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Abstract

Let V; = XZTﬂ +e;, 1 <i<n,n>1bea linear regression model
and suppose that the random errors eq, e, ... are independent and a-
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consistency of the least squares estimator 3 of 3 under additional
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1. INTRODUCTION

The strong consistency of the Least Squares Estimator (LSE) has been stud-
ied on the last years by many authors (see for instante [6, 10, 11, 12, 13, 14]
or [15]). In the papers [10] and [11] are obtained necessary and sufficient
conditions for the LSE strong consistency. Nevertheless, the formulation
used by the authors of the papers quoted above assumes an i.i.d. random
error sequence with null expected value and finite absolute moment of order
1 < r < 2. In a first stage, our purpose will be to derive LSE strong con-
sistency from a formulation that is, in some sense, similar to the described
previously. As a matter of fact, we will assume that the errors ey, e, ...
are i.i.d. a-stable excluding any hypothesis on their absolute moments. Let
us point out that the stability condition for the errors is introduced here to
make useful the suitable "linearity’ properties of the stable distributions. On
a second stage, we generalized the above assumptions supposing that the
random variables e, es, ... are only independent and a-stable, obtaining an
extension of the results presented in [10] and [11].

Consider the linear model,

(1.1) Yi=xB+e, 1<i<n, n>1,
where X1, Xo,... are known non-random real x-vectors,

B

=

B
is the vector of (unknown) parameters and e; is the random error in the i-th
observation (i =1,...,n).

Setting

T T
Sy i=x1x] +... + XX,

we will assume that S, ! exists for n large enough (for small n such that S,
does not exist, S,;! can be defined arbitrarily). Denoting the LSE of 3 by 3
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we can write

=1

n
so that, 3 is strongly consistent if and only if S, ! inei 2% 0.
i=1

2.  AUXILIARY TOOLS

The following notational conventions will be adopted throughout the paper.
Given a vector x € R”, the euclidean vector norm will be denoted by

x| := vxTx

and the matrix norm of an matrix A € My, (R) will be indicated by

A
1AL = sup AX].
x#0 HX”

The trace of A € Myx,(R) will be denoted by tr (A). For any matrix
A € M, xx(R) with real eigenvalues we will indicate by vpax(A) and vpyin(A)
the maximum and minimum eigenvalue of A respectively. Given two sym-
metric matrices A, B € M, x.(R) we write A > B to denote that A — B is
nonnegative definite; we will use the notation A > B to indicate that A — B
is positive definite.

It is well-known that a random variable Z (or its distribution) is said to
have a stable distribution if for any positive numbers ¢; and co, there is a
positive number a and a real number b such that

(2.1) A Zi+esZoLaZ+b
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where Z; and Z, are independent copies of Z.! A random variable Z is
called strictly stable if (2.1) holds with b = 0 (see [16]).

Equivalently (see [16]), a random variable Z is said to have a stable
distribution if there are parameters 0 < a < 2,0 20, -1 < A< 1 and p
real such that its characteristic function has the following form,

(2.2)
o Lo o T . .
exp | —o® [t|* | 1 — iA(sign t) tan (7) +aut | if a#1l
E (eiZt) — ’
N2 : .
exp (— o |t <1 + i\— (sign t) log |t|> + z,ut) if a=1
s
where
1 if ¢>0
sign ¢t := 0 if t=0
-1 if t<0

Since (2.2) is characterized by four (unique) parameters
a€]0,2], >0, Xxe[-1,1], peR

respectively, the index of stability, the scale parameter, the skewness parame-
ter and the shift parameter we will denote stable distributions by 8, (o, A, 1)
and write

Z o~ Sa(Ua A M)

to indicate that Z has the stable distribution 8,(c, A, ). A stable random
variable Z with index of stability « is called «-stable.

Let us remark that a random variable Z concentrated at one point is
always stable, i.e., a constant p has degenerate distribution S4(0,0, ) for

IThe notation X < Y means that the random variables X and Y agree in distribution,
that iS, Fx(x) = Fy(x), r € R.
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any 0 < o < 2. This degenerate case is of no special interest and, unless
stated explicitly, we always assume that Z is non-degenerate. In fact, de-
generate distributions have unusual properties, for example, all moments of
a degenerate distribution are finite, whereas a non-degenerate stable distri-
bution with 0 < o < 2 has infinite second order moments.

The distribution functions of a-stable random variables are absolutely
continuous and their densities have derivatives of any order in every point,
but excluding some special cases, their representations can be expressed
only through complicated special functions. However, there exist asymptotic
expansions of a-stable densities in a neighborhood of the origin or of infinity
(see [9, 17] or [18]). The main special case is given by

So(o, A\, i) = N(p,20%) (o >0).

In this situation the skewness parameter X is totally irrelevant. Hence, a
random variable

Z ~ 80, A pn)  (0>0)
has probability density function

1 (z=w)?

= - o2 .
fz(2) 20\/776 402, zeR

The remaining special cases of probability densities of a-stable random
variables in closed form are: the Cauchy distribution 8;(¢,0, ) whose
density is

flx) = reR
and the Lévy distribution 8 /5(c, 1, 1) whose density is

— 7 e > 1.
f(x) (e — ) ¢ soT>p
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Some basic properties of stable distributions are listed below: (see [16])

(1)

Let Z; and Zs be independent random variables with Z; ~
Sa(0iy Aiypt;), i = 1,2, Then

AMo§ + Ao¥
1+ Zy ~ 84 ((U? +Ug)l/a ) %,M +#2> .
o7 + 09

Let Z ~ 84(0, A, 1) and let a be a real constant. Then Z + a ~
Salo, A\, u+a).

Let Z ~ 84(0, A\, 1) and let a be a non-zero real constant. Then

aZ ~ 84(|al o,sign (a)\, ap) if a#1
: 2 :
aZ ~ 8 <]a! o,sign (a)\, ap — —oAalog \a!) if a=1.
7r

Let Z ~ 84(0, A\, ) with @ # 1. Then Z is strictly stable if and only
if u=0.

Z ~ 81(o, A, ) is strictly stable if and only if A = 0.
Z ~ 84(0, A, p) is symmetric about p if and only if A = 0.

Let Z have distribution 8, (o, A,0) with o < 2. Then there exist two
i.i.d. random variables A and B with common distribution 8, (o, 1,0)
such that
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o (52) - ()
() (1) (5o () o

The next statement is a powerful tool in matrix analysis and generalizes a

result which is a sine qua non for probability theory: the scalar version of
the Kronecker lemma.

Lemma 2.1 Kronecker’s lemma (matrix case). Let x;, i = 1,2,... be a
sequence of real k-vectors, A; a sequence of real symmetric nonsingular Kk X Kk
matrices with A;. 1 =2 A; > O and P; a sequence of nonsingular Kk X K
matrices. Suppose that r; =3 2, Aj_lxj exists (and is finite). Then:

n
(i) If As := lim A, exists and is finite, then lim A * in ezists and
n—oo n—oo

i=1

1s finite.
1 IR
(i) If nh_)rr;o o (AL =0 then nh_)rr;o (AL in =0.

i=1

(iii) If lim A,' =0, lim P,r, =0 and
n—oo

n—oo

limsupz {HA;l (AZ- — Ai,l)Pglm < oo then lim A;l in =0.

n—00 ¢
=1

Proof. The proof can be founded in [1] on page 2.7. [
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Remark 1. The condition limsup,_, . > i, |HA;1 (A; — Ai,l)P;lm < 00
is implied by the much stronger condition

. Vmax(An)
limsup ——————= < 0.
n—00 Vmin(An)

For some remarks on a matrix version of Kronecker’s lemma, see [2].

To finish this section, we present an important result that gives us the
almost sure convergence for sums of independent random variables X; ~

Sa(aia )‘ia Mz)

Proposition 2.1. Let {X;, i > 1} be independent random variables X; ~
Sa(0iy Aiyit;), 0 < o < 2. Then,

o0 o0 o0
g X; converge a.s. <= g of < oo and g t; converge.
i=1 i=1 i=1

Proof. We establish the proof only for 0 < « < 2 since the case a = 2
is obvious in view of the form of characteristic functions of normal law.
We show first that if > .0 0% < oo and ) .o, p; converge then » °, X;
converges almost surely. Setting,

Aot Aoy

e (O ay1l/a b - n
an = (of+...+00)"%, by: S

and ¢p 1=y + ...+ Uy,

we get, for all n € N,
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Zn: Xz ~ Sa (ana bn7 Cn)

i=1

provided that X; ~ 84 (0, Aj, 14;)-

Therefore, we can write

n
(2.3) S XifaYate, if a#l
i=1
and
- 2
(2.4) ZXiganYn—{——bnanlogan—}—cn if a=1
T
i=1

35

where {Y,,n > 1} is a sequence of random variables satisfying

Y, ~ 8a(1,b,,0). Hence, there exist two i.i.d. random variables A, and

B,, with common distribution 8,/(1,1,0) such that,

1/a _ 1/a
(2.5) Yni<1+2b”> An—<1 Qb"> B, if a#l

and

1+ b, 1-b, 14b, (14,
(5] e (50 e P e ()
2 2 . 2

1-— 1-—
on 10g< b") if a=1.
us 2
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Since Y 2,08 <oo and > %, p; Is convergent we obtain the
convergence in law of Y}, since A4,, and B,, have both distribution 8,(1,1,0)
for all n € N (let us note that b, is a convergent sequence). According
to (2.3) and (2.4), the series > ', X; converges in law which implies
the existence of a (proper) random variable S such that 7 X; 2% §
(see [4]).

We now show that, if -7, X; converges almost surely then > >°, o0& < oo
and 22, p1; converge. Since

Mot +. F Ao
ot +...+ 0%

by| = <1, VneN

there exist a subsequence (bnn) converging to a point of [—1, 1] which implies
the converge in law of the following random sequences:

(T’?> Ann—<T"> B, if a#l

and

1+b, 1-b 1+b 1+b
n A — n B 77n1 M|
() e () e v (5

1-5 1-5
— n”log( 77") if a=1.
m 2

Therefore, the almost sure convergence of > -2, X; leads to

Mn

lim E of < o0
n—00 4 1
1=
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(see Theorem 14.2 of [3| in page 193) so that,

o0
E 0§ < oo
i=1

since this is a series of non-negative terms. Thus,

D Ve e R S W S >
converge ; converge.
o+ ... +o%+. .. veree, Z,Zl”l vere

3. THE STRONG CONSISTENCY OF LSE

From the sixties, the strong consistency of LSE has attracted much attention
from many statisticians. In the middle and late of seventies the problem was
satisfactorily solved for the case where the random errors possesses a finite
variance. In fact, a paper by Lai, Robbins and Wei (1979) showed that if
the eq,es,... are i.i.d. with E(el) =0 zind 0< E(e%) < oo then a sufficient
condition for the strong consistency of 3 is,

n ~1
S = (Z XZ'XZT> — 0
1=1

as n — oo. Hence, the particular case of the linear regression model (1.1)
given by i.i.d. strictly stable errors with index of stability a = 2 is completely
under cover by the Lai, Robbins & Wei’s result.

Theorem 3.1. Consider the linear regression model (1.1). If

(a) the random variables ey, ea, ... are i.i.d. S2(o,\,0),

(b) lim S,;!=0,

n—0o0

then ,B 15 strongly consistent.
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Remark 2. Let us note that the necessity of the condition lim,_.. S;, =0
on the LSE strong consistency it had been proved earlier by H. Drygas
(1976) on the same assumptions for the error sequence: e, es,... i.i.d. with
E(e1) =0 and 0 < E(e?) < oc.

More generally,
Theorem 3.2. Consider the linear regression model (1.1). If

(a) the random variables ey, ea, ... are i.i.d. Sa(o, X\, u) with p # 0,

i Sl-_lxi

i=1

(b) lim S,;!=0, limsupz mS;lxixﬂH < o0 and

n—00 ,
=1

< 00,

then ,B 18 strongly consistent.

Proof. From (1.2) we get
" n n
B=B+8,"D xilei—p)+pS;" Y xi.
i=1 i=1

Since e; — p ~ 82(0, A,0) the thesis is a consequence of Theorem 3.1 and
Kronecker’s lemma (matrix case). ]

The next theorem can be interpreted as an alternative path to the results
presented in [10] and [11]. Indeed, the authors of the papers quoted above
suppose an i.i.d. error random sequence where each term has null expected
value and finite absolute moment of order 1 < r < 2. Our results will
establishes the strong consistency of the LSE assuming only that the error
random sequence is i.i.d. a-stable (a < 2).

Theorem 3.3. Let 0 < a < 2, o # 1 and consider the linear regression
model (1.1). If
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(a) the random variables ey, ea, ... are i.i.d. S,(o, \, 1),

(b) lim ;=0 limsup 3 [|S; ' xx7[|< 00 and 3 ||8; x| ™ < 0,

n—00
i=1 i=1

then ,B 1s strongly consistent.
Proof. The identity (1.2) guarantees,
" n n n
B=pB+S," inei =B+ Sﬁlzxief +uS,! in
i=1 i=1 i=1

with ef ~ 84 (o, A,0). On the one hand, by Kronecker’s lemma (matrix case)
we have 1S, 1S | x; — 0 as n — oo provided that ||3°5°; S; x| < oo
and limsup, . Y i, H‘S;lxix?m < 00. On the other hand, each compo-
nent of the vector .1, S; 'x;ef has distribution

n
n 1o AY_sign (aij)]ai|”
8a 0(2\%’\0‘) = 0, j=1,....k
i=1 Z|aij|a

=1

where a;; is the j-th component of the vector a; := Si_lxi. Since

o o
D el < I8l
=1 i=1

we obtain the almost sure convergence of » >, S;lxief through the

Proposition 2.1 and Kronecker’s lemma (matrix case) permit us to conclude
SIS xer 25 . .

i
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On the next result we will use the notation [x|;, := min (|z1],...,|z.])

min

where x is an non-random k-vector.
Theorem 3.4. Consider the linear regression model (1.1). If

(a) the random variables ey, e, ... are i.i.d. 81(o, A, 1),

(b) lim S;'=0, limsupz H‘S;lxixﬂu < oo and

n—00 ¢
=1

o
Z HS;lxiH log ‘S;lxi‘min converges,

i=1

then ,B 15 strongly consistent.

Proof. The relation (1.2) gives us

n n n
B8 =,3+S;12xiei :,B—i—S;leief —i—,uS;lei
i—1 i=1

i=1

with ef ~ 81(c0,A,0). Each component of the vector .1, S;'x;el has
distribution

n
. A) sign (aij) |as] o
.: 0‘ )
81 JZ\@M, =1 Py y — - Zaijlog]aij] s j:1,...,lﬁz

i=1 Z ‘aij‘ i=1
i=1
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where a;; is the j-th component of a; := S;” 'x,. Therefore, we have
n
S;l Z x;e; 250
i=1

which is a consequence of the Proposition 2.1 and the Kronecker’s lemma,
(matrix case) provided that lim; ,« S;'x; = 0 (note that our assumptions
guarantees HSi_lxiszH <00 as i — 00 ).

Since
o n
Z S;lxi < oo and limsupz MS;lxixﬂH < 00
i=1 e i
n
we get S;l Z x; — 0 as n — oo and the thesis is established. [ |
i=1
Remark 3. If the random errors eq,eo,... are i.i.d. strictly stable with

index of stability 0 < « < 2 then the strong consistency of the LSE is
still valid assuminog; limy oo Syt = O, limsup, .o >y |[[Sytxix! || < o0
and ) 2%, HS;lxiu < 00.

The previous results can be extended to the case where the random varia-
bles eq,e9,... are (only) independent and e; ~ Sy (0, Aj, it;). In this sense,
we finish this work with a possible generalization where the assumption of
identical distribution for random errors eq, es, . .. is completely excluded. For
a better presentation of our ideas and their associated results let us start with
the case 0 < a < 2, a # 1.

Theorem 3.5. Let 0 < a < 2, o # 1 and consider the linear regression
model (1.1). If

(a) the random wariables ey, ea,... are independent such that e; ~

Sa(aia )‘i7 /’Lz)a
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(b) nlinéosgl 0, hmsupz ms X;X Tm < 00, i <Ji HSZIXiH)a <0
=1 i=1
and ZMZS Xi 00,

then ,8 18 strongly consistent.

Proof. From (1.2) we only have to prove the almost sure convergence of the
series S°°°, S:'x;e; since the Kronecker’s lemma (matrix case) establishes
the thesis. Each component of the vector Y ;" ; S;lxiei has distribution,

n
n /o Z (oi]ai;] )" Nisign (aij) .
Sa (Z (O'Z|al‘7|)a) ’ =1 _ ’ZIUJZGJZ] R jzl,..-,Kl
> (oile)®

i=1

where a;; is the j-th component of a; := Si_lxi so that, from Proposition 2.1
we obtain the almost sure convergence of Z;’il S;lxiei. [ ]

The case a = 1 is described next.

Theorem 3.6. Consider the linear regression model (1.1). If

(a) the random wvariables ey, es,... are independent and such that e; ~

81(Tiy Nis 147,

(b) hm S, -0, hmsupz MS X;X T‘H<oo ZO‘Z {S XZH log‘S XZ‘
=1 =1

o0
Z#isflxi

i=1

min

converges and < 00,

then B 18 strongly consistent.



SUFFICIENT CONDITIONS FOR THE STRONG CONSISTENCY OF ... 43

Proof. One more time, making useful the relation (1.2) it will be sufficient
to prove the almost sure convergence of the series

(31) ZS;lxiei
=1

since the Kronecker’s lemma (matrix case) establishes the thesis. Fach com-
ponent of the vector Y7 | S; 'x;e; has distribution,

n
n Z g; |ai]-| )\isign (ai]-) n
1 Zo'i|aij|a m az fi = = log |aij| | ai;
i=1 Zai |ai;] i=1
=1

with j = 1,...,x and where a;; is the j-th component of a; := S;lxi.
The almost sure convergence of the series (3.1) is a consequence of the
Proposition 2.1 provided that lim; . S;lxi =0. [ ]

Remark 4. If the random errors eq,es,... are independent, a-stable and
symmetric about the origin then the strong consistency of the LSE is valid
assuming

lim S;! =0, limsupz H‘S;lxixﬂu < 00

n—00 ¢
=1

[e o]

and Z (O'Z' HS;lxiH )a < 0.

i=1
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