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1. INTRODUCTION

Stable, self-similar mixed moving average processes form an important sub-
class of all stable (non-Gaussian), self-similar processes with stationary in-
crements. Following the seminal approach of Rosiiiski (1995), we showed in
Pipiras and Taqqu (2002a, 2002b) that self-similar mixed moving averages
can be related to the so-called “nonsingular flows” and we classified these
processes using the structure of the underlying flows.

The non-random kernel function which appears in the integral repre-
sentation of the processes, determines their finite-dimensional distributions
and plays an important role in the classification. The goal of this note is to
better understand the structural properties of these kernel functions. The
results we obtain are used in Pipiras and Taqqu (2007) to study the fine
structure of the processes.

We shall not redefine stable, self-similar mixed moving averages here
because their definition will not be used. Our results concern their kernel

functions which are non-random objects. They are deterministic functions
G : X x R+ R such that

(1.1) Gi(z,u) = G(z,t +u) — G(z,u), x€ X,u€eR,

satisfies {Giler C LY(X x R, pu(dx)du), where (X,X,pn) is a standard
Lebesgue space and « € (0,2) is the stability parameter of the associated
stable processes. To avoid trivialities, it will be assumed throughout that

(1.2) supp{Gt(z,u),t e R} = X xR a.e. pu(dz)du

holds. By support supp{G¢,t € R} we mean a minimal (a.e.) set A C
X x R such that m{G¢(x,u) # 0,(x,u) ¢ A} = 0 for every t € R, where
dm = p(dz)du. When these stable, mixed moving averages are also self-
similar, their kernel functions G may be related to flows in the following
sense:

Definition 1.1 (Pipiras and Taqqu, 2002a). A kernel function G associ-
ated with a self-similar mixed moving average representation is said to be
generated by a nonsingular measurable flow {c}eso on (X, X, ) if, for all
c> 0,
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HAIG(z, cu)

(1.3) — () {CZ(NT‘:/’C)(Q;)}W G<zpc(az), u+ gc(a:)) + Je(w),

a.e. pu(dr)du,

where {b.}.~0 is a cocycle for the flow {t.}.~¢ taking values in {—1,1},
{gc}e>0 is a semi-additive functional for the flow {t¢}c>0, je(x) @ (0,00) X
X — R is some function, a € (0,2) is the stability parameter of the associ-
ated stable process, and H > 0 is its self-similarity parameter.

We shall now define the various terms used in Definition 1.1. A (mul-
tiplicative) flow {1}c>0 is a collection of deterministic maps 9. : X — X
such that

(1.4) Yey oo (T) = Yoy (e, (x)), for all ¢1,c0 > 0,2 € X,

and Y1 (z) = z, for all x € X. A flow is nonsingular if u(A) = 0 implies
p(h1(A)) = 0 for any ¢ > 0 and A € X. It is measurable if the map
Ye(z) @ (0,00) x X +— X is measurable. A cocycle {b.}.~o for the flow
{¥c}es0 is a measurable map b.(z) : (0,00) X X +— Y satisfying the relation

(1.5) beyey () = bey ()bey (e, (x)), for all ¢1,c0 > 0,2 € X.

In our context, we will have either Y = {—1,1}, Y = (0,00) or Y = R\ {0}.
A semi-additive functional {g.}e>0 for the flow {t.}.~0 is a measurable
function g.(x) : (0,00) x X — R satisfying

(16) o) = 212

+ ey (Y, (7)), for all ¢1,c0 > 0,2 € X.

All quantities entering in (1.3) thus obey a specific relation with the excep-
tion of the function j.(z). The main goal of this work is to show that, in
fact, (1.3) also implies that this function obeys a special relation, namely,
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Jerea ()

o 1/a
A0 = GO @) 4 0 { L @ L o),

for all ¢1,c9 > 0,2 € X.

It is quite easy to show that {j.}.>0 satisfies (1.7) a.e. p(dx), for all ¢j,co > 0
(see the proof of Theorem 3.1), in which case {j.}.>0 is called an almost
2-semi-additive functional. Having (1.7) for a.e. p(dz), however, is often
not enough or difficult to solve for {j.}.~0 given a specific flow {t.}c>0.
Therefore, we need to show that {j.}.~0 has a version (an a.e. modification
for fixed c) satisfying (1.7) for all x € X, which entails the specification
of an adequate version of the Radon-Nikodym derivative d(u o v.)/du. A
functional {j.}.>0 satisfying (1.7) will be called 2-semi-additive functional
(Definition 3.1).

Since g, plays a role parallel to j., a functional {g.}.>0 satisfying (1.6)
will be called 1-semi-additive functional. To find out which kernel G is re-
lated to a given flow )., one uses (1.7) to get the 2-semi-additive functional
Jje and then one uses (1.3) to obtain G. Thus, 2-semi-additive and other func-
tionals are important when solving the equation (1.3) for the kernel function
G related to some specific flows (see, for example, Pipiras and Taqqu, 2007,
Theorem 3.1 and its proof). 2-semi-additive functionals also shed light on
the structure of our previous results (see the discussion following the proof
of Theorem 3.1 below and the remark following Example 4.3 below).

The proof of the existence of a version which makes (1.7) valid for all
r € X, is involved. We establish this result in a more general context,
namely, that of semi-additive functionals related to a cocycle. After a simple
transformation, 7- and 2-semi-additive functionals are examples of semi-
additive functionals related to particular cocycles (see Examples 3.1 and
3.2).

We show not only the existence of a version but also obtain an ex-
pression for semi-additive functionals related to cocycles. We then use this
expression to characterize 1- and 2-semi-additive functionals associated with
cyclic flows.

The paper is organized as follows. Section 2 contains results on the
semi-additive functionals related to cocycles. In Section 3, we prove that
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the function j.(x) in (1.3) can be taken as a 2-semi-additive functional sat-
isfying (1.7). We provide a number of examples in Section 4 which illustrate
how one can derive the semi-additive functionals. Semi-additive functionals
associated with cyclic flows are studied in Section 5.

2.  SEMI-ADDITIVE FUNCTIONALS RELATED TO COCYCLES

We first define semi-additive functionals related to cocycles, and introduce
their large class. See Section 1 for a motivation of these functionals.

Definition 2.1. A measurable map J.(z) : (0,00) x X — R is called a
semi-additive functional related to a cocycle {B.}eso (and a flow {tc}es0)
if, for all ¢1,¢0 € R, x € X,

(2'1) Jeres (x) =Jq (x) + B, (x)JC2 (1/101 (x))

When J.(z) satisfies (2.1) a.e. p(dx), for all ¢1,co > 0, it is called an almost
semi-additive functional related to a cocycle.

Example 2.1. Let J : X — R be a function and set
(2.2) Je(x) = Be()J (the(x)) — J ().

By using the cocycle equation (1.5), we have for ¢, ¢y > 0,

Jeres(T) = Bey (2) Bey (Ve (7)) (Yey (Yey () = () = By (2) (e, () —J ()

By () (Bea (s (1)) (e ey (2)) = (Ve (2)) = ey (2)+ By (2) e (e, (2).

Therefore, in view of (2.1), the functional {G.}.~¢ in (2.2) is a semi-additive
functional related to the cocycle {B.}¢~0.

Viewed from a different angle, (2.2) is a particular solution to the equa-
tion (2.1). It is not necessarily the unique solution. We will encounter in
Section 4 a number of particular equations of the form (2.1), for which we
derive the general solutions.
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We now show that an almost semi-additive functional related to a cocycle
has a version which is a semi-additive functional related to a cocycle. We
say that {f.}eer C L°(S,8,m) is a version of {f.}eer C L°(S,8,m), where
I is an arbitrary index set, if m(f, # fc) = 0 for all ¢ € I. The proof of this
result uses the notion of a special flow ¢c(y, u). Informally, the flow ¢c(y, u)
is defined on the set of points

Q={(y,u): 1 <u<ply),yeY}=Y x[1,p()),

where p(y) > 1 is a function. Plotting (y,u) in two dimensions, we can view
the flow ’(ZC as moving up vertically till it reaches the level p(y), and then
jumps back to a point (y',1) before it renews its vertical climb, this time
from the point 3/. Thus, if one focuses only on the horizontal Y axis, the
flow starting at y moves to v’ = Vy, then to V2y,...,V™y,... Since the
flow {/;c moves constantly, observe that it has no fixed points.

We shall apply Theorem 3.1 of Kubo (1969) to define v, formally. Ac-
cording to that theorem, any (measurable, nonsingular) flow {t.}.~o with-
out fixed points on a standard Lebesgue space is null-isomorphic (mod
0) to some special flow {the}eso defined on the space (Y x [1,p(-),Y ®
B([L,p())), 7(dy)du) by

(2.3) by, u) = (Vy,cu/paly)), for 1 < cu/pa(y) < p(V"y),

where (Y,Y,7) is a standard Lebesgue space, V is a null-isomorphism of
Y onto itself, p > 1 is a positive measurable function on Y satisfying
[Tl o p(VFy) = TIRZop(VFy) = oo, and where p,(y) = [[5Zsp(VFy)
if n > 1, po(y) = 1if n = 0, and p,(y) = 1/[[2, p(VFy) if n < —1.
For additional intuition and information on special flows, see Chapter 11
in Cornfeld, Fomin and Sinai (1982), or Appendix A in Pipiras and Taqqu
(2004).

Remark. Note that special flows considered in the references above are
not multiplicative as in (1.5) but additive instead. It is, however, easy to
translate results from one framework to the other by considering either the
logarithms or the exponentials.

Theorem 2.1. Suppose that {J.}e>0 s an almost semi-additive functional
related to a cocycle {B.}.~0 and to a measurable, nonsingular flow {1c}e0
on a standard Lebesgue space (X, X, u). Then, {J.}.~0 has a version which
is a semi-additive functional related to the cocycle {Be}eso-
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Proof. We will extend the proof of Proposition 3.1 in Pipiras and Taqqu
(2002a) and also use Proposition 1.2 in Kubo (1970). By using Remark 3.1
in Kubo (1969), it is enough to prove the proposition in the following two
cases: Case 1 the flow {t.}c>0 is an identity flow, that is, ¥.(z) = = for
all ¢ > 0,z € X, and Case 2 the flow {t.}.~0 is a special flow as described
above with the function p satisfying p(y) > 0 for some fixed 6 > 1.

Case 1. If the flow {tc}c>0 is the identity, then the cocycle B, in (1.5)
must satisfy B.(z) =1 for all ¢ > 0,z € X (see, for example, Lemma 3.2 in
Pipiras and Taqqu, 2002b). Relation (2.1) becomes

Jerer (T) = Jey (%) + Joy (Yey (7)) ae. p(dr),

for all ¢1,co > 0, which shows that the almost semi-additive functional
{J:}e>0 is also an almost cocycle taking values in R but with addition as a
group operation (it is of the form (1.5) but with a sum instead of a product).
Theorem B.9 in Zimmer (1984) implies that {J.}.~o has a version which is
a cocycle and hence, in our terminology, a semi-additive functional related
to the cocycle {B.}¢s0-

Case 2. Suppose that {1 }.~¢ is a special flow on Y x [1,p(+)) as defined
above and hence satisfies (2.3). For notational convenience, we shall write
J(e, (y,u)) instead of J.(y,u). Since J(c,-) is a semi-additive functional
related to a cocycle B., we have that, for any a,c > 0,

J(ac, (y,u)) = J(a, (y,u)) + Baly,uw) J(c, (V"y, au/pn(y)))

a.e. for (y,u) such that p,(y) < au < pp+1(y). We can choose u = ugy € (1,6)
and use the Fubini’s theorem to conclude that

(2.4)  J(ac, (y,u0)) = J(a, (y,u0)) + Ba(y, uo) J(c, V"y, auo/pn(y)))

a.e. for (a, ¢,y) such that p,(y) < aug < pp+1(y). Setting n = 0 and auy = u
in (2.4), we have

J(c, (y, 1) = (Bujuo (4, u0)) ™ (cu/uo, (y, uo))

_(Bu/uo (y7 UQ))_IJ(U/UQ, (y7 UO))

(2.5)
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a.e. for (¢,y,u) such that 1 < u < p(y). We shall find expressions for the
two J-terms on the right-hand side of (2.5). By using (2.4) with “a” and
“c” indicated by the horizontal braces below, we have

J(cu/u07 (y, UO)) :J(pn(y)v_l cuvuo_lpn(y)_l, (y7 UO)) zJ(pn(y)/v, (y7 UO))

+ By, ()0 (U w0)J (cuvug  pu(y) ™1, (V™ pr(y)v ™ uopm (y) ™))

a.e. for (¢, y,u,v) such that

(2.6) Pm(y) < Pr(y)v ™ ug < prata ().

We can take v = vy € (1,up) for which the relation above holds a.e. for
(¢,y,u) so that we have

(2.7) 1 <wvy <wup <0 <ply).

The inequality (2.6) implies that, for such vy, we have m = n and hence

J(cu/uo, (y,u0)) = J(pu(y)/vo, (¥, u0))
(2.8)

+Bpn(y)/vo (y7 UO)J(CUUOU(;lpn (y)_la (Vnya uO/UO))

a.e. for (¢,y,u). For the second term in (2.5), observe that, by (2.4) with
n =0,

J(@\Ug_j (y,uo/v0)) = J(vo, (¥, u0/v0)) + Buy (Y, u0/vo) J (u/uo, (y, uo))

c a ug
and hence

T(u/uo, (y,u0))
(2.9)
= (Buy (y, w0/v0)) ™" (J (wtg "v0, (3, w0 v0) = J (o, (3, w0 /v0)))

a.e. for (y,u). Substituting (2.8) and (2.9) into (2.5), we obtain that
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J(c, (y,u)) X
= (Bujuo (4 10)) ™ By, ()0 05 w0) J (cuvoug  pn(y)~t, (V"y, uo/v0))

— (Bujuo (4, 10)) ™ (Bug (y, w0 /v0)) ™ J (wvo /ug, (y, uo /vo))
+ (Bu/uo (Y, UO))_IJ(pn(y)/Uov (y,u0))
+ (Buuo (4, 10)) ™ (Buy (5 1o /v0)) ™ (vo, (¥, uo/v0))

=: Ji(c, (y,u)) + Ja(c, (y,u))

(2.10)

a.e. for (c,y,u), where J; and Jy consist, respectively, of the first and last
two terms in the sum (2.10). Since (2.8) holds for all n € Z, observe that
the relation (2.10) does not depend on n € Z. We may therefore define
Ji(c, (y,u)) and Ja(c, (y,u)) as above for p,(y) < cu < pp+1(y), n € Z.

By using the cocycle equation (1.5),

(Buuo (Y 10)) " By, () /o (¥, 0) By, () -1ug * (V™Y 10) Buo (V" w0 /v0)
= (Buy/uo (4, 10)) "' By, () (l/,uo)Bcupn(y)flual(V"y,uo)
= (Bu/uo (4, 10)) ™ Beyjuo (45 u0) = Be(y, u),
since (y,u) € Y x [1,p(+)). Then, we have
(2.11) Ji(e, (y,u)) = Be(y,u) J* (Ye(y,u) — T (y, u),
where
T*(y,u) = (Bujue (4, 10)) ™ (Bug (y,u0/v0)) " J (wvo/uo, (y, uo/vo))-

Example 2.1 shows that Ji(c, -), given by (2.11), is a semi-additive functional
related to the cocycle B.. We will now show that J(c, ) can be modified to
a semi-additive functional related to the cocycle B..

It follows from the definition of the special flow that ¥.(y,u) = (y, cu)
for 1 <cu< p(y)a and thus ¢1/u0(y7u0) = (y7 1) and wvo(yyu()/UO) = (?J;UO)
for all 1 < wup < p(y). Using the cocycle relation (1.5), we get B,y (¥, uo)

= Bl/uo(y7u0)Bu(y71) and ng/ug(yvu(]/UO) = Bvo(y7u0/U0)Bl/uo(y7u0)'
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Hence,

Jo(c, (y,u)) = (Bu(y, 1))‘1{(Bl/uo(y,UO))‘lJ(pn(y)/vo, (y, uo))
(2.12)

+(Bug juo (4, w0 /v0)) ~J (vo, (y7u0/U0))} =: (Bu(y,1)) ' Gn(y).
By Lemma 2.1 below,

(2.13) Gram(y) = Gn(y) + Bp,(y) (¥, 1) G (V"y)  a.e. for y.

It follows that N
Gn(y) = Gu(y) a.e. for y,

where

(2'14) én(y) = Z Bpk(y) (y7 1) G1 (ka)
ke[o,n)

and 3y i) = = 2kefn,0) for n < 0. This can be checked by using

By i) (U5 1) =Bp, () (4, 1) By (vry) (Vpo () (45 1)
= By, () (4, 1) By (vny) (V"y, 1)
to verify that G, satisfies (2.13). By Lemma 2.2 below, the function
(2.15) Ta(e, (y,w)) = (Bu(y,1)) "' Gn(y),

for pp(y) < cu < pny1(y), is a semi-additive functional related to the
cocycle B..

Since both J; and jg are semi-additive functionals related to the cocycle
B¢, so is the sum

j(cv (y7 u)) = Ji(e, (v, u)) + ‘72(67 (Y, u))
and, since Jo(c, (y,u)) = Ja(c, (y,u)) a.e. (¢, y,u), we have

(2.16) J(e, (y,u)) = J(c, (y,u))

a.e. (c,y,u).
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To show that {J(c,-)}es0 is a version of {J(c,-)}es0, it is enough to show
that (2.16) holds also for all ¢ > 0, a.e. (y,u). The argument is standard.
Set d(c, (yau)) = J(c, (yau)) — J(c, (y,u), Qc = {(yau) : 5(07 (y7u)) = 0}
and also Qg = {(y,u) : 0(ac, (y,u)) = d(a, (y,u)) + Ba(y, w)d(c, ¥ (y,u))}.
Denoting the Lebesgue measure on (0,00) by L, we have (7 @ L)(€25 .) =0
for all a,c > 0 but only (71 ® L)(Q¢) = 0 a.e. for ¢ > 0. However, if r > 0,
then there are a,c > 0 such that ac = r and (T®L)(Q¢) = (T®@L)(2) =0
We also have (7 @ L)((t)1/42:)¢) = 0 since 1, is one-to-one and onto. Then,
(T @ L)((Qa,e N QL Ny 82)¢) = 0 and, for (y,u) € Qa.c N Ny /a8, We
have d0(r, (y,u)) = 6(a, (y,u)) + Ba(y,u)d(c,¥a(y,u)) = 0. This shows that
(r@L){J(r,(y,u)) # J(r,(y,u)} = 0 for any r > 0, that is, {J(c,*)}c>0 is a
version of {J(c,-)}eso0- |

The next corollary provides insight into the structure of semi-additive func-
tionals related to a cocycle. Corollary 2.1 and the remark following it will
be used in Propositions 5.1 and 5.2 below to deduce the forms of the I- and
2-semi-additive functionals corresponding to a cyclic flow.

Corollary 2.1. If the flow {tc}es0 1S given by its special representation
(2.3) on a space Y x [1,p(-)), with the maps V and p, and {J.}c>0 is a
semi-additive functional related to a cocycle {B.}eso, then

(2.17) Je(y,u) = I (y, ) + JP (y, ),
where

(218) Jc(l) (y7 u) = Bc(y7 u) J(d}c(yv u)) - J(y7 u),

219)  JPu) = Buly, 1) D By @ DA(VRY),
kelo,n)

forpn(y) < cu < pny1(y), J, J1 are some functions and Zke[o,n) =— Zke[n,O)

for n < 0. Moreover, each of the functionals {Jc(l)}c>0 and {Jc(2)}c>0 is a
semi-additive functional related to the cocycle {B.}eso-

Proof. The corollary follows from the proof of Theorem 2.1 by replacing
“a.e.” by “for all” conditions. See, in particular, (2.10), (2.11) and (2.12)
together with (2.14). ]
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Remark. It is sometimes convenient to represent a special flow {t.}.~0 on
a different space Y x [0,7(+)) as

Ye(y, w) = (V'y,w+Inc—ry(y)),
(2.20)
for 0 <w+1Inc—ry(y) <r(Vy),

where r is a positive function, r,(y) = Z;é r(VEy)if n > 1, r,(y) = 0 if
n =0, and r,(y) = — 32, r(VFy) if n < —1. (Here, Y32 r(VFy) =
Y or(VFy) = 00.) For a special flow {¢.}c~0 having the representation
(2.20), one can easily show that a semi-additive functional {.J.}.>o related
to a cocycle {B.}c>0, has the form (2.17) with u replaced by w, where

TN (y, w)= Be(y,w) J (e (y, w)) — J(y, w),

Jc(2)(y7w): (Bew(y,()))_l Z Berk(y)(y,O)Jl(ka),
kelo,n)

for some functions J, J;.
The following two auxiliary lemmas were used in the proof of Theorem

2.1.

Lemma 2.1. Let Gy, (y) be defined by (2.12). Then, for n,m € Z,
(2.21) Gnim(y) = Gu(y) + By, () (¥, )G (V"y) a.e. y.
Proof. Recall from (2.12) that

Gr(y) =(Byuo (¥, u0)) " I (pn(y)/v0, (y, u0))

+(Bvo/uo (y7 UO/UO))_l‘](U(N (ya UO/UO))

(2.22)

where ug and vg satisfy (2.7). To show (2.21), we shall use the relation

(2.23) Prtm(y) = pa(¥)pm(V"y),

which is easy to verify by using the definition of p,(y). Observe that, for
n,m € Z, by using (2.23) and (2.4),
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(2.24)
I (Pram () /v0, (4, 10)) = TP (@) vy pm(V"™), (1, u0))
—_——

a c

= J(Pn(y)/vo; (y,u0)) + By, ) /0o s u0) I (m (V"y), (V"y, uo/v0))

vo_pm (V"y)vg L, (V™'Y uo/vo))

a

— J(pa() /00, (¥, 10)) + By, ()00 (U 10) J (v, (V™3 110 /v0))

+Bpn(y)/vo (y7 UO)BUO (V"ya UO/UO) J(pm(V"y)/’Uo, (Vnya UO))

= J(pn(y)/’l)o, (Y, UO)) + Bpn(y)/vo (y,uo0) J(

To compute G4, we use (2.22) and substitute (2.24) for J(pp4+m(y)/vo,
(y,up)). This yields
(2.25)

Gram () = (B ug (y510)) " T (pn(y) /v0, (¥, uo))

+(Buyg juo (45 0 /v0)) ™1 J (vo, (y, w0 /v0))

+(B1 jup (U, 10)) " By, () /00 (U5 10) Buy (V™4 0 /v0) T (pimn (V™) Jv0, (V™ o))
+(B1 /4o (4, 10)) " By, )00 (U w0) J (v0, (V™y, ug /v0))

= Gn(y) + (Biuo (45 10)) ™ By, ()00 s w0) Bug (V5,0 /00) B1 fug (V ™y, 1)
(B juy (V"y,u0)) " T (m (V) Jvo, (V™y, 1))

+(B1 /4o (4, 10)) " By, ()00 (U5 10) Bug uo (V™95 10 /v0)-

(Bug juo (Vy,u0/v0)) ™1 (vo, (V™y, u0/v0))

= Gn(y) + (B1/uo (4, 10)) ™ By, ()00 U 10) B juo (V™45 10 /v0) G (V™)

a.e. y, where to obtain the last identity, we used the relation

BUO(V”y,uo/vo)Bl/uO(V"y,uo) = BUO/UO(V”y,uo/UO). Since By, (y,uo)
Buo (yv 1) = Buo/uo (y7 1) = BO(y7 1) =1, we get (Bl/uo (yvu(]))_l = Buo (yv 1)
and, since By, (v, 1)Bpn(y)/v0 (Y, u0) Bug uq (V™y,up/vg) = pn(y)valm( 1)
By juo V™Y, u0/v0) = By, () (y, 1), we see that (2.25) reduces to (2.21). =
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Lemma 2.2. If J.(y,u) is defined by the right-hand side of (2.15), together
with (2.14), then J.(y,u) is a semi-additive functional related to the cocycle

{Bc}c>0-

Proof. Fix a,c > 0 and (y,u) € Y x [1,p(:)). We are interested in
Ja(y,u) = (Bu(y,1)) "Gy (y), where n is such that p,(y) < au < ppi1(y),
and in Joe(y,u) = (Bu(y,1)) ' Gpim(y), where, in addition, m is such
that pn1m(y) < acu < prim+1(y), an inequality equivalent to py, (V"y) <
act/pn(y) < pm+1(V™y) by (2.23). Then, by using the fact that G,, satisfies
(2.21), we obtain that

Ba(y, u)Je(Va(y, u)) = Ba(y, u)Je(V"y, au/pn(y))

— Bu(y,u)(B (V1)L G (V)

au/pn(y

= Ba(y,0) Bau/p ) (V"9 1) ™ By 45 1) ™ (Gt (y) = Gulw))
= Ba(y, 1) (Bau(y: 1)) (Gnem(y) = Gulw))

= (Bu(y: D) (Gotm(®) = Guly)) = Jacly,w) = Jaly, ).

This concludes the proof. [ |

3. 2-SEMI-ADDITIVE FUNCTIONALS

In this section, we apply Theorem 2.1 to show that the function j.(z) in the
relation (1.3) can be chosen, without loss of generality, as a 2-semi-additive
functional satisfying (1.7). Observe first that because of the properties of
the Radon-Nikodym derivatives, one has for all ¢y, co > 0,

d(ﬂo¢c162)($) — d(:u' O¢C1)(x)d(u Owcz O¢c1)(x)

51) du dp d(p o ey )
' Cd(poty), d(uoie,)
= S @) T (e (@)

a.e. u(dz), which is the relation (1.5) defining a cocycle but valid only a.e.
p(dx) and not for all x € X. We start with the following lemma which shows
that the collection of the Radon-Nikodym derivatives {d(po.)/du}eso has
a version which is a cocycle for all z € X.



SEMI-ADDITIVE FUNCTIONALS AND COCYCLES IN THE ... 163

Lemma 3.1. Suppose that the relations (1.3) and (1.2) hold. Then, the
Radon-Nikodym derivatives {d(p o 1.)/du}eso have a version which is

1) jointly measurable in (c,x),
2) a cocycle mapping (0,00) x X — (0, 00),
3) a Radon-Nikodym derivative d(u o.)/dp for all ¢ > 0.

Proof. We first show that the collection {d(u o 1).)/du}e~o has a jointly
measurable version. By using the notation (1.1), relation (1.3) implies that,
for any t € R and ¢ > 0,

d(p o 1pe)

1/a
2@} i)t o)

(3.2)  Gulx,cu) = A=V (z) {

a.e. p(dz)du.
If supp{G¢(z,u)} = X X R a.e. u(dz)du for some fixed t € R, we have
for ¢ > 0,

d(p o e) (2) = o= H@G  (z, cu) “

d,u bc($)Gt(¢c($)’u+gC($))

a.e. p(dx)du. Hence, since the right-hand side of the expression above is
jointly measurable, we may conclude that {d(u o ¢.)/du}e~o has a jointly
measurable version.

Consider now the general case when supp{Gi(z,u)} = X x R a.e.
p(dx)du may possibly not hold for any ¢ € R. Let § = Sp{G;,t € R}
be the linear span of Gy, t € R, and G be the closure of G in the space
LY(X x R, u(dz)du). Since {Gy,t € R} C G, the assumption (1.2) implies
that supp{G} = X x R a.e. u(dr)du. By Lemma 3.2 in Hardin (1981),
there is a function G* € G such that supp{G*(z,u)} = X x R a.e. u(dz)du.
Since G* € G, there are functions G (z,u) = 3", Gy, (z,u) € G, n > 1,
lnis tni € R, such that G (z,u) — G*(x,u) a.e. u(dr)du.

Let also G (z,u) =, aniGet,, (z, cu). Relation (3.2) implies that, for
any ¢ >0and n > 1,

o 1/a
(3.3) Gg”)(x,u):cH_l/abc(x){(ﬂMT;Z}C)(x)} G (o), u + ge(x))
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a.e. u(dx)du. For any ¢ > 0, the right-hand side of (3.3) converges to

o 1/a
M=y () {CZ(MT;M(@} G (te(@), u + ge(@))

a.e. p(dx)du, as n — oo. Since the right-hand side of (3.3) converges, the
left-hand side of (3.3) converges to some function G} (z,w). Hence, for any
c> 0,

o 1/a
Gyamzcﬂﬂ%xm{@%aﬂhm} G (Wele),u + ge(x))

or, since supp{G*} = X x R a.e.,

o), [ g \°
(3.4) g W= {bc(az)G*(wc(ﬂf)7u + ge(@)) }

a.e. u(dr)du. Observe that G%(x, u) is jointly measurable in (¢, z,u) because
it is the a.e. limit of functions jointly measurable in (¢, z,u). Since G*(z,u)
is measurable in (z,u), (), g.(x) and b.(x) are measurable in (¢, z), the
function ¢ =Y/b.(2)Y*G* (e (x), utge(x)) is measurable in (¢, z,u). Hence,
the right-hand side of (3.4) is jointly measurable which is to say that {d(u o
e)/di}eso has a jointly measurable version.

Suppose then, without loss of generality, that d(u o .)/du(x) is jointly
measurable. We still need to show that {d(uo.)/du}eso has a version which
is a cocycle. Since the flow {t.}.~0 is nonsingular, the measures p o 1.
and p are equivalent and hence we may suppose that (d(u o ¥.)/du)(x) :
(0,00) x X — R\ {0}. By (3.1), {d(p o .)/du}eso is an almost cocycle for
the flow {¢c}e>0 where “almost” refers to the fact that the relation (3.1)
holds a.e. p(dz) for ¢1,c2 > 0, in contrast to (1.5) which holds for all z € X
and c1,c2 > 0. By Theorem B.9 in Zimmer (1984) (see also Theorem A.1 in
Kolodyniski and Rosiriski, 2000) and since (d(p o 9).)/dp)(x) is measurable
in (¢,z), {d(no).)/du}te~o has a version which is a cocycle for the flow
{¥c}eso0 taking values in (0,00). Property 3) follows from the definition of
“version”. ]
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Remark. The version specified in Lemma 3.1 which satisfies Conditions 1),
2) and 3) is not unique. Suppose, for instance, that X = R? = {(z1,22)},
wu(dx) = drydxs and . (z1,22) = (21,22 + Inc). Then,

d(p o)

0 (x1,29) =1

is a version of the Radon-Nikodym derivatives satisfying Conditions 1), 2)
and 3). On the other hand, let b: R +— (0,00) be an arbitrary function and
z] € R be fixed. Then,

d( T,Z) ) 17 T 75 JZ‘T,
O YPe
MCT(M’@) =9 b(x2+1Inc) S

is also a version of the Radon-Nikodym derivatives satisfying Conditions 1),
2) and 3). Indeed, it is jointly measurable and also, for fixed ¢ > 0, it is
still a Radon-Nikodym derivative since it was modified on the set {(z1,x2) :
r1 = 2%} of a u-measure zero. It satisfies a cocycle equation for all x € R?,
c1,¢2 > 0, because it does so on the disjoint subsets {(x1,z2) : 1 # 7}
and {(x1,22) : z1 = 2%} of R? which are invariant under the flow. Observe
that the two versions of the Radon-Nikodym derivatives above are different
when b # 1.

We can now give a precise definition of 2-semi-additive functional.

Definition 3.1. A measurable function j.(z) : (0,00) x X — Ris a 2-semi-
additive functional for a flow {1.}.~0 and a cocycle {b.}.>¢ if the relation
(1.7) holds, where d(u o 1.)/du satisfies Conditions 1), 2) and 3) of Lemma
3.1. A semi-additive functional {g.}.~o satisfying (1.6) is called a 1-semi-
additive functional.

In the following examples, we show that after multiplication by a suit-
able factor, the I-semi-additive functional {g.}c>o in (1.6) and the 2-semi-
additive functionals {j.}c~0 in (1.7) become semi-additive functionals re-
lated to a cocycle, and we identify these cocycles.

Example 3.1. If {g.}c~0 is a I-semi-additive functional satisfying (1.6),
then J.(z) = cg.(x) satisfies

Jeren (@) = Joy () + c1Jey (Yo, (),  for all ¢,c0 > 0,2 € X.
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But B.(x) = cis a cocycle for the flow {1 }c~¢ (it satisfies (1.5)). Therefore,
{Je}e>0 is a semi-additive functional related to the cocycle {B.}¢>o.

Example 3.2. If {j.}.>0 is a 2-semi-additive functional satisfying (1.7),
then J.(z) = =1/} (x) satisfies

Jerey () = Joy () + Bey () Jey (Yo, (x)),  for all ¢1,c0 > 0,2 € X

with

o 1/a
(3.5) Be(z) = A=Y (z) {d('udiluwc)(x)} .

Since {b.}¢>0 is a cocycle taking values in {—1,1} and {d(p o ¥.)/dp}eso is
a cocycle taking values in R\ {0}, it is easy to check that {B.}.~¢ is also a
cocycle taking values in R\ {0}. Thus, {J;}>0 is a semi-additive functional
related to the cocycle (3.5).

Remark. The preceding examples can be used in the following way. Sup-
pose that {g.}e>0 and {j.}c>0 are only almost semi-additive functionals.
Then {J.}c>0 would also be almost semi-additive functionals. Since The-
orem 2.1 applies to {J.}¢>0, these have a version which is a semi-additive
functional. In view of the expressions relating J,. to g. and j,, it follows that
{gc}e>0 and {j.}e>0 have also a version which is a semi-additive functional.
This type of argument is used in the proof of the following theorem.

Theorem 3.1. The function j.(x) in relation (1.3) can be taken to be a
2-semi-additive functional.

Proof. We need first to show that the function j.(x) in (1.3) is an almost
semi-additive functional. Observe that it equals

(3.6) Je(@) = ¢ HHOG(2, cu) = be() Ge(@), u + ge(x)),

a.e. p(dz)du, for any ¢ > 0, where

" o 1/a
(3.7) bule) = bo(a) {d(”d—ﬁm} |
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By Lemma 3.1 above, the Radon-Nikodym derivative d(po.)/du and hence
its 1/a-power have a version which is a cocycle taking values in (0, 00). Since
b.(x) is a cocycle, the product gc(x) also has a version which is a cocycle
taking values in R\ {0}. We may therefore suppose without loss of generality
that {be}eso is a cocycle in (3.6), that is,

(3.8) beyes (T) = bey (x)gQ (Yer (7).

By using (3.6), we have for ¢, co > 0,
j0102 (l‘) = (0162)_(H_1/Q)G($7 Clc?u) - g0102 (‘/E) G(¢6102 (‘/E)’ u + Gereo (‘/E))

a.e. p(dr)du. By using (3.8) and ge,e, (¥) = 5 gey () + Gep (Vey (7)), We
conclude that

(3.9)
jClCQ (':L')

= & IV G @, 01 (e2u) = ey (2) G0 (), 21+ gy (1))
+3@{ G706 (e 0.l + 5 o)

— bey (Ve (x))G(wcz (e, () + €5 gy (%) + geo (Ve (x))) }

= ¢ VD (@) + bey () ey (e ()

a.e. u(dz). Hence, {j.}e>0 is an almost semi-additive functional.
Multiplying (3.9) by (crc0) =1/ and setting J.(z) = 1/} (), Be(z)
= cH=1/2p (), we obtain that

(3.10) Jer,eo(®) = Jey (T) + Bey (2) ey (Y, () ace. p(da).

Since {B.}>0 is also a cocycle for the flow {1.}.>0, relation (3.10) shows
that {J.}c>0 is an almost semi-additive functional related to the cocycle
{B¢}e>0 in the sense of Definition 2.1 above. By Theorem 2.1, {J.}.~0 has
a version which is a semi-additive functional related to the cocycle {B.} ;0.
But j.(z) = ¢ =Y J(z). Hence, when multiplied by ¢~ (=1/®) this
version is a 2-semi-additive functional which is a version of {j.}c>o0. ]
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The corresponding result for g. was proved in Proposition 3.1 of Pipiras and
Taqqu (2002a), pages 421-426. (In that proposition, “semi-additive func-
tional” means “I-semi-additive-functional”.) The proof of that Proposition
3.1 also follows from the more general setting of the present paper. In fact,
it reduces, at this stage, to the argument in Example 3.1 and the remark
preceding the statement of Theorem 3.1.

Theorem 3.1 is useful when solving for the kernel function G generated
by a given flow. One such case, studied in Proposition 3.1 of Pipiras and
Taqqu (2007), concerns kernel functions related to cyclic flows. 2-semi-
additive functionals could have also been used in Theorem 5.1 of Pipiras
and Taqqu (2002b), where kernels related to identity flows of Example 4.1
below are considered. In particular, the argument used in Theorem 5.1 of
that paper involving an almost everywhere version of the Cauchy functional
equation would not be necessary anymore. We explain this in greater detail
in the remark following Example 4.3 below.

4. EXAMPLES

In the following examples, we consider I- and 2-semi-additive functionals
{Jje}eso for identity, dissipative and cyclic flows {1, }.~0, and related cocycles

{bc}c>0-

Example 4.1. Consider the identity flow {¢c}e>0 on (X, u) such that

(4.1) Yelw) = @
for all ¢ > 0 and x € X. We can take
d(p o ¥e) dp
4.2 _ = — =1
(12) @ =L

as a cocycle for the identity flow {¢.}.~o. By Lemma 3.2 in Pipiras and
Taqqu (20020b),

(4.3) be(x) =1

for the identity flow {¢c}c>0. The 2-semi-additive functional {j.}cso in (1.7)
therefore satisfies

(4.4) Jerea(®) = &3 TV o (@) + ey (1),
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for all x € X, ¢1,¢5 > 0. Relation (4.4) is an equation for the functional

Je(x), which we shall now solve.

If H # 1/a, by subtracting je,c,(z) = cl_(H_l/O‘)jc2 (@) + Je, (@) from

(4.4), we obtain that
(1= "oy () = (1= e )y ).
By fixing ¢y # 1, we conclude that
Je(x) = j(a)(1 — ¢V,
where j(z) is some function. If H = 1/« then
Jerea(T) = Jeo(T) + Jey (2)

and by using Lemma 1.1.6 in Bingham et al., (1987), we have

Je(x) = j(x)Ine,
where j(z) is some function.
Example 4.2. Consider the flow
(4.5) Ye(y,u) = (y,u+Inc)
on the space (X,u) = (Y x R,v(dy)du). By Krengel’s theorem (see, for
example, Theorem 3.1 in Pipiras and Taqqu (2002b), any dissipative flow on

(X, p) is null-isomorphic to a flow {t¢}.>¢ of the form (4.5). Let L denote
the Lebesgue measure on R. We can take

d((v ® L) 0 ¢c)
d(v®L)

dv(y) d(u+1Inc)

1
dv(y) du

(y,u) =

as a cocycle for the flow {¢.}.~0. By Lemma 3.1 in Pipiras and Taqqu
2002b), for the dissipative flow {1.}.~0, the cocycle b, is given by

(4.6) bely, 1) = %
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with some function b taking values in {—1,1}. Hence, a 2-semi-additive
functional {j.}eso for the flow {¢;}e>0 in (1.7) satisfies

b(Ye(y,u))
by, u)

—(H-1/a)

jCIC2 (y7 u) = Cy jCl (y7 u) + jCz (wcl (y7 u))

for all (y,u) € Y x R and ¢1,¢5 > 0.
To solve this equation for j., set j.(y,u) = b(y,u)j.(y,u) so that

~ —(H-1/a)~ ~
]c1cz(yau) = Cy ( /a)]q (yau) +]cz(y7u +lncl)-

Substituting u =20 ithO this relation and setting Inc; = v so that ¢; = e?,
co = c and j(y, ) = jes(y,0), we obtain that cico = eV*"¢ and

J(y,v+1ne) = ¢ H5(y ) + jo(y,v).

Hence,

(v.) = AT :5(¢c(y,u)) _C—(H—l/a)j(yau)
Je(y,u) = (b(y,w)) " je(y, u) by, 1) (v.u

SN
~—

= be(y, w)j (Ve(y,w) — Y j(y, w),
by (4.6), where j(y,u) = j(y,u)/b(y,u) is some function.

Example 4.3. In view of (1.6), a I-semi-additive functional {g.}.>0o for the
identity flow (4.1) satisfies ge,e, () = 5 " ey () 4 gey () whose solution is

for some function g : X — R (Lemma 3.2 in Pipiras and Taqqu, 2002b).
The corresponding equation for the dissipative flow (4.5) iS geye,(y,u) =
62_1961 (y,u) + gey (¥, u + Inca) where solution is

9e(y,u) = g(y,u +1Inc) — e gy, u),

for some function g : Y x R — R (Lemma 3.1 in Pipiras and Taqqu, 2002b).
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Remark. Consider relation (1.3) where the flow {¢}c>0 is the identity.
Observe that, by using the relations (4.2) and (4.3) and Examples 4.1 and
4.3, the equation (1.3) becomes: for any ¢ > 0,

e =Gz, cu) = G(x,u + (¢t = 1)g(az)) + (1 — ¢ H2)) ()
a.e. pu(dx)du, when H # 1/a, and
G(z,cu) = G(x,u + (7t = 1)g(x)> + (Inc)j(x)

a.e. u(dr)du, when H = 1/a. These equations were also obtained in the
proof of Theorem 5.1 in Pipiras and Taqqu (2002b) and then used to solve
for the function G. The arguments in that theorem, leading to the two
equations were quite involved but as we see here, the equations follow easily
once 2-semi-additive functionals are used.

Example 4.4. For v € R and a > 0, let
(4.7) [Vl =max{n € Z:na <v}, {v}s=1v—av]s.

By Theorem 2.1 in Pipiras and Taqqu (2004), any cyclic flow is null-
isomorphic to the flow

(4.8) be(z,v) = (2, {v +Incly,))

on the space (X, u) = (Z x [0,4(+)),o(dz)dv), where g(z) > 0 is some func-
tion. Observe that {v + In c}q(z), as a function of v, has the shape of a
seesaw. Relation (1.6) for the I-semi-additive functional {g.}.>o of the flow
(4.8) becomes ge, ey (2,v) = ¢35 gey (2,0) + gey (2, {v+1n C2}q(z))- The solution
to this equation, which is given in Proposition 5.1 below, is as follows:

(4'9) 90(27 U) = 9(27 {U +1In c}q(z)) - C_lg(za U)a
for some function g : Z x [0,¢(+)) — R.
Example 4.5. We now consider 2-semi-additive functionals for cyclic flows

(4.8). By Lemma 8.2 in Pipiras and Taqqu (2007), the cocycle b.(z,v) in
(1.3) for the flow {9.}.~0 can be expressed as



172 V. PIPIRAS AND M.S. TAQQU

b(Ye(,v))
4.1 . = [v+In clg(z) A7l 7))
(110) be(zv0) = b (2) e 2L
for some functions by : Z — {—1,1} and b : Z x [0,q(-)) — {—1,1}. The
Radon-Nikodym derivatives

d((oc @ L) o ¢e)

ool (z,v) =1

because d{v + Inca}4.)/dv = 1 for almost all v since q(z) does not affect
the slope. These Radon-Nikodym derivatives can be taken as a cocycle for
the flow {¢c}c>0. The 2-semi-additive functional {j.}c~o in (1.7) therefore
satisfies

b(1e(z,v))

. —(H— . .

orea (210) = & BV g, (2,0) 4 by (e LD 5,
b(z,v)

The solution to this equation, which is given in Proposition 5.2 below, is as

follows:

Jelz0) =by(2) s 71’(%2;’)).7'(%(2,1))) — Y (z,0)
(4.11) ’

+ b(z,0) [v+In C]q(z) Liny()=1} L {H=1/0}>

for some functions j; : Z+— R and j: Z x [0,¢(:)) — R.

5. SEMI-ADDITIVE FUNCTIONALS FOR CYCLIC FLOWS

In this section, we solve the I- and 2-semi-additive functional equations (1.6)
and (1.7) for the cyclic flows {t.}¢>0 of the form (4.8). The results are used
in Pipiras and Taqqu (2007) to obtain a general form for the kernel G of a
mixed moving average generated by a cyclic flow.

By (4.7), one has ¢.(z,v) = (2,{lnc +v}q)) = (2,Inc+v —ng(z))
when ng(z) <Ilnc+wv < (n+ 1)¢(z) and hence these flows have the special
representation (2.20) with

(5.1) V(z) =2, rn(z) =ng(2).
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This representation is convenient when applying Remark following Corollary
2.1 to characterize semi-additive functionals as in the following propositions.

Proposition 5.1. Let {1.}.~0 be a cyclic flow on the space Z x [0,q(+))
given by (4.8), and let {gc}e>0 be a 1-semi-additive functional for the flow
{c}eso satisfying (1.6). Then, the solution to the equation (1.6) is given by
(4.9).

Proof. Example 3.1 shows that J.(z,v) = cg.(z,v) is a semi-additive func-
tional in the sense of (2.1) for the cyclic flow {1, }.~0 and the cocycle { B.}¢>0
defined by B.(z,v) = ¢. Since 1.(z,v) has a special representation (2.20)
with V and r,, defined in (5.1), Remark following Corollary 2.1 shows that
the semi-additive functional {J.}.~o can be expressed as the sum of two
semi-additive functionals. After substituting J.(z,v) = cg.(z,v) into their
expressions, one gets

9e(z,0) = 9V (z,0) + 9P (2, v),

where
9 (z,v) = ¢ Be(2,0)9W (2, {v + Inc}y() — ¢ gW (2,0),

9P (z,0) = N (Ber(2,0) 7" Y By (2,0)91(VF2),
kelo,n)

if rp(2) < lnc+ v < rpt1(2), for some measurable functions gV Z x
[0,9(-)) — Rand g1 : Z — R.
The function ggl)(z,v) has the form (4.9) since ¢~ !B.(z,v) = 1. Con-

sider now the function 952)(2,1}). Since m,(2z) = ng(z) by (5.1), we have

m(z) < Inc+v < rypp1(z) when n = [v + Incly;) using (4.7). By using
B.(z,v) = c and (5.1), we obtain that

9t (z,v)

— 91(2’) e—v—lnc Z ekq(z) — gO(Z) e—v—lnc(e[v-i-lnc}q(z)q(z) B 1)7
kG[O,[v—l—lnc]q(z))

where go(2) = g1(2)/(e?®) —1). Applying (4.7), we get
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952) (271]) = go(z)(e_{U'Hn cle(z) c_le_v)7

which has the form (4.9) with g(z,v) = go(2)e™". Thus, ggl) + g£2) has the
form (4.9). ]

Proposition 5.2. Let {t.}c~0 be a cyclic flow on the space Z x[0,q(+)) given
by (4.8). Let also {jc}eso be a 2-semi-additive functional for the flow {1 }eso
satisfying (1.7), and choose a version of the Radon-Nikodym derivatives

d((oc @ L) o ¢c)
= ) =1
d(o_ ® IL) (z7 U)
which is a cocycle for the flow {1.}cs0, where o(dz) is a measure on Z and
L denotes the Lebesgue measure on R. Then, the solution to (1.7) is given
by (4.11).

Proof. Example 3.2 shows that J,(z,v) = ¢T=1/%j.(z,v) is a semi-additive
functional related to the cocycle Be(z,v) = c¢?~1/%b.(2,v). Since 1c(z,v)
has a special representation (2.20) with V' and r, given in (5.1), we can
apply Remark following Corollary 2.1 to express {J.}.>0 by the sum of two

functionals. By substituting J.(z,v) = ¢~/ (z,v) into these expressions,
we get

jC(Z7 U) = jél) (27 U) + ]£2) (27 U)?
where

i0(z,0) = ¢ EYD B (2,0)D (2, v + Inchyqay) — ¢ H VD50 (2, 0),

i (z,0) = ¢ HVO (B (2,0))71 D By (2,0)1(VF2),
ke[o,n)

if r,(2) < lnc+ v < rpy1(2), for some measurable functions (M : Z x
[0,9(-)) = R and j; : Z — R.

Since ¢~ (H=1/®) B (z,v) = be(2,v) and b, is given by (4.10), the function
jgl)(z,v) has the form of the first two terms of (4.11). Consider now the
function jé2)(z,v). Observe that r,(z) < Inc+ v < rp41(2) when n =
[v 4+ In c]y(,), since r,(2) = nq(z). Since B(z,v) = =Yy (z,0), V2 = 2
and 7,(2) = ng(z), we obtain that
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i (z,0) =

ji(z)e @ e =@, (2 0)70 Y eHTREp ) (2,0).
ke€[0,[v+1n C]q(z))

By using the expression (4.10) of b.(z,v), we have

(2, {v}q(z)) _ B(z,0)
b(z,0)  b(z0)’

b
bev (2,0) = by (2)Pa

since (z,v) € Z x [0,¢(-)) and b; € {—1,1}. We also get that b rq)(2,0) =
b1(2)*. Hence,

i (z,0) =

j()(Z)(b(Z,U))_le_(H_l/a)(v+lnc) Z e(H—l/a)kq(z)bl(z)k7
k€[0,[v+Incly(2))

where jo(2)=j1(2)b(2,0). If H#1/a or by(z) #1, then eH—1/@)a()p, (2)£1.
Hence, by using (4.7) and (4.10),

i (z,0) =

j(Z)(b(Z, U))—le—(H—l/a)(an c) <6(H—1/a))q(z)[v+ln c]q(z)bl (Z)[v—i—ln claz) _ 1)

bl (Z)[v—i-ln c]q(z) -

b(z,v)

‘ e—(H—l/a){v—i—lnc}q(z)
DR b(z,v)

o—(H—=1/a)(v+1n c) )

e—(H—l/a){v—l—ln c}a(z) e—(H—l/a)v

=j(2) <bc(z,v) - c_(H‘l/a)i) ,

b(z,{v +Inc}y)) b(z,v)
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where j(z) = jo(z)/(eH=1/®4() b (2) —1). Thus j£2) (z,v) with H # 1/« or
b1(z) # 1 has the form of the first two terms of (4.11) (as did jél)(z,v)). If
H =1/« and by(z) = 1, then

3P (z,v)

= jo(2)(b(z,v)) ! Yo 1=5o(2)(b(z0) " v+ Indg),
ke[0,[v+Incly(2))

which has the form of the last term of (4.11). ]
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