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Abstra
t
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T

i
β + ei, 1 6 i 6 n, n > 1 be a linear regression model

and suppose that the random errors e1, e2, . . . are independent and α-

stable. In this paper, we obtain su�
ient 
onditions for the strong


onsisten
y of the least squares estimator β̃ of β under additional
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e x1,x2, . . . of real ve
tors.
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1. Introdu
tion

The strong 
onsisten
y of the Least Squares Estimator (LSE) has been stud-

ied on the last years by many authors (see for instante [6, 10, 11, 12, 13, 14℄

or [15℄). In the papers [10℄ and [11℄ are obtained ne
essary and su�
ient


onditions for the LSE strong 
onsisten
y. Nevertheless, the formulation

used by the authors of the papers quoted above assumes an i.i.d. random

error sequen
e with null expe
ted value and �nite absolute moment of order

1 6 r < 2. In a �rst stage, our purpose will be to derive LSE strong 
on-

sisten
y from a formulation that is, in some sense, similar to the des
ribed

previously. As a matter of fa
t, we will assume that the errors e1, e2, . . .

are i.i.d. α-stable ex
luding any hypothesis on their absolute moments. Let

us point out that the stability 
ondition for the errors is introdu
ed here to

make useful the suitable 'linearity' properties of the stable distributions. On

a se
ond stage, we generalized the above assumptions supposing that the

random variables e1, e2, . . . are only independent and α-stable, obtaining an

extension of the results presented in [10℄ and [11℄.

Consider the linear model,

(1.1) Yi = x
T
i β + ei, 1 6 i 6 n, n > 1,

where x1,x2, . . . are known non-random real κ-ve
tors,

β :=




β1
.

.

.

βκ




is the ve
tor of (unknown) parameters and ei is the random error in the i-th

observation (i = 1, . . . , n).

Setting

Sn := x1x
T
1 + . . . + xnx

T
n

we will assume that S
−1
n exists for n large enough (for small n su
h that S

−1
n

does not exist, S−1
n 
an be de�ned arbitrarily). Denoting the LSE of β by β̃
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we 
an write

(1.2) β̃ = β + S
−1
n

n∑

i=1

xiei

so that, β̃ is strongly 
onsistent if and only if S
−1
n

n∑

i=1

xiei
a.s.−→ 0.

2. Auxiliary tools

The following notational 
onventions will be adopted throughout the paper.

Given a ve
tor x ∈ Rκ
, the eu
lidean ve
tor norm will be denoted by

||x|| :=
√

xTx

and the matrix norm of an matrix A ∈ Mκ×κ(R) will be indi
ated by

|||A||| := sup
x 6=0

||Ax||
||x|| .

The tra
e of A ∈ Mκ×κ(R) will be denoted by tr (A). For any matrix

A ∈ Mκ×κ(R) with real eigenvalues we will indi
ate by νmax(A) and νmin(A)

the maximum and minimum eigenvalue of A respe
tively. Given two sym-

metri
 matri
es A,B ∈ Mκ×κ(R) we write A > B to denote that A − B is

nonnegative de�nite; we will use the notation A > B to indi
ate that A−B

is positive de�nite.

It is well-known that a random variable Z (or its distribution) is said to

have a stable distribution if for any positive numbers c1 and c2, there is a

positive number a and a real number b su
h that

(2.1) c1 Z1 + c2 Z2
d

= aZ + b
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where Z1 and Z2 are independent 
opies of Z.

1

A random variable Z is


alled stri
tly stable if (2.1) holds with b = 0 (see [16℄).

Equivalently (see [16℄), a random variable Z is said to have a stable

distribution if there are parameters 0 < α 6 2, σ > 0, −1 6 λ 6 1 and µ

real su
h that its 
hara
teristi
 fun
tion has the following form,

(2.2)

E
(
eiZt

)
=





exp

(
− σα |t|α

(
1 − iλ(sign t) tan

(πα

2

))
+ iµt

)
if α 6= 1

exp

(
− σ |t|

(
1 + iλ

2

π
(sign t) log |t|

)
+ iµt

)
if α = 1

,

where

sign t :=





1 if t > 0

0 if t = 0

−1 if t < 0

.

Sin
e (2.2) is 
hara
terized by four (unique) parameters

α ∈]0, 2], σ > 0, λ ∈ [−1, 1], µ ∈ R

respe
tively, the index of stability, the s
ale parameter, the skewness parame-

ter and the shift parameter we will denote stable distributions by Sα(σ, λ, µ)

and write

Z ∼ Sα(σ, λ, µ)

to indi
ate that Z has the stable distribution Sα(σ, λ, µ). A stable random

variable Z with index of stability α is 
alled α-stable.

Let us remark that a random variable Z 
on
entrated at one point is

always stable, i.e., a 
onstant µ has degenerate distribution Sα(0, 0, µ) for

1

The notation X
d

= Y means that the random variables X and Y agree in distribution,

that is, FX(x) = FY (x), x ∈ R.
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any 0 < α 6 2. This degenerate 
ase is of no spe
ial interest and, unless

stated expli
itly, we always assume that Z is non-degenerate. In fa
t, de-

generate distributions have unusual properties, for example, all moments of

a degenerate distribution are �nite, whereas a non-degenerate stable distri-

bution with 0 < α < 2 has in�nite se
ond order moments.

The distribution fun
tions of α-stable random variables are absolutely


ontinuous and their densities have derivatives of any order in every point,

but ex
luding some spe
ial 
ases, their representations 
an be expressed

only through 
ompli
ated spe
ial fun
tions. However, there exist asymptoti


expansions of α-stable densities in a neighborhood of the origin or of in�nity

(see [9, 17℄ or [18℄). The main spe
ial 
ase is given by

S2(σ, λ, µ) = N(µ, 2σ2) (σ > 0).

In this situation the skewness parameter λ is totally irrelevant. Hen
e, a

random variable

Z ∼ S2(σ, λ, µ) (σ > 0)

has probability density fun
tion

fZ(z) =
1

2σ
√

π
e
−

(z−µ)2

4σ2 , z ∈ R.

The remaining spe
ial 
ases of probability densities of α-stable random

variables in 
losed form are: the Cau
hy distribution S1(σ, 0, µ) whose

density is

f(x) =
σ

π
(
(x − µ)2 − σ2

) , x ∈ R

and the Lévy distribution S1/2(σ, 1, µ) whose density is

f(x) =

√
σ

2π(x − µ)3
e
− σ

2(x−µ) , x > µ.
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Some basi
 properties of stable distributions are listed below: (see [16℄)

(1) Let Z1 and Z2 be independent random variables with Zi ∼
Sα(σi, λi, µi), i = 1, 2. Then

Z1 + Z2 ∼ Sα

(
(σα

1 + σα
2 )1/α ,

λ1σ
α
1 + λ2σ

α
2

σα
1 + σα

2

, µ1 + µ2

)
.

(2) Let Z ∼ Sα(σ, λ, µ) and let a be a real 
onstant. Then Z + a ∼
Sα(σ, λ, µ + a).

(3) Let Z ∼ Sα(σ, λ, µ) and let a be a non-zero real 
onstant. Then

aZ ∼ Sα(|a| σ, sign (a)λ, aµ) if α 6= 1

aZ ∼ S1

(
|a|σ, sign (a)λ, aµ − 2

π
σλa log |a|

)
if α = 1.

(4) Let Z ∼ Sα(σ, λ, µ) with α 6= 1. Then Z is stri
tly stable if and only

if µ = 0.

(5) Z ∼ S1(σ, λ, µ) is stri
tly stable if and only if λ = 0.

(6) Z ∼ Sα(σ, λ, µ) is symmetri
 about µ if and only if λ = 0.

(7) Let Z have distribution Sα(σ, λ, 0) with α < 2. Then there exist two

i.i.d. random variables A and B with 
ommon distribution Sα(σ, 1, 0)

su
h that

Z
d

=

(
1 + λ

2

)1/α

A −
(

1 − λ

2

)1/α

B if α 6= 1
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Z
d

=

(
1 + λ

2

)
A −

(
1 − λ

2

)
B+

+σ

[(
1 + λ

π

)
log

(
1 + λ

2

)
−
(

1 − λ

π

)
log

(
1 − λ

2

)]
if α = 1.

The next statement is a powerful tool in matrix analysis and generalizes a

result whi
h is a sine qua non for probability theory: the s
alar version of

the Krone
ker lemma.

Lemma 2.1 Krone
ker's lemma (matrix 
ase). Let xi, i = 1, 2, . . . be a

sequen
e of real κ-ve
tors, Ai a sequen
e of real symmetri
 nonsingular κ×κ

matri
es with Ai+1 > Ai > O and Pi a sequen
e of nonsingular κ × κ

matri
es. Suppose that ri =
∑∞

j=i A
−1
j xj exists (and is �nite). Then:

(i) If A∞ := lim
n→∞

An exists and is �nite, then lim
n→∞

A
−1
n

n∑

i=1

xi exists and

is �nite.

(ii) If lim
n→∞

1

tr (An)
= 0 then lim

n→∞

1

tr (An)

n∑

i=1

xi = 0.

(iii) If lim
n→∞

A
−1
n = O, lim

n→∞
Pnrn = 0 and

lim sup
n→∞

n∑

i=1

∣∣∣∣∣∣A−1
n

(
Ai − Ai−1

)
P

−1
i

∣∣∣∣∣∣ < ∞ then lim
n→∞

A
−1
n

n∑

i=1

xi = 0.

P roof. The proof 
an be founded in [1℄ on page 2.7.
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Remark 1. The 
ondition lim supn→∞

∑n
i=1

∣∣∣∣∣∣A−1
n

(
Ai − Ai−1

)
P

−1
i

∣∣∣∣∣∣ < ∞
is implied by the mu
h stronger 
ondition

lim sup
n→∞

νmax(An)

νmin(An)
< ∞.

For some remarks on a matrix version of Krone
ker's lemma, see [2℄.

To �nish this se
tion, we present an important result that gives us the

almost sure 
onvergen
e for sums of independent random variables Xi ∼
Sα(σi, λi, µi).

Proposition 2.1. Let {Xi, i > 1} be independent random variables Xi ∼
Sα(σi, λi, µi), 0 < α 6 2. Then,

∞∑

i=1

Xi 
onverge a.s. ⇐⇒
∞∑

i=1

σα
i < ∞ and

∞∑

i=1

µi 
onverge.

P roof. We establish the proof only for 0 < α < 2 sin
e the 
ase α = 2

is obvious in view of the form of 
hara
teristi
 fun
tions of normal law.

We show �rst that if

∑∞
i=1 σα

i < ∞ and

∑∞
i=1 µi 
onverge then

∑∞
i=1 Xi


onverges almost surely. Setting,

an := (σα
1 + . . . + σα

n)1/α , bn :=
λ1 σα

1 + . . . + λn σα
n

σα
1 + . . . + σα

n

and cn := µ1 + . . . + µn

we get, for all n ∈ N,



Suffi
ient 
onditions for the strong 
onsisten
y of ... 35

n∑

i=1

Xi ∼ Sα (an, bn, cn)

provided that Xi ∼ Sα(σi, λi, µi).

Therefore, we 
an write

(2.3)

n∑

i=1

Xi
d

= an Yn + cn if α 6= 1

and

(2.4)

n∑

i=1

Xi
d

= an Yn +
2

π
bn an log an + cn if α = 1

where {Yn, n > 1} is a sequen
e of random variables satisfying

Yn ∼ Sα(1, bn, 0). Hen
e, there exist two i.i.d. random variables An and

Bn with 
ommon distribution Sα(1, 1, 0) su
h that,

(2.5) Yn
d

=

(
1 + bn

2

)1/α

An −
(

1 − bn

2

)1/α

Bn if α 6= 1

and

Yn
d

=

(
1 + bn

2

)
An −

(
1 − bn

2

)
Bn +

1 + bn

π
log

(
1 + bn

2

)
−

− 1 − bn

π
log

(
1 − bn

2

)
if α = 1.

(2.6)
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Sin
e

∑∞
i=1 σα

i < ∞ and

∑∞
i=1 µi is 
onvergent we obtain the


onvergen
e in law of Yn sin
e An and Bn have both distribution Sα(1, 1, 0)

for all n ∈ N (let us note that bn is a 
onvergent sequen
e). A

ording

to (2.3) and (2.4), the series

∑n
i=1 Xi 
onverges in law whi
h implies

the existen
e of a (proper) random variable S su
h that

∑n
i=1 Xi

a.s.−→ S

(see [4℄).

We now show that, if

∑∞
i=1 Xi 
onverges almost surely then

∑∞
i=1 σα

i < ∞
and

∑∞
i=1 µi 
onverge. Sin
e

|bn| =

∣∣∣∣
λ1 σα

1 + . . . + λn σα
n

σα
1 + . . . + σα

n

∣∣∣∣ 6 1, ∀n ∈ N

there exist a subsequen
e

(
bηn

)

onverging to a point of [−1, 1] whi
h implies

the 
onverge in law of the following random sequen
es:

(
1 + bηn

2

)1/α

Aηn
−
(

1 − bηn

2

)1/α

Bηn
if α 6= 1

and

(
1 + bηn

2

)
Aηn

−
(

1 − bηn

2

)
Bηn

+
1 + bηn

π
log

(
1 + bηn

2

)
−

− 1 − bηn

π
log

(
1 − bηn

2

)
if α = 1 .

Therefore, the almost sure 
onvergen
e of

∑∞
i=1 Xi leads to

lim
n→∞

ηn∑

i=1

σα
i < ∞
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(see Theorem 14.2 of [3℄ in page 193) so that,

∞∑

i=1

σα
i < ∞

sin
e this is a series of non-negative terms. Thus,

λ1 σα
1 + . . . + λn σα

n + . . .

σα
1 + . . . + σα

n + . . .

onverge,

∞∑

i=1

µi 
onverge.

3. The strong 
onsisten
y of LSE

From the sixties, the strong 
onsisten
y of LSE has attra
ted mu
h attention

from many statisti
ians. In the middle and late of seventies the problem was

satisfa
torily solved for the 
ase where the random errors possesses a �nite

varian
e. In fa
t, a paper by Lai, Robbins and Wei (1979) showed that if

the e1, e2, . . . are i.i.d. with E
(
e1

)
= 0 and 0 < E

(
e2
1

)
< ∞ then a su�
ient


ondition for the strong 
onsisten
y of β̃ is,

S
−1
n =

(
n∑

i=1

xix
T
i

)−1

−→ O

as n → ∞. Hen
e, the parti
ular 
ase of the linear regression model (1.1)

given by i.i.d. stri
tly stable errors with index of stability α = 2 is 
ompletely

under 
over by the Lai, Robbins & Wei's result.

Theorem 3.1. Consider the linear regression model (1.1). If

(a) the random variables e1, e2, . . . are i.i.d. S2(σ, λ, 0),

(b) lim
n→∞

S
−1
n = O,

then β̃ is strongly 
onsistent.



38 J.T. Mexia and J.L. da Silva

Remark 2. Let us note that the ne
essity of the 
ondition limn→∞ S
−1
n = O

on the LSE strong 
onsisten
y it had been proved earlier by H. Drygas

(1976) on the same assumptions for the error sequen
e: e1, e2, . . . i.i.d. with

E
(
e1

)
= 0 and 0 < E

(
e2
1

)
< ∞.

More generally,

Theorem 3.2. Consider the linear regression model (1.1). If

(a) the random variables e1, e2, . . . are i.i.d. S2(σ, λ, µ) with µ 6= 0,

(b) lim
n→∞

S
−1
n = O, lim sup

n→∞

n∑

i=1

∣∣∣∣∣∣S−1
n xix

T
i

∣∣∣∣∣∣ < ∞ and

∣∣∣∣∣

∣∣∣∣∣

∞∑

i=1

S
−1
i xi

∣∣∣∣∣

∣∣∣∣∣ < ∞,

then β̃ is strongly 
onsistent.

P roof. From (1.2) we get

β̃ = β + S
−1
n

n∑

i=1

xi(ei − µ) + µS
−1
n

n∑

i=1

xi.

Sin
e ei − µ ∼ S2(σ, λ, 0) the thesis is a 
onsequen
e of Theorem 3.1 and

Krone
ker's lemma (matrix 
ase).

The next theorem 
an be interpreted as an alternative path to the results

presented in [10℄ and [11℄. Indeed, the authors of the papers quoted above

suppose an i.i.d. error random sequen
e where ea
h term has null expe
ted

value and �nite absolute moment of order 1 6 r < 2. Our results will

establishes the strong 
onsisten
y of the LSE assuming only that the error

random sequen
e is i.i.d. α-stable (α < 2).

Theorem 3.3. Let 0 < α < 2, α 6= 1 and 
onsider the linear regression

model (1.1). If
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(a) the random variables e1, e2, . . . are i.i.d. Sα(σ, λ, µ),

(b) lim
n→∞

S
−1
n =O, lim sup

n→∞

n∑

i=1

∣∣∣∣∣∣S−1
n xix

T
i

∣∣∣∣∣∣<∞ and

∞∑

i=1

∣∣∣∣S−1
i xi

∣∣∣∣min (α,1)
<∞,

then β̃ is strongly 
onsistent.

P roof. The identity (1.2) guarantees,

β̃ = β + S
−1
n

n∑

i=1

xiei = β + S
−1
n

n∑

i=1

xie
∗
i + µS

−1
n

n∑

i=1

xi

with e∗i ∼ Sα(σ, λ, 0). On the one hand, by Krone
ker's lemma (matrix 
ase)

we have µS
−1
n

∑n
i=1 xi −→ 0 as n → ∞ provided that

∣∣∣∣∑∞
i=1 S

−1
i xi

∣∣∣∣ < ∞
and lim supn→∞

∑n
i=1

∣∣∣∣∣∣S−1
n xix

T
i

∣∣∣∣∣∣ < ∞. On the other hand, ea
h 
ompo-

nent of the ve
tor

∑n
i=1 S

−1
i xie

∗
i has distribution

Sα




σ

(
n∑

i=1

|aij |α
)1/α

,

λ

n∑

i=1

sign (aij) |aij|α

n∑

i=1

|aij|α
, 0




, j = 1, . . . , κ

where aij is the j-th 
omponent of the ve
tor ai := S
−1
i xi. Sin
e

∞∑

i=1

|aij |α 6

∞∑

i=1

∣∣∣∣S−1
i xi

∣∣∣∣α

we obtain the almost sure 
onvergen
e of

∑∞
i=1 S

−1
i xie

∗
i through the

Proposition 2.1 and Krone
ker's lemma (matrix 
ase) permit us to 
on
lude

S
−1
n

∑n
i=1 xie

∗
i

a.s.−→ 0.
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On the next result we will use the notation |x|min := min
(
|x1| , . . . , |xκ|

)

where x is an non-random κ-ve
tor.

Theorem 3.4. Consider the linear regression model (1.1). If

(a) the random variables e1, e2, . . . are i.i.d. S1(σ, λ, µ),

(b) lim
n→∞

S
−1
n = O, lim sup

n→∞

n∑

i=1

∣∣∣∣∣∣S−1
n xix

T
i

∣∣∣∣∣∣ < ∞ and

∞∑

i=1

∣∣∣∣S−1
i xi

∣∣∣∣ log
∣∣S−1

i xi

∣∣
min


onverges,

then β̃ is strongly 
onsistent.

P roof. The relation (1.2) gives us

β̃ = β + S
−1
n

n∑

i=1

xiei = β + S
−1
n

n∑

i=1

xie
∗
i + µS

−1
n

n∑

i=1

xi

with e∗i ∼ S1(σ, λ, 0). Ea
h 
omponent of the ve
tor

∑n
i=1 S

−1
i xie

∗
i has

distribution

S1




σ

n∑

i=1

|aij| ,
λ

n∑

i=1

sign (aij) |aij|

n∑

i=1

|aij|
,−2σλ

π

n∑

i=1

aij log |aij |




, j = 1, . . . , κ
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where aij is the j-th 
omponent of ai := S
−1
i xi. Therefore, we have

S
−1
n

n∑

i=1

xie
∗
i

a.s.−→ 0

whi
h is a 
onsequen
e of the Proposition 2.1 and the Krone
ker's lemma

(matrix 
ase) provided that limi→∞ S
−1
i xi = 0 (note that our assumptions

guarantees

∣∣∣∣S−1
i xix

T
i

∣∣∣∣ < ∞ as i → ∞ ).

Sin
e

∣∣∣∣∣

∣∣∣∣∣

∞∑

i=1

S
−1
i xi

∣∣∣∣∣

∣∣∣∣∣ < ∞ and lim sup
n→∞

n∑

i=1

∣∣∣∣∣∣S−1
n xix

T
i

∣∣∣∣∣∣ < ∞

we get µS
−1
n

n∑

i=1

xi −→ 0 as n → ∞ and the thesis is established.

Remark 3. If the random errors e1, e2, . . . are i.i.d. stri
tly stable with

index of stability 0 < α < 2 then the strong 
onsisten
y of the LSE is

still valid assuming limn→∞ S
−1
n = O, lim supn→∞

∑n
i=1

∣∣∣∣∣∣S−1
n xix

T
i

∣∣∣∣∣∣ < ∞
and

∑∞
i=1

∣∣∣∣S−1
i xi

∣∣∣∣α < ∞.

The previous results 
an be extended to the 
ase where the random varia-

bles e1, e2, . . . are (only) independent and ei ∼ Sα(σi, λi, µi). In this sense,

we �nish this work with a possible generalization where the assumption of

identi
al distribution for random errors e1, e2, . . . is 
ompletely ex
luded. For

a better presentation of our ideas and their asso
iated results let us start with

the 
ase 0 < α 6 2, α 6= 1.

Theorem 3.5. Let 0 < α 6 2, α 6= 1 and 
onsider the linear regression

model (1.1). If

(a) the random variables e1, e2, . . . are independent su
h that ei ∼
Sα(σi, λi, µi),
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(b) lim
n→∞

S
−1
n = O, lim sup

n→∞

n∑

i=1

∣∣∣∣∣∣S−1
n xix

T
i

∣∣∣∣∣∣ < ∞,

∞∑

i=1

(
σi

∣∣∣∣S−1
i xi

∣∣∣∣
)α

< ∞

and

∣∣∣∣∣

∣∣∣∣∣

∞∑

i=1

µiS
−1
i xi

∣∣∣∣∣

∣∣∣∣∣ < ∞,

then β̃ is strongly 
onsistent.

P roof. From (1.2) we only have to prove the almost sure 
onvergen
e of the

series

∑∞
i=1 S

−1
i xiei sin
e the Krone
ker's lemma (matrix 
ase) establishes

the thesis. Ea
h 
omponent of the ve
tor

∑n
i=1 S

−1
i xiei has distribution,

Sα




(
n∑

i=1

(
σi |aij|

)α
)1/α

,

n∑

i=1

(
σi |aij|

)α
λisign (aij)

n∑

i=1

(
σi |aij |

)α
,

n∑

i=1

µiaij




, j = 1, . . . , κ

where aij is the j-th 
omponent of ai := S
−1
i xi so that, from Proposition 2.1

we obtain the almost sure 
onvergen
e of

∑∞
i=1 S

−1
i xiei.

The 
ase α = 1 is des
ribed next.

Theorem 3.6. Consider the linear regression model (1.1). If

(a) the random variables e1, e2, . . . are independent and su
h that ei ∼
S1(σi, λi, µi),

(b) lim
n→∞

S
−1
n =O, lim sup

n→∞

n∑

i=1

∣∣∣∣∣∣S−1
n xix

T
i

∣∣∣∣∣∣<∞,

∞∑

i=1

σi

∣∣∣∣S−1
i xi

∣∣∣∣ log
∣∣S−1

i xi

∣∣
min


onverges and

∣∣∣∣∣

∣∣∣∣∣

∞∑

i=1

µiS
−1
i xi

∣∣∣∣∣

∣∣∣∣∣ < ∞,

then β̃ is strongly 
onsistent.
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P roof. One more time, making useful the relation (1.2) it will be su�
ient

to prove the almost sure 
onvergen
e of the series

(3.1)

∞∑

i=1

S
−1
i xiei

sin
e the Krone
ker's lemma (matrix 
ase) establishes the thesis. Ea
h 
om-

ponent of the ve
tor

∑n
i=1 S

−1
i xiei has distribution,

S1




n∑

i=1

σi |aij| ,

n∑

i=1

σi |aij |λisign (aij)

n∑

i=1

σi |aij |
,

n∑

i=1

(
µi −

2σiλi

π
log |aij|

)
aij




with j = 1, . . . , κ and where aij is the j-th 
omponent of ai := S
−1
i xi.

The almost sure 
onvergen
e of the series (3.1) is a 
onsequen
e of the

Proposition 2.1 provided that limi→∞ S
−1
i xi = 0.

Remark 4. If the random errors e1, e2, . . . are independent, α-stable and

symmetri
 about the origin then the strong 
onsisten
y of the LSE is valid

assuming

lim
n→∞

S
−1
n = O, lim sup

n→∞

n∑

i=1

∣∣∣∣∣∣S−1
n xix

T
i

∣∣∣∣∣∣ < ∞

and

∞∑

i=1

(
σi

∣∣∣∣S−1
i xi

∣∣∣∣
)α

< ∞.
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