given in [1] (formula (4.5))(?), the expression I3/2u, tends to 1. Moreover,
we have ¢ — 0. All these facts combined together with the formula (5.3)
imply

Yop (lo)~Zloug~1l5, for  2z,-0.
This formula suggests to choose 3l as a value which the error of the

approximation should be compared with. An especially simple form
for the estimation will be obtained by using the inequality

.1_( 2u, 2)112 < tg2,
lo \1—wu, %

which results simply from (5.4). Taking into aceount all the above con-
siderations we obtain from the formula (4.7) the following estimate

_ 2 1j2 1/2
(5.5) ly (=9, (D <%é.,_“o___(tgzo) (Z)

3% U85 P Ruil g )\l

It may be of interest to see on few examples the numerical values of the
estimates of errors of the proposed approximations. These examples are
given in the table.

n [ em e [ om | o
Iy—ysapl< 0,43-10-2 1,62 ’ 34 ' 5,5
o . | ‘

Finally, using 1, evaluated for 2z, = 1, we get for y(l,) the approximate
value y(l,) = 2,0+ 0,1, which gives some indication on the accuracy of
the approximation.

6. When the deflection of the rod is small, the evaluations out-
lined in the preceding sections may be significantly simplified. We may
in this case replace the equation (3.2) by a more simple equation

(6.1) Vop+ 100Uy = 0

leaving unchanged the boundary conditions (3.1). Now the new function
1 = v—1,, will satisfy the equation

2

7 (b (20— 307 = o,
1]

(1) In (4.5) of [1] the exponent } on-the left has been accidentally omitted.



On a linearization of an equation 389

and instead of (3.5) we shall have the identity

. lo
Il = -~ (1—b+ui(20—30%), )
0
which, by using Schwarz’s and Steklov’s inequalities, yields

2

l
7 L — b+ ug (20— 30%)[.
Uy

lInll <

The problem of estimating the error |[v— o, is thus reduced to the prob-
lem of estimating the right-hand side of the last inequality and the
needed procedure may be carried out as it was done in section 3. We

obtain in this way
4.2
s %o

2u, \'*
< 0,147837u ( ¢ )
limll < 0

b=1—

From the last formula we get the desired estimate of ly(l)—yap(l)l in

the form
2u, 2 )1/4 -

. — l 0,1470%u

(6.2) [y () —Yap (W] < (1 2
The solution v,, of the equation (6.1), satisfying the boundary conditions
(3.1), is now

_b 1— éu)t #)+1¢
tuplt) = (1= fg ) 1=+

and the fumetion y,, is given by

3
: (1 145 )(3t 2t')+ == °u° =

63) Yol = .

Therefore we have for small values of lo, as before, y, (I,)~ 1, and the
same quantity }l; may be used for a comparison with the error of the
approximation (6.3). We thus get

n t 12 1/2
(6.4) 1Y (1) — Yap (D] <0’147u§( gzg) (i)
%lﬁ 2 b

The approximation proposed here gives the estimate which ig only ca
twice worse than the more complicated approximation (5.2), as may be
seen from the formulas (6.4) and (5.4). Confronting the exactness of the
approximations obtained here with that of the approximations of z(l)
given in [1] we see that a better approximation for y(l) would be wished.
We hope to return later to this question.
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A. KRZYWICKI i A. RYBARSKI (Wroclaw)
LINEARYZACJA ROWNAN PRETA SPREZYSTEGO (II)

STRESZCZENIE

W pracy tej, bedacej kontynuacja pracy [1], podano pewne przyblizenia dla
funkeji y(l), okreSlonej w przedziale <0, l,> wzorem

1
y(l) = fsinz(l)dl, gdzie 2”4-cosz =0, =2(0)==z'(}) =0.
°

Podano réwniez oszacowania bledéw tych przyblizen. Funkeja y(I) okreéla
odchylenie od polozenia réwnowagi preta sprezystego, obeiazonego na jednym koncu
sila prostopadla do osi preta nieodksztalconego i zamocowanego sztywno na drugim
koficu.

A. KRUBHIKH » A. PIBAPCKH (Bponasas)
JHHEAPH3AIINA YPABHEHHW YVIIPYroro CTEPKHA (II)

PESIOME

B sToii crarbe, ABIAIMeNcA NpoRoi:keHmeM cratei [l1] mawTcA HeKoTOpHe
npubamxenua GyHxnmu y(l), onpenenenHoit ma orpeske (0, ly> $opmymoir

1
y() = [sinz()dl rme #’+cosz =0, 2(0)=~z'(l) =0.
0

JaHH TaK:Ke OLeHKH NOrpemIHOCTH 2TUX Hpubiamxenmit. ®ysxnusa y(l) ompe-
XelsieT OTKIOHEHHE YOPYTOro CTeP:KHS OT HOJOMEHNA PABHOBECHS eClii Ha OJHOM €ro
KOHIe FelicTByeT cuia HepHeHAMKYJAPHA K OCH HeHArPYeHHOr0 CTEpKHHA, & APY-
rolt ero KOHEN KECTHO BaKpemJéH.
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