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Abstract

We compute the expected normalized trace norm (matrix/graph energy)
of random symmetric band circulant matrices and graphs in the limit of
large sizes, and obtain explicit bounds on the rate of convergence to the
limit, and on the probabilities of large deviations. We also show that random
symmetric band Toeplitz matrices have the same limit norm assuming that
their band widths remain small relative to their sizes. We compare the limit
norms across a range of related random matrix and graph ensembles.
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1. INTRODUCTION

The energy of a graph was originally introduced by Gutman, and was motivated
by applications to organic chemistry, see [25, 1.1] and references therein. It is a
spectral invariant of a graph equal to the trace norm of its adjacency matrix, i.e.,
to the sum of its singular values. Gutman’s original conjecture that complete
graphs have the greatest energy among all graphs with the same number of ver-
tices n was disproved dramatically by Nikiforov [30], see also [12], who showed
that for large n the energy of almost all graphs is greater. Nikiforov’s result
was based on identifying the ensemble of random graphs on n vertices, or rather
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their adjacency matrices, with a particular instance of the Wigner ensemble [3].
The normalized asymptotic graph energy was then computed using its limit spec-
tral distribution, the semicircle law. After Nikiforov’s paper the term ”matrix
energy” is sometimes used to call the trace norm of a matrix, even if it is not
an adjacency matrix of a graph. For Hermitian matrices, up to normalization,
the matrix energy is none other than the first absolute moment of the matrix’s
spectral distribution.

The limit spectral distributions are known for a number of other random
matrix ensembles, some of them corresponding to interesting ensembles of ran-
dom graphs, particularly ensembles of band symmetric [29], symmetric circulant
[5], symmetric Toeplitz [21], and symmetric band Toeplitz matrices [22]. The
limit spectral distribution for the ensembles of regular random graphs are also
known [27, 41]. In many cases they are found by the Wigner’s original method
of moments [3, 12], implying that the distributions converge to the limit with
all their absolute moments. Therefore, once the limit distribution is known the
asymptotic energy can be found by elementary integration analogous to Niki-
forov’s. However, symmetric circulants and band Toeplitz random matrices have
so few independent entries that the method of moments does not work for them.
But the eigenvalues of circulants can be expressed explicitly as weighted sums of
their entries, so the Central Limit Theorem (CLT) can be used instead. For sym-
metric circulants convergence in distribution to a Gaussian limit was established
in [5], see also [26] for the non-Hermitian case. For symmetric Toeplitz matrices
without the band structure the method of moments does work, the limit spectral
distribution is non-Gaussian with sub-Gaussian even moments [21].

For symmetric band Toeplitz matrices and symmetric band circulants conver-
gence in distribution to the same Gaussian limit is proved in [22], assuming their
band widths remain small relative to their sizes. The proof relies on modifying
band Toeplitz matrices into band circulants in an asymptotically negligible way
using a classical trick [17, 4.3], and then applying CLT. However, an extra limit
has to be taken after CLT, and convergence of moments (even of variances) does
not follow, let alone any estimates on its rate. Moreover, it is assumed in [5], [22]
that the random entries are centered, whereas for graph adjacency matrices they
are Bernoullian with positive means. Surprisingly, it is dealing with the non-zero
means that turns out to be the hardest because of the singular limit behavior of
the Dirichlet kernel, see Section 5.

In this paper we will establish convergence of the trace norms (matrix en-
ergies) to the first absolute moments of the limit spectral distribution for band
symmetric circulant (and Toeplitz) random matrices and graphs. Moreover, we
will produce explicit estimates on the rate of convergence and on the probabilities
of large deviations. We chose to focus the exposition on circulants rather than
Toeplitz matrices not only because the estimates are cleaner, but also because
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circulant graphs are easier to visualize, and their energies were a subject of much
research lately [4, 13, 24, 37].

A graph is called a circulant if its vertices can be identified with vertices of
a regular polygon, and its edges, with some of its sides and diagonals, in such
a way that geometric symmetries of the polygon induce graph isomorphisms.
In particular, all vertices look the same as far as connections to other vertices
are concerned. The band condition means that the edges can only join vertices
located at a bounded distance from each other along the perimeter of the polygon.
Toeplitz graphs are trickier to describe, see [8], roughly they are obtained from
circulants by removing a few vertices and all adjacent edges so that the polygon
opens up. Most of the recent studies of the graph energy of circulants use number
theoretic methods, our work complements them with analytic and probabilistic
approaches. In particular, we rely on analytic properties of the Dirichlet kernel,
the Berry-Esseen estimates and a Talagrand concentration inequality.

The paper is organized as follows. In Section 2 we introduce the notation
and terminology and give precise formulations of our main results for matrix
ensembles, Theorems 1-3. In Section 3 the matrix results are applied to circulant
graphs, and we compare their expected asymptotic energy to the energies of other
graph ensembles, general, band, band Toeplitz, regular, and to the average energy
of circulants with a fixed degree. In Section 4 we outline the main steps in the
proofs of Theorems 1 and 2 with technical details worked out in Sections 5-
7, Theorem 3 is proved in Section 8. In Section 9 we discuss rate estimates,
convergence of higher moments and a generalization to block-circulant matrices
and graphs.

2. PRELIMINARIES AND MAIN RESULTS

In this section we introduce the necessary notation and terminology from linear
algebra, probability theory and graph theory that are used in the paper. We also
give precise statements of our main results, Theorems 1-3.

Definition 1. An n x n matrix A = (a;;) is called a circulant if each of its rows
is the right cyclic shift of the row above, i.e., aij = a(j_j) mod n for some tuple of
ap, € C, k=0,...,n— 1. We denote

ag al a ... Qp—1

an—1 a ay ... Qp—29

Circ(ag,...,an-1) := (a(j,i) mod n) =|%%-2 Gn-1 a0 ... 0On-3
al ag as ... aq

A circulant A is band with band width b if a =0 for b< k <n —b.
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Let A := Circ(ag, ..., an— 1) it is Well known [17, 3.1], [23, 8.6] that the eigenval-
ues of A are )\T(A) i 0 apw®”, where w is any primitive n-th root of unity,

27

e.g. w=-¢en . Ais Hermitian if and only if a,_ = @ for k:=1,...,n — 1 and
ap € R (for even n also an € R). For Hermitian A we can write the eigenvalues
in explicitly real form

2
ap + ( an + 2 Z Re akeinkT), n even
(1> )\T(A) =
ao—l—QZRe akegzl ), n odd.

From now on we assume that A is a real symmetric circulant, i.e., the tuple a; is
palindromic and all a; € R, and for simplicity we also assume ag = 0, and an = 0
for even n. Then (1) simplifies to

125+ ]
(2) Ar(A) =2 ; aj, Cos <27rk: %)

for all n € N, where |z] returns the largest integer smaller than or equal to z.
Under our assumptions for real symmetric band circulants with band width b to
exist one must have b < 5, and for such circulants b can replace L"Tflj in the
upper summation limit of (2).

In the next definition we follow the terminology of [30], which is common
in the literature on graph energy, but what is defined is better known in linear

algebra and functional analysis as the trace norm of a matrix [15, IIL.7].

Definition 2. The matriz energy of an n x n matrix A is £(A) := tr(|A]) =
Yor_1 sr(A), where s,(A) are the singular values of A, i.e., the positive square

roots of the eigenvalues of A*A, and |A| := (A*A)%.

When A is Hermitian, in particular real symmetric as in our case, s,(A) = |A.(A4)]
(15, I1.2], so E(A) = >, [Ar(A)], where \,.(A) are the eigenvalues of A. For
real symmetric band circulants A = Circ(ag, ..., a,-1) with b < § and ag = 0
one obtains from (2)

(3) E(A)=2)"

r=1

i aj, cos (27rl<: %) .

k=1

We will be interested in the asymptotic behavior of the matrix energy when ay
are random variables and n,b — oo. Our assumptions that ag = 0 and an = 0
will not affect the results since their contributions are asymptotically negligible.
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Definition 3. Denote by A,, ; the ensemble of n xn random real symmetric band
circulants with band width b < § and ag = 0 given by Circ(0, &1, ...,&,0,...,0,
&y - - -, &1), where & are independent identically distributed real random variables
with expected value a := E¢, and finite variance o2 := E|¢;, — a|>. By abuse of
notation A, ; will also denote a random element of the ensemble.

From (3) the normalized matrix energy of a random circulant is

zb: aj cos <27rk %)

k=1

Denoting Sy(t) := 2221 ay, cos (2rkt) we see that the right hand side of (4) is

twice a Riemann sum of |Sy(¢)| on [0, 1]. Since |Sy(t)| is obviously continuous its

Riemann sums converge to the Riemann integral 2 £(A,, ;) — 2 fol |Sp(t)] dt.
n—oo

1
—

@ () =2

r=1

The idea of treating normalized spectral functions of T6plitz matrices and circu-
lants as Riemann sums, and computing their limit values as Riemann integrals,
is classical and goes back to Szegé [18, 4.3]. In its turn, Sy(t) for each ¢ € [0, 1]
is a sum of independent real random variables with finite variances, albeit not
identically distributed. One expects from the Centeral Limit Theorem (CLT) [38,
I11.4.1] that % Sp(t) is asymptotically Gaussian when b — co.

Thus, it is reasonable to conjecture that the expected values n%/BIES (Apyp)

have a limit when n,b — 0o, and that the sample values n%/g E(A, ) concentrate
around the limit values with high probability for large n,b. The main purpose
of this paper is to establish these facts with explicit estimates on the rates of
convergence and on the probabilities of large deviations. Two technical issues
are immediately apparent. First, we do not assume that the random variables
are centered, so the means will have to be controlled separately. Second, our
heuristic argument above applied to the repeated limit n — oo and then b — oo,
not to the double limit n,b — oco. To prove that the double limit exists one
needs a uniform in n bound on the difference between the Riemann sums and
the integrals as b — oo. It is not obvious that ﬁ Sp(t) admit such a bound, and
therefore that the double limit exists at all.

The limit spectral distributions for ensembles of large random circulant and
related matrices were considered by several authors recently [5, 6, 21, 26|, and the
limit spectral distribution for real symmetric band circulant matrices is proved to
be Gaussian in [22]. The last work does not use the method of moments, common
for the Wigner and similar matrix ensembles [3, 2.1.1], and only establishes con-
vergence in distribution for centered random variables ;. We on the other hand
are interested in convergence of the first absolute moments (matrix energies) for
off-centered variables, and explicit estimates on its rate and probabilities of large
deviations. The approach of [22] is therefore unsuitable for our purposes. We
now state our main asymptotic result.
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Theorem 1. Let the ensemble A, be specified by independent identically distri-
buted real random variables &, with the mean E&, =: a, the variance E|&, —al? =
02 < oo, and the central third moment E|&;, — a|® =: uz < co. Then

2e]s 50 e (oo ) (o o)
+m2/5 (|a+j%> (1+@2b+1)(1+7y+1Inb)) =0 (1\%))

where C1 < 31.954 and v is the Euler constant.

1
L _EE(A,,) —
T (Anp)

The rate of convergence can be improved to O ( \[> if \2}’ is replaced by a b and

n dependent expression obtained by computing the first absolute moments of the
Gaussian variables off-centered by the means of % 22:1 &, cos (27Tl<: %) We do
not pursue such improvement here.

To estimate the probabilities of large deviations we follow the approach of
[19] based on a concentration inequality of Talagrand [39]. It requires stronger
assumptions on the random variables than finite third moments, but provides
exponential bounds in return. In view of applications to graph theory we will
assume that &, take values in a finite interval. There is also a version of Talagrand
inequalities for variables with distributions satisfying a log-Sobolev inequality
[19]. For variables only assumed to have finite moments polynomial bounds can
be derived as e.g. in [21, 6.1].

Theorem 2. Let the ensemble A, be specified by independent identically dis-
tributed random variables & taking values in the interval [0, R], then

(6) P {

where dp(b) := 4 @.

1 1

s E(Any) — G EE(Anp)

9

2 ) < 1e-sto-o)

From Theorems 1, 2 one can conclude that almost surely

7) Eln) =5 (22 4.

a weaker but simpler statement of our main results.
As in [22] we also consider a closely related class of Toeplitz matrices.

Definition 4. A matrix A = (a;;) is called Toeplitz if each of its main diagonals
contains identical entries, in other words a;; = a;_; for some tuple of a; € C,
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k=—-(n-1),...,n—1. We denote

Téep(a_(n—1),--+>0-1,00,a1,--.,0p-1) := (aj_i)
ag ai a9 R ¢ o |
a_1 aq al e Ap_—2
— a—9 a—q ap ... ap-3
a_(n-1) 0—(n-2) G—(p-3) --- Q40

For Hermitian (real symmetric) matrices a_j = @y, and we shorten the notation
to Téep,(ag, ai,...,an—1). A Toeplitz matrix is band with band width b if a;, = 0
for |k| > b.

One can see from Definitions 1 and 4 that every circulant matrix is Toeplitz, but
the converse is not true. However, if a Toeplitz matrix is band with band width
b < 5 then it can be turned into a circulant by altering entries in its upper right
and lower left corners, see [17, 4.3] and Section 8.

Definition 5. Denote by &n,b the ensemble of n x n random real symmetric band
Toeplitz matrices with band width b < § and ag = 0 given by T6ep,(0,&1, ..., &,
0,...,0), where & are independent identically distributed real random variables
with expected value a := E&;, and finite variance o2 := E|¢;, — al?.

The corner trick change is asymptotically negligible for matrix sizes large relative
to band widths, so the limit spectral distributions are the same as long as % — 0.
The same holds in the Hermitian (real symmetric) case [22]. Moreover, we prove
the following.

Theorem 3. In conditions of Theorem 1

n

1 - (E&}): b
® Eg(An,b)—Eg(An,b)‘ < V2b(b+1) <2(lal +0) .

Analogs of Theorems 1, 2 for &n,b can now be readily stated, we leave formulations
to the reader. The main difference is that in addition to b — oo one also needs
% — 0 for the asymptotics to hold.

3. COMPARISON OF RANDOM GRAPH ENERGIES

In this section we interpret the results of Theorems 1, 2 for random circulant
graphs, and compare them to the graph energies of other random graph ensem-
bles. We start with a precise definition of the circulant graphs [4].
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Definition 6. Let Z,, denote the set of residue classes modulo n, Z} := Z,\{0}
and J C Z; be a subset. A circulant graph generated by J is the graph with
vertices labeled by the elements of Z,, with the i-th and the j-th vertex joined
by an edge if and only if j —i € JU —J (we do not consider directed edges so
J has to be symmetrized). Without loss of generality, one can choose a minimal
J={j1,.--yJm}, where j1 < -+ < ji <M — jfpp < -+- <n—j;. We call these j;
the jump sizes, and denote G(J) = G(j1,...,Jm) the circulant graph generated
by J.

If one thinks of the vertices of a circulant as vertices of a regular polygon with
unit sides the jump sizes are the distances traveled from a vertex to other vertices
joined with it by an edge, when moving counterclockwise along the perimeter.
Since the jump sizes are the same for all vertices the isometries of the polygon
induce graph isomorphisms of the circulant. The band width restriction means
that edges can only join vertices within the distance b of each other along the
perimeter.

Recall that the adjacency matrix of a graph G with the vertices labeled
1,...,nis the n x n matrix Ag with a;; = 1 if the i-th and the j-th vertices are
joined by an edge, and a;; = 0 otherwise [25, 1.1]. Identifying the elements of Z,
with 1,...,n it is easy to see from Definitions 1 and 6 that G is a circulant graph
if and only if A¢g is a symmetric circulant 0,1 matrix with zeros on the diagonal.
Specifically, Ag(j,,..jm) = Circ(ao,-..,a,—1) with a; = 1 provided j = j; or
Jj =n —j; for some [, and a; = 0 otherwise.

Definition 7. Denote by G,, ;(p) the ensemble of random circulant graphs on n
vertices with jump sizes bounded by b < % defined as follows. For each number
from 1 to b one independently chooses it as a jump size with probability p.
Once j; < -+ < jm, are so chosen the corresponding random circulant graph is

G{Jj1y-- 'y Jm)-

The corresponding ensemble of the adjacency matrices AGn,b(p) is easily identified
with the ensemble A, ;, where the random variables &, are Bernoullian with
probability of success p [38, 1.4.1]. We will denote the latter A,, ;(p) to distinguish
from the general case.

Historically, the graph energy defined next was introduced before the matrix
energy for general matrices, see references in [25, 1.1].

Definition 8. The graph energy of a graph G is defined to be the trace norm
(matrix energy) of its adjacency matrix £(G) := E(Aq) = tr(|Ag|).

We consider the graph energy of large random circulant graphs. For A, ;(p) the
mean is a := E&, = p and the variance is 02 := E|&, — a|? = p (1 — p). Therefore,
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formula (7) becomes

© (Cuslr)) = V5 (= vHT—p1+01).

Note that for the ensemble G, (p) of all random graphs on n vertices with each
edge having probability p the value is almost surely [12], [25, 6.1]:

(10) (Gu) =nvi (VT2 +0(1) )

and -~ > 2. However, since the largest permissible value of b is of the order
N 3w

5 and \/%—W < 3% random circulant graphs are on average less energetic than

the general ones. For the p = % case considered earlier by Nikiforov [30] the

asymptotic becomes

(11) £ <Gn <;>> — nvn @T + 0(1)> .

A graph G is called hyperenergetic if £(G) > £(K,,) = 2n — 2, where K, is the
complete graph on n vertices [20], [25, 8.1]. It follows from (9) that for large n,b
almost all circulant graphs are hyperenergetic, just as almost all general graphs
are for large n.

When p = %, i.e., every pair of vertices within distance b of each other is as
likely as not to be joined by an edge, we have

(12) £ <Gmb (;)) = nvb (\/1% + 0(1)) .

This is similar to the average energy &, of circulants defined in [4]. However,
for £,y the average is taken over the set T (n,d) of circulant graphs on n vertices
with exactly d jump sizes, whereas we average over circulants with the values

of jump sizes bounded by b. Still, the comparison is instructive since for p =
% approximately half of ai,...,ap; are likely to be 1-s, in which case half of

Ap—b,...,0n—1 are also 1-s, so d ~ bin G, (%) with high probability. It is shown
in [4, Theorem 5] that

(13) nvd (\}g + 0(1)> < Eu (T(n, d)) < n\/&(l + 0(1)).

Fixing the number of jump sizes allows equally probable edges to join distant

vertices, whereas our ensemble always selects edges form a b-neighborhood of a

vertex. Therefore, formulas (12), (13) and ﬁ < % imply that more uniform

distribution of edges increases the graph energy for large n, d.
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By Theorem 3, for band symmetric Toeplitz matrices formula (7) also holds

if additionally % b—> 0. Let us compare their energy to that of general
n,b—o0
random band symmetric n X n matrices with band width b. Denoting their

ensemble B,, ;, according to [29] when % T 0 the eigenvalue distributions of
n,b—o0

B,, » matrices normalized by % converge with all the moments to the semicircle
law s—5v/402 — 22 I[_90,26] (%), where Ig is the characteristic function of a set S.

2mo?
Therefore,

1 1 20
(Bpp) — / |z|V4o? — 22 dx = 8

£ =
n\/l; n,b—o0 2mo? ) 3T s

and almost surely

(14) E(Bry) = /b <3i o+ 0(1)) .

Thus, large random band symmetric Toeplitz matrices are more energetic on
average than large general band symmetric matrices of the same size and band
width since % > %. When o = /p (1 — p) this applies also to the corresponding
random graphs. Interestingly enough for general symmetric Toeplitz matrices
(without the band condition) the limiting distribution is neither Gaussian, nor
semicircle, but a new one without an analytic expression for density and with
sub-Gaussian even moments [21]. However, for general symmetric circulants the
limit law is still Gaussian [5].

Finally, we look at the energy of d-regular graphs. A graph is d-regular if
each vertex has exactly d edges adjacent to it [25, 1.4.1]. The circulant graphs
are always d-regular with d = 2m, twice the number of jump sizes in the minimal
representation of Definition 6. It is shown in [27] using the method of moments
that the spectral distributions of d-regular graphs converge to the Kesten law for
n — oo assuming that % — 0 for k > 3, where ¢ is the number of cycles of

length k in the graph.
The Kesten law density is %7”4(%:?;‘%2 L_ova=t,2va=T (z). Denoting by

R, 4 the ensemble of equally likely d-regular graphs on n vertices we have, see
also [32]:

1 d (vt JA(d—1) — a2
PR oo [ el YR

n—oo 2T J_g a1

(15)
2d/d— 1 (1 -2 2\/d—1>
= |[1— —— tan " —— | .
s 2¢v/d —1 d—2
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Using the Taylor expansion of tan~!(z) at z = 0 one can see that for large d the
right hand side of (15) is asymptotically equivalent to %\/&, hence

(16) E(Ryq) = nVd (;T + 0(1)> .

The asymptotic is only valid, however, if % — 0 for all integer k& > 3 since the

expected values of ¢, converge to (d;;)k [27]. It should be compared to (12)

because with high probablity d ~ b in G, (%) Since ﬁ < % general d-regular
graphs are more energetic than the corresponding band circulants for relatively
small d. Comparison to (13) is inconclusive since % < 3% < 1. Nikiforov shows

in [32] based on a result of [41] that more generally,

(17) ERyq) = ny/d(1 —d/n) (;; + 0(1)) :

Comparing to (11) we see that the regular graphs with d ~ n are far less energetic
than the general ones. The last estimate holds if both d and n —d tend to infinity
with n.

4. OQOUTLINE OF PROOF

Since the proofs of Theorems 1, 2 involve many technicalities and cumbersome
formulas we outline the main steps in this section. Namely, we sketch the compu-
tation of the normalized expected asymptotic energy of random band symmetric
circulant matrices, and the estimation of its difference with the energies of finite
matrices and of probabilities of large deviations.

From (4) we have

1 2
(18) T\/BES(An’b) R > E

r=1

)

b
r
kzl & cos (27Tk: E)

where &, are independent identically distributed random variables with mean a
and variance 2. We start by centering &k and splitting off the mean part of the
sum under the absolute value sign. Set & := &, — a, then the following estimate
follows directly from (18)

i gk cos (27Tk7 %) ‘ ‘
(19) k=1
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To estimate the right hand side of (19) we notice that y ", ‘22:1 Ccos (27rk %)

is a Riemann sum of a well-known function.

1
n

Definition 9. The Dirichlet kernel is the following function [16, 12.2]

, sin (b—I—%)
—— t#0
(20) Ze —l—i—QZcos (kt) sin(%)
=t 2+ 1, t=0.

By inspection, the corresponding Riemann integral is fol |Dy(27t) — 1] dt, and it
can be estimated via the so-called Lebesgue constants Ly, := % [ |Dy(t)| dt [14,
4.2]. It remains to bound the difference between the sum and the integral. A
curious quirk is that we are using the integral to estimate the sums rather than
the other way around, as is common in numerical analysis. The usual estimate
in terms of Lipschitz constants is too rough for our purposes since the Lipschitz
constant of the Dirichlet kernel grows as b?. However, the estimate in terms of the
total variation [11, 5.5] ‘Z:le f(%) % — fol f@)dt| < %Var[o,l](f) works better
because, as we prove in Section 5, the total variation of the Dirichlet kernel only
grows as blnb. We were unable to find a suitable bound on the kernel’s total
variation in the existing literature despite the classical nature of the subject.
Combining the estimates we get the following.

Lemma 4. With the notation above

Zﬁk cos 27Tk: H

< 2 |al <2+221nb+1+(2b+1)(1+’y+1nb )_O(lnb>’
Vb ™ n Vb

1
(21)

where 7 s the Euler constant.

Next we have to deal with the expected value of the centered sum
E 2221 £, cos (27?/@ %) ‘ It is convenient to denote Sy (t) := 2221 £}, cos (27?/{ t),
which is a weighted sum of independent identically distributed random variables
with mean 0 and finite variance o2. According to the central limit theorem
(CLT) the normalized sums %gb(t) converge in distribution to a Gaussian ran-
dom variable as long as their variances have a limit and the Lindeberg condition
is satisfied [38, 111.4.1]. Verifying the conditions of CLT is the approach taken in
[22]. Since we are interested in convergence of the first absolute moments with
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explicit rate estimates we use instead the method of [10] of deriving moment es-
timates from the non-uniform Berry-Esseen bounds. An alternative approach to
moment estimates was developed earlier in [2], but the resulting inequalities are
less precise.

Let X}, be a sequence of independent(not necessarily identically distributed)
random variables with finite variances and set Sy, := Zz 1 Xiy By := Zz 1 ]E|X k2.
Also denote N, , a Gaussian random variable with mean a and variance o2. The
estimate we use is

27C1 Yoy B X[
3V3 S0 E|IX2

(22) E[Sy| — EINy va;l| <
where (7 is the best constant from the non-uniform Berry-Esseen inequality. The
best current estimate is C1 < 31.954 [33], but it is expected that the actual value
of C1 is smaller by an order of magnltude [34]. In our case X} = { cos(2mkt),
so that 8, = Sy(t) and Bb =0 Zk L cos?(2mkt) . Denoting s := E|&| one can

S o 1E\Xk|
S 1E\Xk!2 T o’

see that . Therefore we obtain the following.

Lemma 5. Assume that & and hence Ek have finite third moments. Then in the
notation above for any t € [0, 1]:

< 4rCy p3

(23) <A

(27rk: t

-E,

,O’\/Zk 1 cos?(2mk t)
where C7 < 31.954.

By direct calculation E|Np -| = TE[Ny1| = \/g’l'. Taking

T = U\/ZZ:1 cos? (2rkt) we see from (1) and (23) that %X/EIES(AM,) has the

same limit when n,b — oo as

b V2o & b r
(24) \[Z\/7 ;0052 27Tk: ): 2\/2% 2 %ZCOS2(27[‘]€E) %

It remains to find this limit and estimate the rate of convergence to it. The right
hand side of (24) is again a Riemann sum and in the integrand

b 1 1< 1
§ @rkt) = -+ 5 > cos? (2nkt) —— 5
A mkt) + 5 k_lcos (2mkt) bt
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where the convergence is for all ¢ € [0, 1] except t=0,31 5> 1. Therefore the limit,

if it exists, must be equal to 2‘\/[2; fo ﬁ = 2—\/‘% To prove existence of the

limit and to bound the difference the Dirichlet kernel estimates can be used as in
Lemma 4 since

b

1 1
kz (2mkt) = oo+ 5 gcos (4mkt) = o + (Db(47rt)—1)

where Dy is the Dirichlet kernel (20).
Lemma 6. With the notation above

20

NG

4o 1 14 (26+1)(1 4+~ + Inb) Inb
<— (1451 =0(—
—bﬁ< T b n o Vo)’

n\[z ‘ Zk 1 cos?(2mk t)

where 7y is the Euler constant.

Theorem 1 follows by inspection from Lemmas 4-6.

The proof of Theorem 2 is based on an inequality of Talagrand. Let F :
[0, R]® — R be a convex Lipschitz function with the Lipschitz constant Lr and
median Mp. Then for any product measure P induced by a probability measure
on [0, R] one has [39, Theorem 6.6]:

52

(26) P{|F(z) — Mp| > 8} <de *THF.

Denoting A,, y(z) := Circ(0,21,...,24,0,...,0,2p,...,21) we apply this inequal-
ity to
(27)

1 1
Fa) = —2 £ (4up(@) = —2 (| 4,4(a)) = — >

r=1

Z T} COS (27rk: )

k=1

where the last expression follows from (3). It is clear from (27) that F is convex

and Lipschitz. One can show that Lp < \/% based on [19, Lemma 1.2b], and

that |[EF — Mp| <4 2”R leading to the estimate in Theorem 2.
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5. DIRICHLET KERNEL

In this section we study some properties of the Dirichlet kernel Dy(t) (20), and
prove Lemmas 4 and 6 that depend on them. Recall from Section 4 that the kernel
appears in two different contexts in our proofs, first when bounding the differences
in the means, and later in the variances. The Riemann sums of |Dy(7mmt) — 1|
appear in those cases with m = 2 and m = 4 respectively. Our strategy for
dealing with the Riemann sums is to bound the integral, and then to estimate
the difference between the sum and the integral using the total variation.

Let Var(, (f) denote the total variation of f on [a,b]. First we reduce the
estimates for |Dy(mmt) — 1| to those for the Dirichlet kernel itself.

Lemma 7. For any m € Z\{0} :
1 ™
(i) / |Dy(rmt) — 1| dt = 1+ 1/ 1Dy ()] dt;
0 T Jo
(ii) Var [0,1] ("Db(ﬂ'mt) - 1’) = |m\Var [0,7] (Db)

Proof. Since Dy(t) is even Dy(t) = Dy(—t), and we may assume m > 0 without
loss of generality. For the same reason integrals with Dy(t) over [—m, 0] and [0, 7]
are equal and, since it is also 27 periodic, integrals with it over any interval
[k, 7(k 4+ 1)] with k € Z are equal. Therefore,

1 1
/ Dy (rmt) — 1| dt < 1+/ Dy (rmt)| dt
0 0

1 m 1 T
:1+/ |Db(t)|dt:1+/ IDy(1)] dt.
™n Jo ™ Jo

For (ii) note that taking the absolute value and subtracting a constant does not
change the total variation, while Var g (Db(ﬁmt)) = Var g rp] (Db). As with
the integrals above the total variations over all intervals [7k,7(k + 1)] are the
same, so the last expression is equal to mVar g (Db). [ |

The numbers £ := 1 Jo IDy(t)| dt are known as the Lebesgue constants and
satisfy £p <3+ % Inb [14, 4.2]. The difference between Riemann sums and in-
tegrals satisfies ‘Zle f()L- fol f(t) dt‘ < %Var[()’l](f) [11, 5.5], and to com-
plete the estimate we need to bound the total variation of the Dirichlet kernel.

Although the Dirichlet kernel is a classical function we were unable to find suit-
able estimates of its total variation in the literature.

Lemma 8. Let v denote the FEuler constant and b € N, then

Var g 1(Dy) < 14 (2b+ 1)(1 + 7+ Inb).
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Proof. 1t is convenient to set m := 2b + 1 and work with D,,(t) := D(2t) since
Dy (t) = sin(mt) o ¢ # 0, while Varg »)(Dy) = Var g z(Dp,). Consider Dp(t)

sint
on [—7, 7] first, which is its period since m is odd. Its zeros on this interval are

the zeros of the numerator except for ¢ = 0, where D,,(0) = m, namely t = ik

m?
k= 4+1,. imfl. Between any two consecutive zeros there must be at least
one local extremum for the total of at least 2(™5+ — 1) +1 =m — 2. But Dy, (¢)

is a polynomial of degree m — 1 in sint, that can have no more than m — 2 local
extrema on the entire real axis. Since the derivative of sint on (-7, §) is strictly
positive D,,(t) has no more than m—2 local extrema in the interior, and therefore
exactly m — 2 interior extrema. Since Dy, (t) is even ¢ = 0 must be one of them,
and since it is 7 periodic the endpoints t = =5 are also local extrema.

Restricting to [0, 5] we see that there are extrema at ¢ = 0, § and exactly

2
one on each interval [”k 7r(kH)] for k = 1,...,™3. On the boundary intervals

[0, =] and [ﬂ(glm O} 5] the variations are Dy, (0) = m and Dy, (%) = 1 respec-
tively (from the extremum to 0), and on the remaining internal intervals they are
2max{ | Dy, (t)] ‘t € [k M]} (from 0 to the extremum and back). Since for

te [L’“ ”(k“)}: o

m
= 55 we conclude

sin(mt)‘ c 1l 1 1

m’ m sint sint sin Tk — 27k
(28)
m—1
< wk w(k+1) ™
Var g 21(Dy) = Dy (0) + 2 D, ‘t Ty Dm<>
ar(0,51(Do) = Din(0) + kzlmax{\ ol e |04 p, (3
m—1
3
1
<mam ) 1= (2b+1) 1+Z +1<(20+1)(1+v+Inb)+1
k=1

In the last inequality we used a standard estimate for the partial sums of the
harmonic series. [ |

We are now ready to prove Lemmas 4 and 6.

Proof of Lemma 4. Starting with (19) by definition of Dy(¢) and Lemmas 7,
8 we have:

25 jcos(m;)‘ NICEORIE

r=1 [k=1

1
1
< / |Dy(27t) — 1| dt + — Var(gy (|Dy(2mt) — 1])
0

2 1 2
< 1+Eb+ﬁVar[0’ﬂ (Dy) §4(l—|—7r21nb> +H<(2b+1)(1 +’y+lnb)+1),
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where we used the estimate £, <3+ — ln b [14, 4.2] for the Lebesgue constants
Ly. Since b < 5 the last expression is O (ln b), and it remains to divide both sides

by V/b. [ |

Proof of Lemma 6. We have:

— 20

—= > EW, _ 29

2 Sul, o]

2 i 2 T 20

_ | e z 2 y_ 29

=|-7 2 7r0 ;cos <27rk: n> N
n b )fzb: cos” (2mk —1‘

<72G gZCOSZ(QTFk‘E)—l _ 29 i (

TSI\ iS " VT 1+\/gzz,1cos2 (2mk L)

nbfz

zmwkﬂ

As in the proof of Lemma 4 the last expression is bounded by

b\f<1+£b+ Var | 1 (Db)>

4o

1 1
< — I —

which is O (lnbb> since b < 3. ]

6. BERRY-ESSEEN BOUND

In this section we derive an estimate for the difference between the first absolute
moments of sums of independent non-identically distributed random variables
and their Gaussian limits required to prove Lemma 5. Our starting point is a
non-uniform version of the Berry-Esseen inequality, which lends itself nicely to
estimating moments.

Let Xj be a sequence of independent not necessarily identically distributed
centered random variables with finite variances and finite third absolute moments.
Denote Sy, := ZZZI X, By := 2221 E|Xg|%. Let ®,, be the distribution function
of a Gaussian random variable N, , with mean a and variance o2. A non-uniform
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Berry-Esseen inequality is [33]:

<C Ek 1E‘Xk‘3 1 7
32 14 |z3

‘P{\/%bsb < x} — B ()

or after rescaling

’ Zk 1E‘Xk|3 1
3’

(29) ‘]P’{Sb <a} - m(x)| <C
B 14|

VB

where C < 31.935 is an absolute constant [33]. The idea of estimating moments
via non-uniform Berry-Esseen inequalities goes back at least to [10].

Lemma 9. With the notation above:

47 Cq Zk 1 E]Xk|
3v3 By

Proof. Let F(x) be an integrable function of bounded variation on R satisfying
|z|F(z) — 0. Integrating by parts in Lebesgue-Stiltjes integrals [38, I1.6],

|z| =00
olF@)|”_ = [ P@)dal| < [ [F@)del| = [ 1F@]de

(/RmdF(x) -

Applying this to F(z) = P{S, <z} — @ /5 () we have

(/|xde /yF )| d

Zk 1E’Xk| / dx <C Zk 1E’Xk|3\ﬁ

Bz 3= Bz R1+‘|

(30) E[S| — B[Ny, vB;l| <

’E|Sb\ -

Finally, by an elementary computation [ 1ﬁ|7§:|3 = 34%.

Our Berry-Esseen bound (23) is a direct application of the preceeding Lemma.

Proof of Lemma 5. We take X; = Ek cos(2mk ), where Ek are centered in-

dependent identically distributed random variables with E|&2 = o2 and

E|gk|3 = us, so that Sy := 2221 & cos(2mkL), By = o? 22:1 | cos(2mkZ)[?* and
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Zzzl E|X:]? = us 22:1 | cos(2mkL)|*. By Lemma 9,

b ~
kZ:l & cos (27?16 t)

_ A Cy 13 22:1 |cos(27rk%)|3
3V3 230 |cos(2mkL)|?

T b Y2

4nCy s 1r£l?%<b|cos(27rkn)\ > h— | cos(2mk )| 3 47Cy s

- 3V3 o? S |cos(2mk D)2 T 3V3 0%

4rCy Yo EIXG [

E <
3v3 Yo EIX2

ey
0

, 0\/2Z:1 cos?(2mk t)

(31)

7. LARGE DEVIATIONS

Assuming that random variables in our ensembles have finite moments one can
only derive polynomial bounds on the probabilities of large deviations. In view of
our applications to graph theory, where the variables are Bernoullian, we prefer to
assume that their distributions are compactly supported and derive exponential
bounds instead. We essentially follow the approach of [19], who in their turn rely
on a concentration inequality of Talagrand for product measures.

Assume that & take values in a finite interval [0, R] of length R. Consider
a convex Lipschitz function F : [0, R]® — R with the Lipschitz constant Ly and

median Mp = sup {t >0 ’ P{F(z) <t} < %} Then for any probability measure
supported on [0, R] one has

N

(32) P{|F(z) — Mp| > 6} < de *“*rF,

where P is the induced product measure on [0, R]®, see [39, Theorem 6.6]. There is
also a version of Talagrand inequalities for variables with distributions satisfying
a log-Sobolev inequality [19]. For variables with finite moments only polynomial
bounds can be derived for probabilities of large deviations, see e.g. in [21, 6.1].

To use (32) in our case we need a good estimate for the Lipschitz constant of
(33)

n b
1 1 2 r
Flx)=——=E(Ap(x)) = ——=tr(|App(z)]) = —= xpcos ( 2k — )|,
(@)= 5 € (Auale)) = nlAual@)l) = JTp 3213 mcos (20 )
where A, () := Circ(0, z1,...,24,0,...,0,2p,...,21). To this end, one may be

tempted to apply the Cauchy-Schwarz to the last expression, but the resulting
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bound is not very good. Instead consider functions of the form trf(A), where f is
a differentiable real valued function on R with the uniformly bounded derivative,
and A = (a;;) is a symmetric n x n real matrix. Treating trf(A) as a function of

w variables a;; for i < j, the proof of Lemma 1.2b in [19] implies that

(34) >

where || f/||oc := sup,cr |f/(x)|. Note that || f'||cc < oo implies that f is Lipschitz
with the Lipschitz constant Ly = || f'|l. By (34) the gradient of trf is also

. n(n+1) . . . .
uniformly bounded on R 5 , and therefore trf is also Lipschitz with L <

V2n||f'l|s. Hence for any symmetric real matrices A and B:

N

(35) trf(A) —trf(B)| < V20 |f'llo | D laij — byl

1<i<j<n

We can not apply (35) to f(z) = |z| directly because it is not differentiable, but
a limit argument succeeds.

Lemma 10. Let A = (ai;) and B = (b;j) be any symmetric real matrices, then

(36) tr[Al —tr|B| < V2n [ D Jag — byl

1<i<j<n

Proof. Although Lipschitz functions can not always be approximated by differ-
entiable functions in the Lipschitz norm, f(z) = |z| can be uniformly approxi-
mated on R by C'*° functions with Lipschitz constants less than or equal to 1. For
instance, by fn(z) = 2v/1+ n2z2. Since ||f)||c = Ly, < 1 and the convergence
is unifrom we can pass to limit in (35) to get (36). |

Lemma 11. For F(x)= n%/B & (Amb(x)) the Lipschitz constant satisfies Ly < \/%.

Proof. Note that if A, B are symmetric with zeros on the main diagonal then

1 n
> lai— byl = 3 > lag — bl

1<i<j<n ij=1
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Applying Lemma 10:

2

1 n
A (@) = trl Ao (@)]| < V20 [ 5 D7 oy — byl

ij=1
1 1
n b 2 b 2
SLE] 09 SIS RERETVEL D Sl RERYE R
i=1 k=1 k=1
It remains to divide both sides by nvVb. [

Lemma 11 based on inequality (36) provides a much better bound on the
Lipschitz constant of the normalized energy function than the direct Cauchy-
Schwarz estimate, which only gives Lr < v/2. We are now ready to prove the
main result.

Proof of Theorem 2. Applying the Talagrand inequality (32) to F(z) =
%ﬁAn7b(x) we have

52

(37) P{IF() - Mp| = o} <de “(VE) —gemehe

Furthermore,

o0
[EF - M| EIF - My| = [ P(F() - Mr| 2 5}ds
0

00 2
54/ T d6:4\/2ﬂf = 5o(b).
0

Since 0 < |F(x) — EF| < |F(x) — Mp| + 60(b) implies |F(x) — Mp| > 6 — do(b)
the desired estimate follows directly from (37). ]

8. TOEPLITZ MATRICES

In this section we prove Theorem 3, which estimates the difference between nor-
malized expected energies of symmetric band Toeplitz and circulant matrices.
The estimate is based on the corner trick that turns a band Toeplitz matrix
into a band circulant by altering it in the upper right and the lower left corners
[17, 4.3].

Let A := Toéep,(ag,ai,...,ap,0...,0) beareal symmetric nxn band Toeplitz
matrix of band width b < §. Then A := Circ(ag, a1, ...,a,0,...,0,a,...,a1)
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is a circulant of the same band width. One can see that the difference has the
block structure

B 0 [0|A
(38) A—A= 0|00 |,
A*{0|O0
where
ap ap—1 ... a2 al
0 a, ... a3z ag

(39) A :=To6ep(0,...,0,ap,...,a1) =
0 0 ... Qp Gp—1
0 0 ... 0 q

When n is large and b < n the diffrence is relatively small and the normalized
spectrum of A is well approximated by the normalized spectrum of A. We will
estimate the trace norm of the difference.

D=

Lemma 12. In the notation above tr|A — A < 2/b (Zzzl k ai)

Proof. By definition of the trace norm and (38),

(40) tr]A—;ﬂ = tr((A _ IZ)*(A—AV));

1

AA*|O| O 2 ) ) )
= tr 0 |[0] O =tr(AA™)2 +tr(A*A)2 = 2tr(A*A)2
0 |0[A*A

since the eigenvalues of (AA*)% and (A*A)% are the same, namely the singular
values si of A. By the Cauchy-Schwarz,

(41) tr(A*A)Z = i sy < (Eb: si) : (Eb: 12)é = (trA*A)2 Vb
k=1

k=1 k=1

By inspection, the diagonal entries of A*A are ag, a% + ag_l, ..., 80 trA*A =

b
Yk kag. u

Proof of Theorem 3. The corner trick gives a one-to-one probability preserv-
ing correspondence between ensembles 1&”75 and A, ;. Recall that we use the
same notation to denote random elements of the corresponding ensembles. For
the duration of this proof however we assume that A, ; is chosen randomly but
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A, is obtained from it by the corner trick. In particular, An,b and A, ; are
defined on the same probability space. With this in mind,

1b ‘Eg(&n,b) —EE(Anp) ‘

~ 1 ~
S—E‘EAn —&(A, ‘:—}E‘trAn —tr|A,,
(42) (Anp) = E(Anp) T [App| — tr[Anl
2 1< 3
< _Et ’An Ayl < ZE(S ke2)?,
_n\f r b — ,b =7 (}; fk)

where £, are the independent random variables from the definitions of I&n,b and
App, and the last inequality follows from Lemma 12. Since for positive z the

function 22 is concave down for any positive random variable £ we have by the
1

Jensen inequality [38, I1.6.5] that E& 3 < (Eg)Q. By the Minkowski inequality

also E&Z < (|a| 4+ 0)?, where a, 0 are the mean and the variance of & respectively.

Therefore,

=
-

b b 1 1
E(> ke) < (Zkl@&%) leg (E€)? (Zk)
k=1 k=1

b(b+ 1)

- (Egz)% 5 < (la| 4+ o)b.

Combined with (42) this completes the proof. [ ]

9. CONCLUSIONS AND GENERALIZATIONS

We computed the normalized asymptotic trace norm of random symmetric band
circulant matrices and graphs, and estimated the rate of convergence to it (The-
orem 1), and the probabilities of large deviations (Theorem 2). We also showed
that symmetric band Toeplitz matrices and graphs asymptotically have the same
normalized trace norms provided their band widths remain small relative to their
sizes (Theorem 3). The estimate on the convergence rate is probably optimal in
the order of growth although the constants can be improved. One can not ex-
pect better than O (%) from CLT, and the Bernoullian variables are known to
be the worst case [38, III.11.1]. The additional Inb factor accounts for non-zero
means and is due to d-function like behavior of the Dirichlet kernel for large b, it

is unlikely to be improvable either. The Talagrand inequality we used produces
the optimal order of growth for other matrix ensembles [19], so the estimate in
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Theorem 2 might be optimal as well. Proving optimality, however, is a different
matter that will require new ideas.

The convergence of higher moments is a subtle question. The higher order
non-uniform Berry-Esseen inequalities [10] can be used to estimate the higher
moments as in Lemma 9, but the lucky cancelation in the last line of (31) does
not occur in general. One then needs a good lower bound for 2221 cos?(2mkt)
with large b, which can be obtained from a lower bound on the minimal value of
the Dirichlet kernel. However, there is a bigger issue with the analogs of Lemmas
4 and 6. The higher order Lebesgue constants /Jl()p) = (L [T IDu(t)|P dt)% grow as

(p)

-1
b7 for p>1[1], so % does not converge to 0 for p > 2. Therefore, at least the

Riemann sum/integral approach that we used will not work, and we have doubts
that the spectral moments of order p > 2 converge at all.

Graphs of organic molecules, which served as the original motivation for
introducing graph energy, are neither band circulant nor band Toeplitz, but ben-
zenoid chains with extremal values of energy do have band block-Toeplitz struc-
ture [35, 36]. This means that their adjacency matrices look like band Toeplitz
matrices with entries replaced by square matrix blocks of fixed size. By the
same corner trick from Section 8 band block-Toeplitz matrices can be modified
into band block-circulants, and the eigenvalues of the latter can be explicitly ex-
pressed via the eigenvalues of the blocks [40]. It would be interesting to prove
block analogs of Theorems 1-3 using matrix-valued versions of CLT and of the
Talagrand inequality. Deterministic spectral limits for symmetric block-Toeplitz
matrices are studied e.g. in [28]. It would also be interesting to extend the results
of this paper to the Ky Fan norms [31], the incidence energy of graphs [9], and
skew energy of directed graphs [7].
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