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1. INTRODUCTION

Dynamical systems concerning practical applications, like these from optimal con-
trol, mathematical finance etc., are complex and usually not determined uniquely
by the state of the system. That is why, differential equations (or stochastic differ-
ential equations) which usually try to describe these systems, need to be replaced
by more general objects.

One of them are deterministic or stochastic differential inclusions, which were
the subject of several studies (see e.g.: N.U. Ahmed [2, 3, 4], J.P. Aubin, A.
Cellina [5], J.P. Aubin, H. Frankowska [6], J.P. Aubin, G. Da Prato [7], G. Da
Prato, H. Frankowska [10], A. Fryszkowski [13], F. Hiai, H. Umegaki [15], M.
Kisielewicz [16, 17, 18, 19], M. Kisielewicz, M. Michta, J. Motyl [20, 21], M.
Michta, J. Motyl [23, 24], J. Motyl [25, 26, 27|, D. Repovs, P.V. Semenov [31]).
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The authors consider in their books and papers how to describe above mentioned
problems in set-valued way. The objects of the study become set-valued processes,
set-valued integrals and the problem of existence of solutions of differential inclu-
sions. The deterministic case was the aim of investigations in [4, 5, 6, 13, 15, 19,
31], while the stochastic case in [2, 3, 10, 14, 16, 17, 18, 20, 21, 23, 24, 25, 26, 27]
and [28, 29, 34]. Most of them consider It6-type stochastic integral or inclusion.
Only in [14, 23, 24] and [29] the authors analyze Stratonovich-type set-valued
stochastic integral and inclusion.

This work contains two main results: properties of backward stochastic inte-
gral and some properties of the solution set of the Stratonovich-type stochastic
inclusion driven by a semimartingale.

First, we show the connection between backward stochastic integral defined
by F. Russo and P. Vallois in [32] and well known It6 stochastic integral.

Then we present some properties of the solution set of the Stratonovich-type
stochastic inclusion driven by a semimartingale. We show non-emptiness and
closedness of above mentioned set.

To obtain the second mentioned result we use a semimartingale measure
based on the Doléans-Dade measure, see [22, 28]. Its property (SMP-property)
was used in [34] to investigate the Ito-type stochastic inclusion.

In Section 2 we introduce basic definitions and notations used in the pa-
per. Section 3 contains the definition of a semimartingale measure, its properties
and application to set-valued analysis. In Section 4 we define Stratonovich-type
single- and set-valued stochastic integrals and present some properties of de-
fined integrals. Section 5 contains the existence and closedness theorems for
Stratonovich-type stochastic inclusion.

2. PRELIMINARIES

Throughout the paper let (2, F,F, P) be a complete filtered probability space,
where F = (F;)o<t<1 denotes a filtration satisfying the usual hypothesis, i.e. it
contains all P-null sets and it is right continuous.

By a stochastic process z on (€2, F, P) we mean a collection @ = (z¢);¢c(0,1)
of n-dimensional random variables x; : & — IR", t € [0,1]. The process z is F-
adapted if x; is Fy-measurable for each ¢ € [0,1]. A stochastic process x is cadlag
(caglad) if it has right continuous sample paths with left limits (left continuous
sample paths with right limits). A stochastic process z is called RV-cadlag (RV-
caglad) if it is cadlag (caglad) and continuous at t = 0 and t = 1 (see e.g. [12]). A
stochastic F-adapted process x is an F'V-process if it has paths of finite variation
on compacts.
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Let P(F) denote the smallest o-algebra on [0,1] x Q generated by F-adapted
caglad processes. It is generated by a class of all subsets of [0, 1] x € of the form
{0} x Fy and (s,t] x F, where Fy € Fpand FF € Fofor 0 < s <t <1. Ifa
stochastic process x is P(F)-measurable, it is called F-predictable.

We say that a cadlag process x is an F-semimartingale if it can be expressed
as asum x = N + A, where N is a local F-martingale and A is an FV-process.

Let 1 < p < co. We denote by | - | an Euclidean norm on IR". Other norms
are denoted with respect to a space on which they are defined, e.g.: |- || zr(q) for
the norm in LP(Q).

By LP(2) we denote the space LP(Q2, F, P; IR").

Let SP denote a space of all F-adapted cadlag processes x with finite SP
norm, where [|z[[sr = || sup;c(o 1] [#tl|Lr(@). For an F-semimartingale Z = N + A
we define j,(N,A) = ||[N, NH/2 + fol |dAs|||Lr (@), where [N, N]; is a quadratic
variation process of a local F-martingale N and |dAs(w)| denotes the total vari-
ation measure on [0,1] induced by s — As(w). Let HP denote a space of all
F-semimartingales Z with finite #” norm, where ||Z||y» = infz_nya jp(N, A),
and infimum is taken over all possible decompositions Z = N+ A. ‘HP is a Banach
space (see e.g. [30]).

For a Banach space X, by cl(X) and cc(X) we denote the spaces of all
nonempty closed, compact and convex, respectively, subsets of X. By dist(a, A)
we denote the distance of a € X to the set A € cl(X). For A,B € cl(X) let
h(A, B) = sup,¢ 4 dist(a, B) and H(A, B) = max{h(A, B), h(B, A)}.

For a set A the function 14 denotes the indicator function i.e., T4(¢) =1 for
t € A and 14(¢) = 0 otherwise.

3. PROPERTIES OF SEMIMARTINGALE MEASURE

In this section we recall definition of a measure for an F-semimartingale Z € H?2,
some of its properties and an application to the set-valued analysis. We use them
in the next sections.

Let (2, F,F, P) be as before.
Let H2 denote a space of n-dimensional F-semimartingales Z = (Z!,...,2Z"),
Zte M2, i=1,...,n, with a norm

n A 1/2
12l = (D 1Z712:)
=1

For an F-measurable Z € H?, Zy = 0 we introduce a measure py called F-
semimartingale measure, (see e.g. [34]).
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Its definition is based on a Doléans-Dade measure puy for a local F-martingale
N, (see e.g. [9]), and a measure v4 for the FV-process A. The measure v4 on
P(F) we define as follows.

Let a(w, dt) denote a kernel of a random measure defined on [0, 1] by
a(w,dt) == ca(w)|dA(w)],

where cy(w) = fol |dA¢(w)| denotes the total variation of a random measure
|dA¢(w)| induced by the paths of the process A.
Let D be an F-predictable subset of [0, 1] x £2. A measure v4 is defined by

V(D) = /Q /0 1 (w, £)a(w, dt) P(dw).

For an F-measurable Z € H? we define a measure Uz = UN + vA.
Let Z € H? and f : [0,1] x Q — IR". We define a space

2 _ , 2
L, = {feP(F). /Qx[o,l] |fl dpz <oo}.

Li p endowed with a norm

s, = ([ 192 )5
2 = Wz
Lz Qx[0,1]

is a Banach space.

In the following Lemma we recall a property of the above measure, (SMP-
property, see [34]), which allows to get similar properties of set-valued stochastic
integrals driven by an F-semimartingale as those of set-valued stochastic integrals
driven by a square-integrable F-martingale, (see e.g. [21]).

Lemma 1 ([34]). Let Z € H? and f € Liz. Then we have

(i) H ez
/s 'z

< 2/ \f12dpz, for s,t€0,1], s <t.
L2(Q) Qx(s,t]
We recall now definition and some properties of the set S, (G) and definitions of
set-valued stochastic integrals driven by an F-semimartingale Z, which are used
in the next sections.

2
< 21l FI1%, .
. ||f||ng

CHEN
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Definition 2 ([28]). For an F-measurable Z € H?, Z; = 0, and an F-predictable
set-valued process G, we define a set S, (G) by

Su,(G) :=={feSelG) : fe Liz},
where Sel(G) denotes the set of pz-measurable selections.

An F-predictable set-valued process G is integrable with respect to an F-semi-
martingale measure pz, if the set S, (G) is nonempty.

G is ugz-squareintegrably bounded if there exists a process m € Liz such
that H(G,{0}) < m pz-a.e.

Lemma 3 ([34]). For an F-measurable Z € H?, Zy = 0 and an F-predictable
wz-squareintegrably bounded set-valued process G we get

(i) the set S, ,(G) is a nonempty closed and bounded subset of Luz’

(ii) if G takes on convex values, Sy, (G) is convex and weakly compact in L7,

Definition 4 ([28]). Let Z be an F-semimartingale from H?, Zy = 0. Let G be
an F-predictable pz-squareintegrably bounded set-valued process. A set-valued
stochastic integral [ G,dZ; of G with respect to Z is defined by [G,dZ,

{[g9:dZ; : g€ S,,(G)}. For fixed 0 < s <t <1 we also define fst G,dZ, =
{[; 902> : 9 € 5,,(G)}.

4. STRATONOVICH-TYPE STOCHASTIC INTEGRALS

In this section we define a set-valued Stratonovich-type stochastic integral. We
start with a single-valued case.

Our definition of Stratonovich-type stochastic integral is based on definition
introduced by F. Russo and P. Vallois in [32] and modified in [33] and [12]. For
RV-cadlag processes g and Z they considered forward, backward and Stratonovich
integrals, respectively, as ucp-limits, (ucp means uniformly on compacts in prob-
ability, see e.g. [30]), of the following sums

+(9,dZ)(a th Na)(Z(tig1 Na) — Z(t; N\ a)),
2 (9:dZ)(a Zg tir1 Aa)(Z(tip ANa) — Z(ti A a)),

17.(9,dZ)(a) = 1/2( W (9,dZ)(a) + 17 (g, dZ)(a)),

when |7,,| = sup,;(t;+1 — ;) of a subdivision {7,} of [0,1], 7, = {0 = tp < t1 <
- <ty =1}, tends to 0 for n — co.
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These integrals are denoted by f(o 942, f(o . gd*tZ, and f(o o9 ©dZ. Some
basic properties of above defined integrals can be found in [12, 29, 33]. We recall
them in concise manner and give some new.

Definition 5 ([30]). For a stochastic cadlag process g we set

gt = (9)~ = g(-1)—

which is called a time-reversed process.

Proposition 6 ([12, 33]). For RV-cadlag processes g, Z and 0 < a < b <1 we

have:
(i) Jam 9872 = [0 9872 — [ 19 9972,
(i) Jan 9042 =1/2-(f(o4 997 Z + [ oy 94~ 2);
(111) f(O,a) gdiZ = (f(OJ gdiZ)a* = hmtTa f(O,t] gdiZa
(iv) Jiawy gd*7Z = Jow) 9d*Z —~ [ 0.0 94" Z,

(v) f(o,a] §d*Z = - f[lfa,l) gd¥z

(vi) Let Z be an F-semimartingale and let g be an F-adapted process. Then

f(O,-} gd~Z = f(O,-} gr—dZ,

where the right-hand side integral denotes the semimartingale stochastic
integral (for its definition and properties see e.g.: [30]).

Lemma 7 ([29]). Let g be an F-adapted RV-cadlag process and let Z be an F-
semimartingale, Zg = 0. Let 0 < a < 8 < 1 be F-stopping times. Then the
forward integral satisfies

(i) S 94”2 = fo,l 9 Xjo,0)d™Z = [ 1 9r— Ljo,0)(7)dZ,
(0,0] (0.1] (0.1]

(i) f(a,m gd~ 7 = f(o,l} 9 lapd 2 = f(O,l] 9r— Ya,g(1)dZ7,

(iii) f(ayl] gd~Z = f(0,1} 9 ]I[a,l]diz = f(oyl] 9r— ]I(a,l} (T)dZT'

Definition 8. Let (2, F, P) be a probability space. Consider on 2 two filtrations
F = (Ft)o<t<1 and H = (H;)o<i<1 satisfying usual hypothesis. A cadlag process
x is (F, H)-reversible if = is an F-adapted process on [0, 1] and Z is an H-adapted
process on [0,1], ([29]). A cadlag process Z is an (F,H)-reversible semimartin-
gale, if Z is an F-semimartingale on [0, 1] and Z is an H-semimartingale on [0, 1),

([30])-
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Lemma 9. Let g be an (F,H)-reversible RV-cadlag process and let Z be an
(F, H)-reversible semimartingale, Zy = 0. Then for all0 < a < b < 1 we get

(i) f((),a} 9d*Z = - f(o,l] g- ]I[l—a,l)d_Z == f((),l] Gr— - H[l—a,l)(T)dZT’
(ii) f(a,b} gd+Z = - f(oﬂ gT* : H[l—b,l—a) (T)dZTa
(iii) f[a,l) ngrZ = - f(O,l] gT— . ]I[O,lfa} (T)dZ’Tv

where the right-hand side integral denotes the semimartingale stochastic integral
(for its definition and properties see e.g.: [30]).

Proof. (i) Using Proposition 6(v), (iv), (iii) and (vi) we get

J :/ gd+Z:—/ gd—Z:—(/ gd—Z—/ gd—2>
(0,a] [1—a,l) (0,1) (0,1—a)
= —( lim / gd‘Z) — lim </ gd‘Z))
<ST1( (0,s] pTl=a \ J(0,0]
= —( lim / gTdZT) — lim < / §7d27)>.
<ST1( (0,s] ptl=a \ J(0,p]

By the property of the limit operator and definition of It6-type stochastic integral
over (p, s] we get

J = —lim lim (/ Gr_dZ, —/ gT_dZT>> — —lim lim (/ gT_dZT).
ST AT=a X (0,9 (0,6] STLATE=0 N (o]

Using properties of the indicator function and Ito-type stochastic integral, and
Dominated Convergence Theorem we get

J=—lim lim / gr— - 1 STdZT>:_/ Gr_ - Ty _o 1 (1)dZ,.
st pT1a< (0’1}9 (.5)(7) (071]9 1—a,1)(7)

(ii) By Proposition 6(i) and above proved equality (i) we get

J :/ gd+Z:/ gd+Z—/ gdtZ
(a,b] (0,8] (0,a]

= —/ Gr— - Ty 1) (7)dZ; +/ Gre Ty (1)dZ.
(0,1] 0,1]
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Using definition of It6-type stochastic integral over [a,b), (see e.g. [30]), and
Dominated Convergence Theorem we get

J = —/ gT* . ]I[l—b,l—a)(T)dZT'
(0,1]

(iii) By Proposition 6(v) and Lemma 7(i) we get

/ gdtZ = —/ GgdZ = —/ Gre g1 _g)(7)dZ;.
la,1) (0,1—aq] (0,1]

Now we define a set-valued Stratonovich-type stochastic integral.

We recall now some basic definitions. Let (2, F,F, P) be as before.

A set-valued function G : Q — cc(IR™) is F-measurable if for every closed subset
C € R" one has: {weQ : Gw)NC #0} € F.

By a set-valued stochastic process G with values in cc(IR™) we consider a
family of F-measurable set-valued mappings G; :  — cc(IR"), each t € [0, 1].
A stochastic set-valued process G : [0,1] x Q© — cc(IR"™) is F-adapted if for every
t € 0,1] amap Gy : Q — cc(IR"™) is Fi-measurable.

For every fixed w € ) as a sample path of the set-valued process G we mean
a set-valued function G, : [0,1] — cc(IR™) such that G, (t) = G(t,w).

A set-valued process G = (Gi)ejo,) is F-predictable if it is P(F)-measu-
rable and the family of all such processes is also denoted by P(F). One has
P(F) C f® F, where [ denotes the Borel o-algebra on [0, 1], (see e.g. [29, 34]).

Definition 10 ([29]). A stochastic set-valued process G is cadlag if it has right
continuous sample paths with left limits with respect to the Hausdorff metric.
Similarly we define a set-valued caglad process. A stochastic set-valued process
G is RV-cadlag (RV-caglad) if it is cadlag (caglad) and continuous for ¢ = 0 and
t=1.

Definition 11 ([29]). For a stochastic set-valued cadlag process G we set

Gr = (G1)™ = G-y

which is called a time-reversed process. The limit of the set-valued map is taken
with respect to the Hausdorff metric.

Let (2, F,[F,H], P) be as before.

Definition 12 ([29]). A set-valued cadlag process G is (F, H)-reversible if G is
an F-adapted process on [0, 1] and G is an H-adapted process on [0, 1].

Lemma 13 ([29]). Let G be a set-valued (F,H)-reversible process. Then there
exists a selection g of G being an (F,H)-reversible process.
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Remark 14 (][29]). Lemma 13 is also true if we additionally assume that paths
of G are left continuous at ¢ = 1, (then the obtained selection g is RV-cadlag).

Definition 15 ([29]). Let G be a set-valued (F, H)-reversible RV-cadlag process
and let Z be an (F, H)-reversible semimartingale, Zp = 0. Let S(G) denote the
family of all (F, H)-reversible RV-cadlag selections of G. For every 0 <a <b <1
we define

(1) GodZ:{1/2</ gdZ+/ gd+Z> : gES(G)}
(a,b] (a,b] (a,b]

@) {2 /W,] gr_dZ, - /Mla) RARNEEC]

Remark 16 ([29]). It follows by Lemma 13 that the set S(G) is nonempty and
therefore, the set-valued integral defined above exists.

Remark 17. Note that the family S(G) of all (F, H)-reversible RV-cadlag se-
lections of G is, in some sense, a set of the form: S(G) = S_(G) U S;(G), where
S_(G) is a set of F-adapted RV-cadlag selections of G and S (G) is a set of

H-adapted RV-cadlag selections of G.

Definition 18. A stochastic process z is (F, H)-adapted if there exist stochastic
processes u,v such that u is an F-adapted process on [0,1], v is an H-adapted
process on [0, 1] and z = u + v.

Definition 19 ([29]). A set-valued process G is integrably bounded if there
exists an (F,H)-reversible RV-cadlag process m, |m|/se < oo and such that
H(Gt,{0}) < my, each t € [0,1].

Remark 20. Note that integrably boundedness of a process GG means that G is
pz-squareintegrably bounded and G is u-squareintegrably bounded.

5.  STRATONOVICH-TYPE STOCHASTIC DIFFERENTIAL INCLUSION

In this section we prove non-emptiness and closedness of the solution set of
Stratonovich-type stochastic differential inclusion of the form (SSI), (in Defi-
nition 23).

Let (2, F,[F,H], P) be as before.

Let F :[0,1] x R™ — cc(IR™) be a (f ® F)-measurable multifunction.

Let S2([0,1]) denote the space of IR"-valued (F, H)-adapted cddlag processes
with a norm [Jz]ls2 = || supyego.y 72/l 2.

For any x € S2([0,1]) and a multifunction F, by (F o x)_, where z;_ =
limgys 25, we denote a set-valued process (F'(t, 21— (w)))tefo,1]-
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Let x € S%([0,1]), Z € H™ and F(t,-) be continuous for any ¢ € [0, 1]. If a process
F oz is integrably bounded, then the sets Sy, ((F oz)-) and S, ((F 0 Z)-) are
nonempty in Li , and Liz’ respectively. It follows by Lemma 3 and Remark 20.

By Definition 15 we have two equivalent possibilities to define the Stratonovich-
type stochastic integral: (1) and (2). In the following we use (2), but we expand
the choice of selections.

Definition 21. Let G be a set-valued (F, H)-reversible RV-cadlag process and
let Z be an (F,H)-reversible semimartingale, Zy = 0. For every 0 < a < b <1

we define
GodZ = {1/2 (/ g-dZ. —/ imz}) :
(a,b] (a,b] [1-b,1—a)

g€S8,,(G_)and h € SMZ(C?_)}.

For convenience we introduce the following notation

/ (9, ﬁ) odZ :=1/2 (/ gr_dZ, —/ ;LTdZT>.
(a,b] (a,b] [1-b,1—a)

Remark 22. Let us note that for ¢ € S(G), (in Definition 15), we get that
g- € S,,(G-) and - € SMZ(C;’_), (in Definition 21). Thus, the set-valued
Stratonovich-type stochastic integral defined by Definition 15 is, in some sense,
a subset of this defined by Definition 21.

Definition 23. Let Z be an (F, H)-reversible semimartingale from H*>, Zy = 0,
F :[0,1] x R™ — cc(IR™) and s,t € [0,1], s < t. We consider the Stratonovich-
type stochastic inclusion

(SSI) Ty — Ts € ClLQ(Q)( F(r,z;) odZ>

(s,1]

with @9 = € € L, [Fo,Ha], P;R"), ie., € € L2, Fo, P;R") and € €
L2(Q,Hy1, P;IR™). A process x € S?([0,1]) is a solution of the stochastic in-
clusion (SSI), if o = £ and for any s,t € [0,1], s < ¢t a random variable z; — x4

belongs to the set
ClLQ(Q)(/ F(T,xT)odZ>.
(5,t]

A set of all solutions of the stochastic inclusion (SSI) is denoted by

T Z,F) = {x € S*(0,1]) : = is a solution of (SSI)}.
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We say that F': [0,1] x IR™ — cc(IR™) is a Lipschitz multifunction if there exists
a constant D such that for all ¢t € [0, 1] and z,y € IR"

H(F(t,2), F(t,y)) < Dlr — .

Assumption 1
Let F:[0,T] x IR™ — cc(IR™) be a multifunction satisfying

(i) F:[0,1] x R™ — cc(R™) is (8 ® F)-measurable,
(ii) F :[0,1] x R™ — cc(IR™) is a Lipschitz multifunction,
(iii) for any x € S2([0,1]) a set-valued process F o x is integrably bounded.

Now we prove non-emptiness and closedness of the set of solutions 7 (§, Z, F).

Theorem 24. Let Z be an (F,H)-reversible semimartingale from H>®, Zy = 0.
Let F : [0,1] x R™ — cc(IR™) be a multifunction satisfying Assumption 1. Then
for any & € L*(Q, [Fo, Hi|, P; IR™) the set T (€, Z, F) is nonempty.

Proof. In the proof we use Covitz-Nadler Theorem, (see e.g.: [19] Th.I1.4.4).
Let N' + A! be a decomposition of the semimartingale Z, i.e., Z = N' 4+ A! and
N2 + A? be a decomposition of the semimartingale Z, i.e., Z = N2 + A2, Let
us divide the interval [0,1] by 0 = tg < t; < -+ < tp_1 < ti = 1. Let d, =
(f(tiflyti} dIN", N1]7)1/2 T f(tiﬂ,ti] |dAz] and CZZ - (f[lfti,lftifl) dIN?, N2]7)1/2 t
f[l—ti,l—ti_l) ]dﬁ%], for i =1,..., k. We choose the points ¢; such that

max {DC2”CiZ“L°°(Q)7 DC2“C%”L°°(Q)} <1

where a constant ¢y comes from [30] Th.V.2.2.
First, we construct a solution of the stochastic inclusion (SSI) on [0,%;]. For
any & € L2(, [Fo, H1], P; IR™) and = € S%([0,1]) we define a map T' by

ro) = {vestonl: w=cr12( [ paz.- [ faz),
0.4] [1-t,1)
where f1 €S, (Fox)_ and f2 € Sy (Fox)T), for (t,w) € (0,t1] x Q}

Let z be an arbitrary element of S?((0,1]).

Thanks to Assumption 1(iii), Remark 20 and Lemma 3 it follows that I'(x)
is nonempty.

I'(z) is not necessarily a closed set in S?((0,#]) (in a sense of || - || g2-norm).

Let us consider a set clg2(T'()). It is a closure of the set I'(z) in S?((0,#1]).
This set is a nonempty, bounded and closed subset of S2((0,#1]).



18 J. Svyca

We show that a map x — clg2(I'()) is a set-valued contraction in S2((0,1]).
Let u and v be arbitrary elements of S?((0,¢1]). We show that there exists a
constant K € [0,1) such that

Hs(clga (D) clga(D(v)) < K lu — o]l

Let y be an arbitrary element of clg2(I'(u)). For any € > 0 there exists a stochastic
process y' € I'(u) such that ||y — y'[[s2 < e. It can be represented as y; =
€+ 1/2([o f1dZy — [;y_yy) f7dZ;) for some f' € S, ((Fowu)-) and f* €
Sy (Fou)X) on (0,¢1] x Q and on [1 —#1,1) x Q, respectively. It follows by
the definition of the set I'(u). From Filippov Theorem (see e.g.: [19] Th.I1.3.12)
there exist g' € S, ((F ov)_) such that

(3) [f1(tw) = ¢! (tw)| < dist(f(t,w), F(t,0(t—,w))) + e,

for any t € (0,#1] and a.a. w € Q. Similarly, there exists G2 € Sy, ((F ov)Z) such
that

(4) P2 (tw) = G (8, w)| < dist(F(tw), (F(t,0(,w))i) + e,

for any t € [1 —¢;,1) and a.a. w € Q.

Let y? = £+1/2( Joug gtdZ.— Juoen G2dZ;) fort € [0,t1]. From the definition
of the set I'(v) we get 2 € I'(v). Let us estimate the distance between y and 3>
in S%(]0,t1]). We get

T =ly—v’ls2 < lly—y'lls2 +lly" — vl s2

e+ 1/2] / (L = gdZ, g2 +1/2] / (72— 2)dZy |z

IN

For arbitrary f! € (Fou)_ and f2 € ((F ou)_)~ we have
dist(f!(t,w), F(t,v(t—,w))) < H(F(t, u-), F(t,v-)),
for any t € (0,¢1] and a.a. w € Q, and
dist(f2(t,w), (F(t,0(t—,w)))™) < H((F(t,us-)™), (F(tv-))7),

for any ¢ € [1 —¢1,1) and a.a. w € Q.
So by (3) and (4) we get

J < e+1/2e)ch =@ sup (H(F(t, 1), (1) + )z
te(0,t1

+1/2e2lleg |l (@l s 1)(H((F(t,uh))”, (F'(t,0-))7) + )l 2o
€ll-t1,
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By Lipschitz condition for the multifunction F' we get
J < e+1/20ck ool sup (Dlu — vl + ll2qey
t€(0,t1]

+1/2co|lcs el sup  (Dlug — ve| + €) 20
tE[l—tl,l)

< 1/2Dcy(||leg ||zl sup fue — velllz2 ()
te(0,61]

+lesllze@ll sup  Jue = velllz20)) + €
te[l—t1,1)

< Dey max{|[cy || oo @), lleg | oo Hiu — vlls2 + €1,

where €1 = (1/2¢2(||ey || o) + HC1Z~HLOO(Q)) + 1)e. Thus there exists a constant
K = Deymax{||cy || 1), ||CIZ~||LOO(Q)} which does not depend on the choice of
the element y from the set clg2(I'(u)). Therefore,

lye = wills2 < Kllu = vlls2 + er.

Since € > 0 was arbitrarily chosen, the distance from an element y € clg2(I'(u))
to the set clg2(I'(v)) can be estimated by

distgz(y, clg2(I'(v))) < Klju = v]/s2.

Thus
Hg:(clg2(I'(u)), clg2(I'(v))) < Kllu — v s2.

The constant K = Dcy max{||cy || (0 HcleLoo(Q)} is a nonnegative number less
than 1, and therefore, the map clg2 (T'(+)) is a set-valued contraction in S?((0,t1]).

From Covitz-Nadler Theorem we conclude there exists a process y € S?((0,1])
such that y € clg2(I'(z)). For any € > 0 we can choose y© € I'(x) satisfying

ly —ylls2 <e.

By the definition of the set I'(x) there exist g'¢ € S,,((F oz)_) and §*>¢ €

Sy ((F o)) such that yf = & +1/2 [, 9r°dZ: —1/2 [y _, ) §7“dZ; for any

t € (0,t1]. Therefore,

Yt — (5 + 1/2/ grdZ, — 1/2/ ng-’edZT)
(Ovt] [17t71)

sup
te(0,t1]

< €.
L2(Q)
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Thus for any ¢ € (0, t1]

w-(ev1z [ geazo-z [ eaz,)
(0,¢] [1-¢,1)

Now we show that the above process y is a solution of the stochastic inclusion
(SSI) on (0,t1]. We do this by checking that y; — ys € ClLQ(Q)(f(svt] F(r,2,)0dZ)
for any s,t € (0,t1], s < t.

By Definition 21 and (5) we get that for every s,t € (0,¢1], s <t

< €.
L2(Q)

® |

< €.
L2 (Q)

Yt — Ys — 1/2/ gredZ, + 1/2/ G><dZ,
s,t] [1-t,1—s)

)

Since € > 0 was arbitrarily chosen, we obtain

Yt — Ys € ClLQ(Q)( F(r,x;)0 dZ), for any s,t € (0,t1], s <t.

(s:t]
Let ¢ = 2. The proof is similar to the ¢ = 1 case. We should only change the
interval (0,%1] into (¢1,t2] and take the starting point of the constructed solution
equal to y;,. In a similar way we obtain a process y € S2?((t1,t2]) and for an
arbitrary e > 0 processes g€ € S,,, ((Foy)_) and §g*¢ € Sy, ((Foy)Y) such that

v (w172 [
(t

for any t € (t1,12].
The above inequality means that for every s,t € (¢1,t2], s < t, the stochastic
process ¥ is an element of the closure in a sense of an L?(€)-norm of the set

gbedz, —1/2 /

§2’6d27> <€,
[1—t,1—t1)

L2(Q)

1,1]

/ F(r,z,)0dZ,
(s:t]

Therefore, y is a solution of the inclusion (SSI) on the interval (1, t2].

When we repeat the above construction for i = 2,3,...,k—1, taking starting
points of the constructed solutions equal to y;,, we get solutions of the inclusion
(SSI) on the intervals (¢;, t;11].

The solution of the inclusion (SSI) for s,t € [0,1], s < t is a composition of
the solutions constructed on the intervals (0,t1] and (¢;,¢;41],i=1,...,k—1. ®

Assumption 2
Let Z be an (F, H)-reversible semimartingale from H>, Zy = 0 such that

(i) Z = N + A', where N! — local F-martingale and A! — deterministic FV-
process,
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(ii) Z = N?+ A2, where N2 - local H-martingale and A? - deterministic FV-
process,

Theorem 25. Let Z be an (F,H)-reversible semimartingale from H*, Zy =0
and satisfies Assumption 2. Let F : [0,1] x IR" — cc(IR"™) be a multifunction
satisfying Assumption 1. Then for any ¢ € L*(Q, Fo, P; IR") the set T (£, Z,F)
is closed in S*(]0,1]).

Proof. Let {z¥};>1 be a sequence of elements of the set of all solutions of the
stochastic inclusion (SSI), which converges to the limit = in S?([0, 1]).

We have to show that the limit = belongs to the set T (&, Z, F), i.e., for any
s, t€00,1], s <t

dist2(q) (xt — xs,/ F(r,xz;)0 dZ> =0
(s,t]

Observe that

I = diStLQ(Q) ((L‘t — .%'5,/ F(T, xT) o dZ)
(s:t]

< o — 2 — (2f — 28)ll12(0)

F(r,a* )odZ/

F(T,.%'T) OdZ) =1 + I,
(s:]

+ Hiz g (
(s,

and
I = |l — g — (2 — 28) 2 < 2l — g2 = 0,

while £ — oo.
In order to analyze Io, let g' € S,,(F o 2¥)_ and §° € Sp, ((F o x*)~) be
arbitrary elements. We have

2

inf inf
eSSy, (Fox)— fQESu ((Fox)™

\/sﬂg ) odZ - /(ﬂ}(flf)wz

L2(Q)

= 1/4 inf inf ‘/ gldz, —/ G2dZ,
J1eSuy (Fox)- f2€8, ((Fox)™) || J(s,1] [1—t,1—s)
2
- [ gz [ jz,
(s,t] [1—t,1—s) L2(Q)

< 1/2( inf H/ —f )dZ.
freESu, (Fox)— || J(s t] L2()
2
+ inf — fAdz, > =1/2(J1 + J2).
12 GSH ((Fox)~ [1—t,1—s) L2(Q)
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Using Lemma 1 and [15] Theorem 2.2 for J;, we get

Jp < 2/ inf  |gt —y'Pduy = 2/ dist?(gt, F(r,2,_))dpuz.
(s,t]xQ Y EF(T,m7— (s,t]xQ2

Considering the component Jo we get

2
Jy = inf — f2)dz.
F2eSu, (Fox)) || J[1—t,1-s) L2(9)
2
= lim lim inf ‘/
atl—t f1l-s fQGSH ((Fox)~™ ,B] LQ(Q)
< 2 lim lim dist? ?.,F T, Tr_))du .
<2 tm (G P i
Using Lebesgue Dominated Convergence Theorem we obtain
Jy < 2/ dist?(g2, F(1, 2, ))du,
[1—t,1—s)x2
and finally
1/2(J1 + Jg)
§/ distQ(gi,F(T,xT_))d,uZ—i—/ dist?(g2, F (7,2, ))dpu .
(st] [1—t,1—s)xQ

Observe that we get similar result for
infglegS'uZ(Foalck) lnfg GSH ((Fozk)™ || fst] g N7 ) o dZ — f(st fl f2) © dZHL2 (Q)’
when f1 € S,,(Fox)_ and f2 € S 1y ((F ox)Y) be arbitrary elements. Moreover,

sup sup inf } inf
gr €S, (Fozk)_ G2eS8, ((Foxk) ) f1E€Syy, (Fox) - fQESHZ((Fom)f)

2
/ (gl,f)odZ—/ (f', ?) 0 dz
(s,t] (s,t]

L*(Q)

<[ Rk ) Pl )i+ 7
(s,t] xQ [1—t,1—s)xQ

and similar for
SUPf1eS,, , (Fox)- SUPf2es,, ((Fox)™) infgics, , (Foxk)_ infEJ?eSuZ((For’“)t)
| f(s,t](91’§2) odZ — f(s,t}(fla f2) © dZH%Q(Q)'
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Finally, we get
L2 < [ PGk ), Pra,))duz
(s,t] xQ
—i—/ H*(F(r,2%_), F(1,2:_))dp .
[1—t,1—s)xQ

Using Lipschitz condition for the set-valued process F', we get

L <D [k e P+ | 2o Py
(5,4]x 9 [1—t,1—5)xQ
=02 (B[ ek e Pan N+ B[ jat - o Plaal)
(s,t] (s,t]
+E |2k —xT|2d[]\~]2,]\~72]T+E<cA2 / |2k —:c7|2|d/~13|)),
[1—t,1—s) [1—t,1—s)

where: c41 and ¢ 42 are defined in Section 3. Since Al and A? are deterministic

FV-processes, we get

(I;)? < D?. max {1,cq1,¢5}

. <E/ |zF —z, [2d[N', N1, + E(/ 2k — xT|2|dA$|)
(s,t] (s,1]

LB ok — o PN, N, + E< / ik — x7|2|d/13|>).
[1—t,1—s) [1—t,1—s)

Using Emery’s inequality, we get
(I2)* < D* - max{1,ca1,c 0} - [[[a* — 2|1
(N N e 4 1A e + [IN?, N2|l3m0 + [||dA?][|30)
= D% max{l,cq1,cp} - [lz" — z|g
(NN N e 4 (1A e + [IN?, N2]|lpe0 + [||dA?[|30)

which tends to 0 while £k — 0o, so we have the result. [ |

Remark 26. The above theorem can be applied only to stochastic inclusions
driven by a semimartingale with a deterministic FV-part. From a mathematical
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point of view this is a serious problem. However, real problems are often described
by stochastic equations or inclusions of this type, see e.g. [1, 11].

As an example we recall a financial model presented in [28, 34]. Suppose we
have a model of a free-arbitrage market defined on a filtered probability space.
The capital of an investor (a writer of a contingent claim) is defined under a
self-financing assumption by a relation

&t(w,u) = &o(w, u) —i—/o 0, (w,u)dB:(w,u) —i—/o Yr(w, uw)dS; (w,u), te[0,T],

where (0,7) is an investor’s strategy (hedge) process, while B and S are price
processes of a bond (an asset with a predictable price) and stock, respectively
(see e.g.: [11] for details), u denotes a control parameter taken from a given set
U of attainable controls.

If the model is based on daily returns of a stock, statistical tests reject hy-
potheses about normality distribution made in the model of the Black and Scholes
type, (one of the most commonly used Gaussian model in financial mathematics).
It follows that real prices are usually better characterized by the so-called heavy
tailed distributions, skewness property, effects of clusters and so on. Moreover,
an empirical study of the German stock price data shows that paths should be
modeled by a discontinuous process instead of a continuous one.

Generalizations of the Gaussian model were proposed in many different man-
ners. It was allowed in [1], that the price process has jumps and the resulting
equation has the form (in a one dimensional case)

Ee(w,u) = pe— (w,u)dt + 08— (w, w) dWi(w, u) + BE— (w, u)dNe(w, u),

where N is a point process counting the number of jumps of size § which the
relative price & (w,u)/&—(w,u) had before time ¢ and W is a standard Wiener
process.

Since (N¢)e>0 can be treated as a Poisson process with some intensity A (see
e.g.: [30]), then the above problem can be again rewritten equivalently as

t
ft:&w/o frdZy; te(0,),

or

t
(6) Geto+ | Pz tel0.1)
0
with fT(Wau) = (/1/7577’0-757'7’/8’/8)’ Zr = (OaWTaNT - )\7’,0) + (T,0,0,)\T) =
M.+ A, and
F(rw) = f(r,w,u).

uelU
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The set-valued integral [ F.dZ, driven by a semimartingale appears, instead of
a single-valued [ frdZ;, in a natural way, if we consider the control of financial
problems connected with the models as those presented above. We obtain the
stochastic inclusion (6), which describes the discussed financial problem. We can
analyze it with respect to the whole set U of attainable controls.

In above example we obtain an It6-type stochastic differential inclusion driven
by a semimartingale with a deterministic FV-part. In our paper we give a tool
to describe in a compact form some advanced models (financial, economical,
technical) using Stratonovich-type stochastic integrals and inclusions.
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