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Abstract

In the paper formulate for the inversion of some tridiagonal matrices
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1. INTRODUCTION

The covariance-matrix of an autoregressive error-process is given by
(Inl < 1)

(1.1) Q=0 (P ij=1,...,n),

where o2 is the variance of the error terms. The inverse Q7! of Q is equal
to

(1.2) Q7' = (02— .
0 —p 1+p% —p
—p 1
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Q! is thus a tridiagonal matrix, i. e., if @71 = (w;;) then w;; = 0if [i—j| > 1.
Q! is needed for the computation of the Aitken-estimators

(1.3) g=(X'Q'x)"Ix'0ly

in a linear regression-model y = X3 + u.
In cubic equidistant spline interpolation the inversion of the matrix

41

141 0
(1.4) A= .

0 141

14

is required. This matrix can be represented in the form

1+p*  —p
—p  14+p" —p 0

0 —p 1+p> —p
—p  1+p°

for some |p| < 1, namely

(1.6) p=—2+13=-0,2679491. ..

Indeed, 1_;“&(1 +p%) =4 and - _“p2 (—p) = 1 implies (1 + p2)(—p)~t =4

or 1+ p% = —4p. Since (p> +4p)+1=(p+2)2-3=0if p+2==+V3, p=
—24 V3 or p=—2— /3. Only the first p satisfies |p| < 1 and fulfills the
desired requirement. Moreover,

(1.7) =17 5.
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Therefore

(1.8) A =410y,

where Qy only slightly differs from the covariance-matrix of an autoregres-
sive error-process. The Tornquist-Egervary formula allows to compute this
difference. It turns out that this computation leads to surprisingly simple
results which can only be found in some scattered literature (see Graybill
[3], p. 286; Nabben [4], p. 298).

2. AUTOREGRESSIVE ERROR-PROCESSES

In this section we follow Schénfeld [6], pp. 152-164. We consider the linear
regression model

(2.1) yw=x8+u, t=12....T,

where 3 is an k x 1 parameter-vector to be estimated and z; is a k x 1 design-
vector. Thus y; is a random variable and the disturbance-(or error-)term wu;
is assumed to follow an autoregressive process of the first order

(2.2) ur = pup—1 + e, |p| <1

for t = 2,...,T, where ¢, t = 2,...,T are uncorrelated random vari-
ables with mean zero and varicance o2. (2.2) represents an inhomogeneous
(stochastic) difference equation which is solved by u; = c(t)p!. c(t) must
obey the equation

(2.3) pllet) —ct—1) =g, t=2,...,T,
e, c(t)=c(l)+ Z(C(T)) —c(t—=1))=¢(1)+ Zp*TaT and finally
=1 T=2
(2.4) up = ple(l) + Z P Ter
T=2

Since the empty sum equals zero, ¢(1) = u1p~! and thus finally
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¢
(2.5) up = p g + Zpt_TsT.

T=2

We assume that F(u1) = 0 and uy is uncorrelated with the ;. From this it
follows that

Var (u1) L
Var (ug) = o2 {pZ(t—1)21 + ZPZ(t—T)}
(2.6)
1— 2(t—1)
— pQ(tfl)VaI‘ (Ul) +0.21i7p2

If we make the assumption “Nature does not jump”, i.e. Var (u;) = Var (u1),
we get

02(1 _ p2(t—1))

2.7 V: 1— p2t=)y = ,

(2.7 ar () (1 - p20 ) = T
o2

i.e. Var(u;) = 12 This result can also be obtained in another way. If
—p

we assume that w = pu—1 + &, t < T, ie, t = ... —n,

—(n—1),...,0,1,...,T, then it follows by mathematical induction that

00
(28) Ut = Z ,OTEtfq- .
7=0

From this follows

o2
1—p2’

(2.9) Var (u;) = Var (uq) = Z P’ =
=0

since |p| < 1 has been assumed. An elementary computation also shows that
for s € N:

(2.10) Cov (ut, Upys) =
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Thus

2 . .
Q:Cov(ul,...,uT)’:1J 2(p'lf]l; i,7=1,...,7)
(2.11) —r

= aﬁ(p'i_ﬂ; i,7=1,...,7).

The formula for Q! can be proved by simple verification. There is, however,
also a statistical approach for determining 2~!. Consider the matrix

1 0
(2.12) B =
0 .—p 1
Since det B = 1, B is regular and im B = im BQ = R”. Consequently if
X" = (x1,...,2z7) and we consider the linear regression model y = X3 + u

the statistic By is a linearly sufficient statistic (Drygas, 1984) since im X C
im(Q+ XX)B' =im(Q+ XX’) = im (Q)+ im (X). Now

(2.13) By = (y1,92 = py1,- - ¥2 = pyr—1) = (Y1, G2, .-, Jr)’
and
/ ’ o’
(2.14)  E(y1) = E(x108 +u1) = 218, Var (y1) = Var (u1) = A
E(yi — pyi—1) = E(x; — pri1 + &) = 2 — pri1,
(2.15)
Var (y; — pyi—1) = Var (g;) = o2.
If we, moreover, replace y; by
(2.16) = (1-p")"y,
then Cov (§1, %o, ...,7) = o?Ir. Therefore there exist two equivalent pos-

sibilities to compute the Gauss-Markov estimator (GME) in the regression
model y = X3 + u. Either we can use the Aitken-formula
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(2.17) g= (X' 'x)"Ix'0ly
or we can use the formula

(2.18) B =(X'X)"'X'g,

where Ej = X8, X' = (z1(1 — p))Y2, 2 — pri_q, i = 2,...,T). We
specialize to the case k = 1 and let X = ¢;, the ¢-th unit-vector. Then

EJT:l(Qil)i,j Y

(2.19) B = (X0 X)Xy = Q1)
On the other hand for i =1

(2.20) X =((1-p»)Y2 —p,0,...,0).
(2.21) X=(0,...,0, 1 ,—p,0,...,0)

(2.22) X =(0,...,0,1).

Thus

(224) (X'X)'=1,i=1T, (X'X)'=—502<i<T-1).

For i =1 we get

(Q Y1292

= (1= p®)y — _ = 41 — ous.
@ s (1= pF)yr — p(y2 — py1) = y1 — py2

(2.25) (i
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This implies that the first line of (271!) is equal to (271)11(1, —p,0,...,0).
Multiplying this with the first column of 2 yields (271);1(1 —p?) =1, i.e,,

(@ Y11=

1
=2 For : =T we get

(2.26) Q@ Yy = Q@ Yir(yr — pyr—1)

T
=1

J

i.e., the last line of Q" is proportional to (0, ..., 0,=p, 1) which again yields
Q@ YHrr=0-p*)"L For2<i<T-1

¢ -1 (@ i
S Qi = T (i — pyi—1 — p(Yi+1 — pYi))
(2.27) i=1
01, .
= (1 - /));’Z [(1+ p*)yi — pyi—1 — pyis1] -
Thus the i-th line of Q=1 is proportional to (0,...,—p, 1+ p? ,—p,0,...,0).
(4)
The constant (271);; must be found from the equation
QY Qi
T (L) =207 = (1= = 1,
(2.28)
Qfl _ 1 + ﬂ2
( )'L (2 1 o p2
and the i-th line of Q7! is equal to
1 2
(2.29) 5 (0,...,=p, 1+p% ,—p,...,0).
b (i)

3. CUBIC EQUIDISTANT SPLINES

Consider the interval [0, 1] and the points

(3.1) x=0, z=—, k=12....n—1, z,=1.
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f(z), = €[0,1] is called a cubic spline if

3
(3.2) f(x):Zagk)(:c—xk)j, xp<zx<zpy1, k=0,1,2,....n—1
=0

and

(3.3) f(l'k) = Yk, k= 0, N N

where the yp = g(zy) is a given function. f(z) is considered as an in-
terpolation of g(z). Moreover, it is required that f(z) is twice continu-
ously differentiable. Let f”(xp) = M. The My, are called moments. Then
My, k=1,...,n— 1, obeys the equation

41 M Vi
141 0 : :
141
(3.4) _ ,
0 141
14 Mn—l Vn—l
where Vi, ..., V,_1 are linear functions of y; (see Schwarz [7], p. 125, Stoer

[8], p. 81, Tornig/Spellucci [9], p. 77). The matrix

41 0
141
(3.5) A=
141
0 14

is a tridiagonal matrix. Usually the equation system Am = v is solved by
representing A as a product of two bidiagonal matrices (see Schwarz [7]).
For example

410 1 0 0 41 0

1 15

(3.6) L4 =g 10 0 %1
01 4 0 £ 1 00 %
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and therefore

410 i % = 1 00

1 41 =10 &+ -4 -+ 10

a7 01 4 0o 0 2 = -1
15 —4 1
== -4 16 —4
1 -4 15

However, A is very similar to Q=1 and therefore there might be an explicit
formula for A~! which may perhaps also be convenient from the computa-
tional point of view. As shown in the introduction

(3.8)
1+ p? —p 0
1—p*  (1-=p?)
) —p 1+ p? —p
A:l_p (1—p?) 1—p? 1—p? 7
(=p) 0
—p  1+4p?
1—p2 1—p?
where p = —2 + /3. Thus
10
(1— pZ) _1 p2 Teoeenn. 0
(3.9) A=—"C0 " + Do
— 1 — p2 s () 1
p P 0 1
If we apply the well-known Toérnquist-Egervary formula
(3.10) (B+CcD)'=B'-B'c(r+DB'C)"'DB™!

we can find an explicit formula for A=!. This is done in the next section.
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4. THE INVERSION OF SOME TRIDIAGONAL MATRICES

We consider matrices of the form

81
181 0
(4.1) A= :
0 181

1
WhereﬂeCandp:—g—i—i\/ﬁQ—él. If 3 € R and 3% > 4, then |p| < 1.

If 3% < 4, then p € C and |p| = 1. Special attention will be paid to the cases
p? =1 and p2("*t1) = 1 because in these cases the derived formulae may not

be valid. The case 3 = 4 is needed in spline interpolation. We denote the
matrix A in (4.1) by A,(5).

Theorem 4.1. Let A = A,(B). Then

—71_'02 -t 7 eren)(er, en)
(42) ) = =5 o e ene |
and

(4.3) (An(8)) ™" = (by),

_ o i—g+1 _q27 _ 2(n—i+1)
(4.4) by — =P (1—p?)A—p )
(1=p%) (1= pntD)

ifi>j and p® # 1, p* T £ 1. If j > i then b;; = bj; as above. This result
is correct for n > 2.

Proof. According to (3.10) we have to compute

(4.5) (I, +C QD)™
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2

where C' = . P 5D', D = (e1,e,)’, e; the i-th unit-vector. We get
—-p
hicapy= (102 L ot 0
2 o) 12| =0 0---1
01
2 n—1
(4.6) _ 14 L p
12+1—,02 P

10 1 pnt
From Q = : it follows that
0 1 [ |
2 p? -1
QD <12+ 2D’QD> DQ=
1—p 1—p
1— 2n n—1 _ n+l1
(48) p p p
9 : : n—1
_ p 1 on—(i—1 = ]_ e p
- pg(n_H) Pt — pn (i—1) Pl — pn+z <pn_1 1)
pnfl _ pn+1 pn _ p2n

We have compute the inner product of the i-th row of the left hand matrix
with the j-th column of the right hand matrix. This yields
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(pi—l o p2n—(i—1))pj—1 + (pn—i _ pn—l—i)pn—j —
(4.9)

_iti—2  2n—i+j | 2n—i—j _  2nti—j
= piti=2 _ ity i—p J

Thus

_ (=p) li—j] P2 ihi—2 4 p2n—(i+)) _ 2n—itj__ 2n+i—j

We now consider the case ¢ > j — no restriction in view of symmetry. We
get

- (=n) 1 imj 2(n+1) iti  2(nt1)—(i49)
bz] 17,02 1—p2(”+1){p (1_p )}_p -p

+p2(n+1)—i+j +p2(n+1)—j+i

_ (=n) 1 (o — it — (i) _

P —p pAn =i

(4.11)

___~P 1 i—j _ it+i
T Ao

_=p P = pH) (1 = pAi)
T 1— ,02 1— p2(n+1)

pifjJrl(l _ pZJ)(l _ p2(nfi+1))
(1= ) (1 = 2 D)

The theorem is not valid for n = 1, but if n = 1 and hence : = j = 1 then
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pz‘—j—l-l(l _ p2j)(1 _ p2(n—i+1)) B
(1= (1 = D)

(4.12)

L—pt  14+p> —Bp
Thus the formula is also correct for n = 1. We prove the theorem again by
additionally slightly generalizing it. If

8 « 0
v

(413) A= Lo g :Au(a,ﬁ,'y)
0 ooy B

and «,y # 0 (The case « = 0 or 7 = 0 leads to a bidiagonal matrix easily
invertible.), then

(4.14) An(a, 8,7) = VayAn <\/f\/€77\/2>

and
2 )
Wy varVa)

Thus it is no restriction to assume that ay = 1.

N|=

(4.15) (An(a, 8,7)) 7" = (an)”

Theorem 4.2. Let A = A,(a, 3,7), where ay = 1. Then A" Y(a, B,7) =
(le) and

_ai—jpi—j+1(1 _ p2j)(1 - p2(n—i+1))

. o= ;>
(4.16) bij (1= 2)(1 = p2nt) , 12>,
where p?> + Bp+1=0. Ifi < j, then

i =it (] _ p20)(] — p2(n—i+1)

(1= p?)(1 = p2nth))
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Proof. Only the case i > j must be considered, since the case j < i follows
by transposition. The proof for ¢ > j is done by mathematical induction.
Forn=1

(1-p%)  —p —p 1
4.18 bi1=—p — — =+ =,
(418) (I=pY) 1+p* —Bp B
if 3#0, i.e., Ai(a,5,7) is invertible. We now assume that the formula is
correct for n and we use the formula (see Rao [5], p. 33)

A, ae,
Ven s
(4.19)
AV + A ae, Bty el A aAte, Bt
—E e, ALt : E;!

where E, = 3 — aye A te, = B — el A, e, (Schur-complement). By
assumption

V. —p A=pMA-=pY)  —p(1—p™)
(4.20) BnAn €n = 1— p2 (1 — pg(n+1)) - (1 _ p2(n+1)) :

Thus

B = p*" D + p(1 = p*))

E, = (1 _ p2(n+1))
(4.21) =M Bp) + B+ PP £ B4y
' - (1 — p2ntD)) (1= et
B p2n+3 _ pfl _ _p71<1 _p2(n+2))
- (1— p2(n+1)) (1— p2(n+1))

since p2 = —(1+ Bp), (B+p)p = p?> + Bp = —1 and finally

4 p(1—pAnth)
(4.22) R ey
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This finishes the induction-proof in the case of the (n + 1, n + 1)th element
of Apy1(e, B8,7). Since

an—jpn—j+1(1 _ p2j)

-1 S
(A en)J - (1 _ p2(n+1))

n

it follows that

—a(A en) i Ent = (A1) jn =

(4.23)
,a(n+1)—jp(n+1—j+1)(1,[,21')
(1—p20¥9)) '

This is the desired formula with n replaced by n + 1. Similarly follows from

_,yn—ipn—i-l-l(l o p2i)

Ay
that
(4.25) (el AT, = el gL (] 20y

(1 — p2(ntD) ’

i.e., the formula with n replaced by n + 1. Finally for ¢ > j we compute

—af I piItL(1 — p2)(1 — p2n—it2)

C =
(1= p*nt2)(1 - p?)

(4.26)
— i gL (1 — =i (1 2
N (1= p2+D)(1 - p2)

The first term is asserted to be (A;j-l)iyj% while the second term is (A4,1); ;.
We have to show that
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C = (A4 (A )inE, !

n

_ a1 = p) (A = pP )y (A = p*) (A = p%)p" T
(4.27) - (1— p2)(1 — p2(ntD))(1 — p2(nt2))(1 — p2)

_ (@I P - p) (1 - p¥) (1~ p?)
(1= p?)(1 = p2H)(1 = p2nt2) '

By shortening common factors we have to show that

D= (1 _ p2(n—i+2))(1 _ p2(n+1)) _ (1 _ p2(n7i+1)>(1 _ p2(n+2))
(4.28)
= PP (1= p?) (1= p?).

A simple algebraic manipulation shows that this indeed true. A similar
argument holds for ¢ < j. [

A still simpler representation of A~! is possible. Since p? = —(8p+1), p" =
@y + bpp for some an, b, € C. Now p"' = a,p + bup? = api1 + bpy1p =
anp — bp(Bp +1) = (an — Bby)p — by. Thus a,41 can be chosen equal to
—by,, while b, 11 can be chosen equal to a, — b, = —(bp,—1 + (b,). We get
therefore the difference-equation

(4.29) bn+1 + Bb, +b,-1 = 0.

Obiously, bp = 0, ag = 1, by = 1, a1 = —by = 0. Before formulating the
next theorem we note that p # 0.

(L))
1—p2 ’

Theorem 4.3. b, = n=20,1,2,...

Proof. This formula is correct for n = 0,1 and if it is correct for n — 1 and
n, then
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bn—i—l = _(ﬂbn + bn—l)

_ : :1p2 (ﬂ(l _ p2n>p7(nfl) + (1 p2(n71))p (n 2))
_ ,—(n—1)
(= (= )
_p—(n—2) 2n—1
(4.30) - (B+p)=p™" " (Bp+1))
—(n—1)
p 1 o
= 1_p2 (p 1_p2 +1)
—(n—1) —
_ p i_ )f; (1 . p2(n+1))

Corollary 4.4. A~! = (b;;), where

bzy =—a"72 +17 t=7,

(4 31) bn+l
' j—i bz’bnfjJrl .
bij = — S I 2

bn—i—l

Proof. Since b; =

1—p2 ’
(1 _p2(n—i+1)) nei
4.32 b_‘lz—p"’),
< ) n—1i+ 1 _p2
and finally
1 _p2(n+1) B
bpt = ————p",

the Corollary follows immediately from Theorem 4.1. [
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The formulae given by Corollyry 4.4 are even simpler then the result of
Theorem 4.1 and Theorem 4.2. However, the b, may be very large numbers
which can cause inaccuracies in a numerical result. The adventage of Theo-
rem 4.1 and Theorem 4.2 lies in the fact that only small numbers of [—1,1]
must be multiplied.

Example 4.5. Let againn =3 and § =4, a =+ = 1. Then by =0, b; =
1, bg = —4, b3 = 15, b4 = —56 and

-1

410 b b2 b L[ B4
1 41 = - by b3 by = | 4 16
01 4 Y\ by by by 1 —4 15

Remark 4.6. We did not yet discuss the case p?> = 1 or P2t — 1 If p? =
1, than p = +1 and p = —1, respectively, while b, = n and b, = (—1)"n,
respectively. It turns out that the formulae of Theorem 4.1 and 4.2 are still
correct in the sense that we pass to the limit p> — 1 (Drygas [2]).

In a subsequent paper it will be shown that if p> # 0 then b, = 0 is
equivalent to p*"*+1) = 1. Tt is not hard to prove that det (A, (c, 3,7)) =
(=1)"bp+1. Therefore the formulae of Theorems 4.1 and 4.2 apply in all
cases when A~ exists.
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