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1. Introduction

The number of treatments in a balanced nested design is the product of
the number of levels in each factor. This number may be too large. As an
alternative, in step nested designs the numbers of treatments is the sum of
the factor levels and the amount of information for the different factors is
more evenly distributed.

Figure 1. Balanced nested design

Figure 2. Step nested design

We point out that the examples presented in Figure 1 and 2, correspond
to designs with the same number of levels in each factor. In both cases we
consider the first factor with three levels, the second factor with four levels,
the third factor with two levels and the fourth factor with five levels. It’s
easy to see that the number of treatments in balanced nested design is equal
to 3 × 4 × 2 × 5 = 120 treatments. In step nested designs this number is
equal to 3+4+2+5 = 14 treatments. As in a practice experience, the carry
cost is, in many times, a decisive factor, the step nested design is a strong
alternative to the balanced nested design.
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The proposal in step nested designs is to use a1 levels for the first factor,
combined with a single level of all other factors; then a new single level for
the first factor, combined with a2 new levels of the second factor, combined
with a single level of all other factors; and so on.

In this paper we intend to study the cross of nested designs.

Figure 3. Cross step nested design

In this designs we have L groups with u1, . . . , uL factors. If ui > 1 we have
step nesting for the factors in the i-th group. If we consider the intervenient
factors, the parameters will be:

• the general mean value;

• the effects for the levels of the different factors;

• the interactions between levels for factors in distinct groups.

These parameters will be associated (see [4]) to the h vectors of
Γ = {h : 0 ≤ hi ≤ ui, i = 1, . . . , L}.

So, if ai (hi), with hi = 1, . . . , ui, i = 1, . . . , L, are the number of levels
for the different factors, we take a (h) =

∏L
i=1 ai (hi) with ai (0) = 1 and

c (h) =
∏L

i=1 ci (hi) with ci (hi) = ui − i +
∑i

l=1 al (hl), with i = 1, . . . , L.
After presenting the model, we will consider estimation and hypothesis

testing.
In what follows, Im will be the identity matrix of order m, 1m the vector

with m components equal to 1, 0m the null matrix of order m × m and Jm

a matrix of order m × m with all components equal to 1. We represent by
E (U) and /Σ(U) the mean vector and covariance matrix of U . We write
y ∼ N

(
µ, σ2M

)
, when y is normal with E

(
y
)

= µ and /Σ
(
y
)

= σ2M , and
S ∼ γχ2

m if S is the product by γ of a central chi-square with m degrees of
freedom. Moreover, we represent by ⊗ the Kronecker product of matrices,
and by R (M) the range space of matrix M .
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2. Model

For the second design presented above we have the random effects model

y =
∑

h∈Γ

X (h) β (h)

with β (0) = µ the general mean vector and X (0) = 1n , where n =
∏L

i=1 ni.

We have also X (h) =
⊗L

i=1 Xi (hi) with

Xi (hi) = D (Vi,1,hi
· · · Vi,ui,hi

)

where 



Vi,l,hi
= Iai(l) , for l ≤ hi

Vi,l,hi
= 1ai(l) , for l > hi

and Xi (0) = 1ni
.

The vectors β (h) are normal and mutually independent, with null mean
vector and covariance matrix σ2 (h) Ic(h), with h ∈ Γ.

To carry out the inference we work with the orthogonal projection of y
on a sub-space which we now introduce. Lather on we intend to consider
information retrieval.

We have the mutually orthogonal orthogonal projection matrices

Q⊥
i = D

(
1

ai (1)
Jai(1) · · ·

1

ai (l)
Jai(l) · · ·

1

ai (ui)
Jai(ui)

)

and

Qi,l = D
(
0ai(1) · · · Tai(l) · · · 0ai(1)

)
, l = 1, . . . , ui,

where

Ts = Kt
sKs = Is −

1

s
Js.

Then

Q◦ =

L⊗

i=1

(
Ini − Q⊥

i

)
=

L⊗

i=1

(
ui∑

l=1

Qi,l

)
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will be an orthogonal matrix and we work with

y◦ = Q◦y =
∑

h∈Γ

X◦ (h)β (h)

to obtain an orthogonal model, where

X◦ (h) = Q◦X (h) =

L⊗

i=1

[(
Ini − Q⊥

i

)
Xi (hi)

]
=

L⊗

i=1

X◦
i (hi) .

With

X◦
i (hi) = D

(
V ◦

i,1,hi
· · · V ◦

i,ui,hi

)

where 



V ◦
i,l,hi

= Tai(l) , for l ≤ hi

V ◦
i,l,hi

= 0ai(l) , for l > hi

.

The transformed model will have null mean vector and variance covariance
matrix

∑
h∈Γ σ2 (h)M◦ (h) where

M◦ (h) =
L⊗

i=1

M◦
i (hi)

with

M◦
i (hi) = X◦

i (hi) X◦
i (hi)

t =

hi∑

l=1

Qi (l) .

We point out that

Qi (hi) = Ai (hi)
t Ai (hi)

with

Ai (hi) =
[
0[ai(hi)−1]×ai(1) . . . 0[ai(hi)−1]×ai(hi−1)

Kai(hi) 0[ai(hi)−1]×ai(hi+1) . . . 0[ai(hi)−1]×ai(ui)

]
.
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With

A (h) =
L⊗

i=1

Ai (hi)

we have

A (h) y◦ =
∑

h∈Γ

A (h)X◦ (h) β (h)

as well as

E
[
A (h) y◦

]
= 0a∗(h)

and as

/Σ
[
A (h) y◦

]
=
∑

h∈Γ

σ2 (h) Ia∗(h)

with a∗ (h) =
∏L

i=1 [ai (hi) − 1].

3. Inference

Since A (h) y◦ ∼ N (0a∗(h); γ (h) Ia∗(h)), with γ (h) =
∑

k∈Γ:k≥h σ2 (k),

we have the sums of squares S (h) =
wwA (h) y◦

ww2
∼ γ (h) χ2

a∗(h), where γ (h)

= S(h)
a∗(h) , h ∈ Γ.

Thus, we obtain the unbiased estimators γ̃ (h) = S(h)
a∗(h) , and we have:

E [S (h)] = a∗ (h)
∑

k∈Γ:k≥h

σ2 (k) .

We now have

Proposition 1. Since

γ (h) =
∑

{h′∈Γ:h≤h′≤u}

σ2
(
h′
)
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we will have

σ2 (h) =
∑

h′∈U(h)

(−1)m(h,h′) γ
(
h′
)

where m
(
h, h′

)
is the number of components of h that are lesser than the

corresponding components of h′ and U (h) =
{
h′ : hi ≤ h′

i ≤ min [(hi+1), ui],
i = 1, . . . , L}, means that the components of h′ aren’t lesser then the

components of h and they don’t exceed these in more than one unit.

Proof. Starting from the second member of the equality we have

∑

h′∈U(h)

(−1)m(h,h′) γ
(
h′
)

=
∑

h′∈U(h)

(−1)m(h,h′)




∑

h′′:h′≤h′′

σ2
(
h′′
)

 .

Therefore, σ2
(
h′′
)

has coefficients (−1)m(h,h′) in the corresponding terms h′

such as h′ ∈ U (h) and h′ ≤ h′′. If h′′ = h we must have h′ ≤ h, and having

only one term in σ2
(
h′′
)
, it will has coefficient (−1)m(h,h) = 1. If h′′ 6= h we

will have h′′ > h. Let

C
(
h′′
)

=
{
j : hj < h′′

j

}
.

Since C′ ⊆ C
(
h′′
)

there exists h′ ∈ U (h) such as

{
j ∈ C′ : h′

j = hj + 1

j /∈ C′ : h′
j = hj

and σ2
(
h′′
)

enter in the corresponding term of h′ with coefficient (−1)m(h,h′).

We will have (
m(h, h′′)

l
) sets C′ ⊆ C

(
h′′
)

with ] (C′) = l, so the coefficient

of σ2
(
h′′
)

will be

m(h,h′′)∑

l=0

(
m
(
h, h′′

)

l

)
(−1)l = 0.

�
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Since

U (h) =
{
h′ : hi ≤ h′

i ≤ min [(hi + 1) , ui] , i = 1, . . . , L
}

we can consider two sub-sets U (h)+ and U (h)− constituted by the h′ ∈
U (h) for which m

(
h, h′

)
is even or odd, respectively.

Given that

γ (h) =
∑

{h′∈Γ:h≤h′≤u}

σ2
(
h′
)

=
∑

h′∈U(h)+

σ2
(
h′
)

+
∑

h′∈U(h)−

σ2
(
h′
)

the variance components, σ2 (h), can be rewritten using γ (h), so we will
have

σ2 (h) =
∑

h′∈U(h)

(−1)m(h,h′) γ
(
h′
)

=
∑

h′∈U(h)+

γ
(
h′
)
−

∑

h′∈U(h)−

γ
(
h′
)

and we will obtain the estimators

σ̃2 (h) =
∑

h′∈U(h)

(−1)m(h,h′) γ̃
(
h′
)

=
∑

h′∈U(h)+

γ̃
(
h′
)
−

∑

h′∈U(h)−

γ̃
(
h′
)
.

The number of terms in each part of the estimators is 2m(h,h′)−1.

We now intend to derive complete sufficient statistics that enable us to
obtain UMVUE for the variance components.

We have

/Σ
(
y◦
)

=
∑

h∈Γ

σ2 (h) M◦ (h)

with

M◦ (h) =

L⊗

i=1

(
hi∑

l=1

Qi (l)

)
=

L⊗

i=1

D
(
V ◦

i,1,hi
· · · V ◦

i,ui,hi

)
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where




V ◦
i,l,hi

= Tai(l) , for l ≤ hi

V ◦
i,l,hi

= 0ai(l) , for l > hi

.

Putting a ∧ b = min {a, b} and with

M◦
i (li) = X◦

i (li) X◦
i (li)

t = D
(
Tai(1) · · · Tai(li) 0ai(li+1) · · · 0ai(ui)

)

we have

M◦
i (hi)M◦

i (ki) = D
(
Tai(1) · · · Tai(hi∧ki) 0ai(li+1) · · · 0ai(ui)

)

= M◦
i (ki) M◦

i (hi)

so

M◦ (h) M◦ (k) = M◦ (k)M◦ (h)

thus the matrices M ◦ (h), h ∈ Γ, commute, belonging to (see [4]), a
commutative Jordan algebra.

Moreover

M◦ (h) =
∑

h≥k

Q (k)

with Q (k) = A (k)t A (k). It is now straightforward to show that the matri-
ces Q (k) are symmetric and idempotents so they are orthogonal projection
matrices. We point out that

Q (h) Q (k) =
[
A (h)t A (h)

] [
A (k)t A (k)

]
=

L⊗

i=1

(0n×n)

so they are mutually orthogonal, orthogonal projection matrices and
these matrices will constitute the principal basis of an commutative
Jordan algebra.
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Proposition 2. Since

M◦ (h) =
∑

h≥k

Q (k)

we will have

Q (k) =
∑

h∈U(k)

(−1)m(h,k) M◦ (h) .

Proof. We will try to prove the previous equality using induction on
m+ = m (0, k).

If m+ = 0 then k = 0 and we have Γ (0) = 0 so that

M◦ (0) = Q (0) .

Now we assume that the thesis holds for m+ ≤ w and with k such as
m (0, k) = w + 1, we have

M◦ (h) =
∑

h≥k

Q (k) = Q (h) +
∑

h>k

Q (k) .

Then

Q (h) = M ◦ (h) −
∑

h>k

Q (k)

and since h > k we have m (0, k) ≤ w and using the induction hypothesis
we have

Q (h) = M ◦ (h) −
∑

h>k

∑

t∈U(k)

(−1)m(t,k) M◦ (t) .(1)

We point out that if t ≤ k < h then t < h.
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Thus, if t /∈ U (h) with mo = m (t, h) and Co = {l : tl < hl}, all the com-
ponents of t with indexes in Co can be increased in one unit to obtain
vectors k, such as k < h and that t ∈ U (k). We will have ( mo

v ) sets
of v components of these, v = 0, . . . ,mo and M◦ (t) will have coefficient
(−1)v in the terms corresponding to k obtained by this way. Then the final
coefficient of M ◦ (t) will be

mo∑

v=0

(
mo

v

)
(−1)v = 0.

If t ∈ U (h), this case is similar to the previous but this time we can’t
increase in one unit the components tl, l ∈ Co, because we will obtain the
vector h. Then the coefficient of M ◦ (t) will be

mo−1∑

v=0

(
mo

v

)
(−1)v = − (−1)mo

= − (−1)m(t,h) .

Then in (1), we will have

Q (h) = M ◦ (h)−
∑

t∈U(h):h>t

[
− (−1)m(t,h) M◦ (t)

]
=
∑

t∈U(h)

(−1)m(t,h) M◦ (t) .

This proposition shows that there exists an minimal commutative Jordan
algebra that contains the matrices M ◦ (h), h ∈ Γ, being the principal basis of
that commutative Jordan algebra constituted by the orthogonal projection
matrices Q (h).

Now with

/Σ
(
y◦
)

=
∑

h>0

σ2 (h)
∑

h≥k

Q (k) =
∑

h≥k

γ (k) Q (k) ,

where γ (k) =
∑

h∈Γ:h≥k σ2 (h) and with dim [∇ (k)] = a (k) − 1, we have
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



det
[
/Σ
(
y◦
)]

=
∏

k∈Γ:h≥k

γ (k)a(k)−1

[
/Σ
(
y◦
)]−1

=
∑

k∈Γ:h≥k

γ−1 (k)Q (k) .

Then
(
y◦ − 1nµ

)t [/Σ
(
y◦
)]−1 (

y◦ − 1nµ
)

=
∑

k∈Γ

γ−1 (k)
(
y◦ − 1nµ

)t
Q (k)

(
y◦ − 1nµ

)
.

Thus the normal density of y◦ will be

n
(
y◦
1nµ, /Σ

(
y◦
))

=
e
− 1

2

[
γ−1(0)n[y◦

•−µ]2+
∑

k∈Γ/0

γ−1(k)S(k)

]

(2π)
n
2

∏
k∈Γ:h≥k

γ (k)
a(k)−1

2

.

Thus using the factorization theorem, we see that, A (k) y◦ and S (k) =wwA (k) y◦
ww2

constitute sufficient statistic for the density of y◦.

Moreover this density being normal, belongs to the exponencial family
and since the parameters

Ω = ]−∞,+∞[ × [0,+∞[ × · · · × [0,+∞[

contains an open set, this sufficient statistic will be complete (see [5]).

Since S (h) ∼ γ (h)χ2
a∗(h), we obtain the unbiased estimators γ̃ (h) =

S(h)
a∗(h) which will be UMVUE.

Now σ̃2 (h) =
∑

h′∈U(h) (−1)m(h,h′) γ̃
(
h′
)
, and using the Blackwell-

Lehman-Scheffé theorem, we see that these estimators are UMVUE.
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Nextly we consider testing the hypothesis H0 : σ2 (h) = 0. Then we have
two different cases according to having m (h, u) ≤ 1 or m (h, u) > 1.

In the cases in which m (h, u) = 0 or m (h, u) = 1, there exists unbiased
estimators for the variance components given by difference of two mean
squares, so we can test the nullity hypothesis of these components using
usual F tests. Then we have the hypothesis

H0 : σ2 (h) = 0

against

H1 : σ2 (h) > 0.

Now with

θ (h) =
γ (h)

γ (h∗)

where h∗ is h∗
i = hi + 1, i = 1, . . . , L, these hypothesis can be rewritten as

H0 : θ (h) = 1

against

H1 : θ (h) > 1.

So, we can use usual F tests with statistics

F (h) =

S(h)
a∗(h)

S(h∗)
a∗(h∗)

=
a∗ (h∗)

a∗ (h)

S (h)

S (h∗)
∼

a∗ (h∗)

a∗ (h)

γ (h)

γ (h∗)

χ2
a∗(h)

χ2
a∗(h∗)

= θ (h)
a∗ (h∗)

a∗ (h)

χ2
a∗(h)

χ2
a∗(h∗)

that are the products by θ (h) of variables with a central F distribution with
a∗ (h) and a∗ (h∗) degrees of freedom.
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The quotients

Z =

χ2
a∗(h)

a∗(h)

χ2
a∗(h∗)

a∗(h∗)

,

where the chi-squares are independents, have central F distribution:

F (z |a∗ (h) , a∗ (h∗))

with a∗ (h) and a∗ (h∗) degrees of freedom.

With k the critical value, we do not accept the tested hypothesis when
F > k, so the power functions of these tests will be

Pot (θ (h)) = 1 − F

(
k

θ (h)

 a∗ (h) , a∗ (h∗)

)

that increases with θ (h), so the corresponding F tests will be unbiased.

In the cases in which m (h, u) > 1, there do not exist unbiased estimators
for the variance components given by difference of two mean squares. Thus,
it is impossible to obtain usual F tests to test the hypothesis

H0 : σ2 (h) = 0

against

H1 : σ2 (h) > 0.

Now with

θ (h) =

∑

h′′∈U(h)+
γ
(
h′′
)

∑

h′′∈U(h)−
γ
(
h′′
)

these hypothesis can be rewritten as

H0 : θ (h) = 1

against

H1 : θ (h) > 1.
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So we can use, (see [7] and [8]) generalized F tests with statistics:

F (h) =

∑

h′∈U(h)+

S(h′)
a∗(h′)

∑

h′∈U(h)−

S(h′)
a∗(h′)

∼

∑

h′∈U(h)+

γ(h′)χ2
a∗(h′)

a∗(h′)

∑

h′∈U(h)−

γ(h′)χ2
a∗(h′)

a∗(h′)

= θ (h) ×

∑

h′∈U(h)+

τ1(h′)χ2
a∗(h′)

a∗(h′)

∑

h′∈U(h)−

τ2(h′)χ2
a∗(h′)

a∗(h′)

,

where τ1

(
h′
)

and τ2

(
h′
)

are the nuissance parameters for the numerator
and the denominator, given by:

τ1

(
h′
)

=
γ
(
h′
)

∑

h′′∈U(h)+
γ
(
h′′
)

for h′ ∈ U (h)+ and

τ2

(
h′
)

=
γ
(
h′
)

∑

h′′∈U(h)−
γ
(
h′′
)

for h′ ∈ U (h)−.

These statistics F (h) are products by θ (h), of quotients

Z =

∑

h′∈U(h)+

τ1(h′)χ2
a∗(h′)

a∗(h′)

∑

h′∈U(h)−

τ2(h′)χ2
a∗(h′)

a∗(h′)

,
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which, since the chi-squares are independent, have generalized F distribution

F
(
z
g

1
, g

2
, τ 1, τ 2

)

with τ1 and τ2 the vectors whose components are the nuissance parameters
for the numerator and the denominator, respectively, and g

1
and g

2
the

vectors whose components are the degrees of freedom for the numerator and
the denominator, respectively.

With k the critical value, we do not accept the tested hypothesis when
F > k, so the power functions of these tests will be

Pot [θ (h) , τ 1, τ 2] = 1 − F

(
k

θ (h)

g
1
, g

2
, τ1, τ2

)

that increases with θ (h), so the corresponding F tests will be unbiased.

If we name as first evenness condition
(
1st
)

that all components of the
vector g

1
are even and as second evenness condition

(
2nd
)

that all compo-
nents of the vector g

2
are even, when at least one of these evenness conditions

holds, we have an exact expression for the distribution of the test statistic
(see [4] and [3]).

When none of the evenness conditions either of these conditions holds,
we can use the Monte-Carlo methods for tabling the distributions.

4. Final comments

In further work we intend to recover the information that is lost when we
use the orthogonal model y◦. The possibility of negative estimators has
been considered by many authors, for instance see Nelder (see [9]). The
main inference to be had when we get σ̃2

i < 0 is that σ2
i must be null.

The unbalanced cross nested models turned out to be a valid alternative
for the balanced designs, leading to F tests or to generalized F tests with
good properties. These models have a structure similar to balanced case but
we can work with less observations and the amount of information for the
different factors is more evenly distributed. It is quite interesting to point
out that the models we studied are orthogonal but not balanced.
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