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Abstract

In a graph a vertex is said to dominate itself and all its neighbors. A
double dominating set of a graph G is a subset of vertices that dominates
every vertex of G at least twice. The double domination number of G,
denoted vyx2(G), is the minimum cardinality among all double dominating
sets of G. We consider the effects of vertex removal on the double domination
number of a graph. A graph G is yxo-vertex critical graph (7yxo-vertex stable
graph, respectively) if the removal of any vertex different from a support
vertex decreases (does not change, respectively) vx2(G). In this paper we
investigate various properties of these graphs. Moreover, we characterize
vxo-vertex critical trees and ~yyo-vertex stable trees.
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1. INTRODUCTION

For the terminology and notation of graph theory not given here, the reader is
referred to [3, 6]. Let G = (V(G), E(G)) be a simple graph. The open neighbor-
hood of a vertex v € V(G) is N(v) = Ng(v) = {u € V(G) : wv € E(G)}, and
its closed neighborhood N[v] = Ng[v] = N(v)U{v}. The degree of v, denoted by
degs(v), is the size of its open neighborhood. A vertex of degree one is called a
leaf, and its neighbor is called a support vertex. We also denote the set of leaves
of a graph G by L(G) and the set of support vertices by S(G). If D C V(G),
then the subgraph induced by D in G is denoted by G[D]. A tree T is a double
star if it contains exactly two vertices that are not leaves. A subdivided star K7,
is a tree obtained from a star K, by replacing each edge uv of K1, by a vertex
w and edges uw and vw. For a vertex v in a rooted tree T', we denote by C(v)
and D(v) the set of children and descendants, respectively, of v. The mazimal
subtree at v is the subtree of T induced by D(v) U{v}, and is denoted by T;,.

A subset S of V(G) is a double dominating set (abbreviated DDS) of G if
for every vertex v € V(G), |N[v]NS| > 2, that is, v is in S and has at least
one neighbor in S or v is in V(G) — S and has at least two neighbors in S.
The double domination number vx2(G) is the minimum cardinality among all
double dominating sets of G. If S is a DDS of G of size vx2(G), then we call
S a yx2(G)-set. Clearly, double domination is defined only for graphs without
isolated vertices. Double domination was introduced by Harary and Haynes in
[5].

In this paper, we are interested in studying the effect that a graph modi-
fication has on the double domination number. More precisely, we first study
graphs for which the double domination number decreases on the removal of any
vertex. Then we study graphs for which the double domination number remains
unchanged on the removal of any vertex. We note that for the same parameter,
Khelifi et al. studied in [7] graphs that are critical under the deletion of any edge
and Chellali and Haynes [4] studied graphs that are stable under the deletion of
any edge.

2. PRELIMINARY RESULTS
We begin by some useful observations.

Observation 1. Every DDS of a graph contains all its leaves and support ver-
tices.

Observation 2. Let G be a graph without isolated vertices. Then vyx2(G) =
|[V(G)| if and only if every vertex of G is either a leaf or a support vertex.
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Proof. Let G be a graph such that vx2(G) = |V(G)|. Assume that v is a vertex
of G that is neither a leaf nor a support vertex. Then clearly degs(v) > 2 and
V(G) — {v} is DDS for G, a contradiction. Hence every vertex of G is either a
leaf or a support vertex.

The converse is obvious. ]

Our next result consists of the effect of deleting any vertex in G different from a
support vertex on the double domination number of a graph.

Theorem 3. Let G be a connected graph of order at least three. Then for every
vertex v different from a support verter, vx2(G) — 2 < yx2(G — v) < yx2(G) +

degq(v) — 1.

Proof. We first establish the lower bound. Let D be any vx2(G — v)-set. If
DNN(v) # 0, then DU{v} is a DDS for G, and if DN (v) = ), then DU{v,u} is a
DDS for G, where u is any vertex in N (v). In both cases, we have vx2(G) < |D|+2.
Now let R be any vx2(G)-set. Clearly if v ¢ R, then R is a DDS of G — v and
50 Yx2(G — v) < vx2(G). Thus we may assume that v € R. Let B be the set of
vertices in V' — R for which v is necessary to be dominated twice, that is, each
vertex of B has exactly one neighbor in R —v. Let also A be the set of all vertices
in R for which v is the unique neighbor in R. Since v is not a support vertex, each
vertex of A has a neighbor in V' — R. Let A’ be a smallest subset of V — R that
dominates A. Clearly |A’| < |A| and |A'|+|B]| < degg(v). Since AAUBUR—{v} is
a DDS for G—v, we obtain yx2(G—v) < |R|—1+|A'|+|B| < yx2(G)+degq(v)—1.

|

The following corollary is immediate.

Corollary 4. Let G be a connected graph of order at least three and let v €
V(G) — S(G). Then

(a) 7x2(G —v) < vx2(Q) + A(G) — 1.

(b) If v is a leaf, then vx2(G —v) < vx2(G).

The following result shows that there is no graph G such that the deletion of
every vertex increases the double domination number.

Proposition 5. There is no graph G such that yx2(G — v) > yx2(G) for every
vertez v € V(G) — S(G).

Proof. Assume that G is a graph such that yx2(G — v) > vx2(G) for every
vertex v € V(G) — S(G). Then by Corollary 4(b), G contains no leaf and so
by Observation 2, yx2(G) < |V(G)|. Now let D be any yx2(G)-set and let w €
V(G)—D. Then clearly D is a DDS for G —w, implying that yx2(G—w) < |D| =
vx2(G), a contradiction. |
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According to Theorem 3 and Proposition 5 we define a graph G to be:

o a yxo-vertex critical graph if for every vertex v € V(G)—S(G), yx2(G—v) <
vx2(G). It follows from Theorem 3 that in a yyo-vertex critical graph G,
Yx2(G — v) = Yx2(G) — 2 or Yx2(G — v) = vx2(G) — 1 for every vertex
veV(G) - S(G).

e a y.o-vertex stable graph if for every vertex v € V(G) — S(G), yx2(G —v) =
Yx2(G).

3.  Yx2-VERTEX CRITICAL GRAPHS

We begin by giving some useful properties of vyxo-vertex critical graphs.

Proposition 6. If G is a yxa-critical graph and v € V(G) — (S(G)UL(Q)), then
every vx2(G — v)-set contains at most one neighbor of v.

Proof. Suppose that D is a yx2(G — v)-set containing at least two neighbors of
v. Then D is a DDS of G and so yx2(G) < yx2(G — v), contradicting the fact
that G is yxo-vertex critical. [}

As a consequence of Proposition 6, we have.

Corollary 7. If G is a path P, with n > 5, or a cycle Cy,, or a complete graph
K, with m > 3, then G is not yxo-vertex critical.

A vertex of a graph G is said to be free if it does not belong to any minimum
double dominating set of G.

Proposition 8. Let G be a yxo-vertex critical graph and v a vertex of V(G) —
S(G). If there is a verter w € Ng(v) belonging to every yx2(G — v)-set, then the
following conditions hold.

(1) ’Y><2(G - U) = ’}/XQ(G) —1.
(2) FEvery vertex in Ng(v) — {w} is free in G — v.

Proof. Let G be a yxo-vertex critical graph and v any vertex of V(G) — S(G).
Since w is in every vx2(G — v)-set, then such a set plus v is a DDS of G and so
Tx2(G —v) <¥x2(G) < vx2(G —v) + 1, implying that 7x2(G —v) = 7x2(G) — 1.
Now since w belongs to every vx2(G — v)-set, then by Proposition 6, every vertex
of Ng(v) —{w} is free in G — v. |

Proposition 9. Let G be a graph and v € V(G) — (S(G) U L(GQ)). Then if
Yx2(G — v) = yx2(G) — 2, then every neighbor of v is free in G — v.
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Proof. Suppose that a neighbor of v, say u, is not free in G—v. Thus u belongs to
some Yx2(G—v)-set D and so DU{v} is a DDS of G. It follows that yx2(G—v)+2 =
Yx2(G) < |D| 4+ 1 = vyx2(G — v) + 1, a contradiction. Hence u is a free vertex in
G —w. |

In the next, we will focus on ~yo-vertex critical trees. We begin by showing
that the removal of any free vertex from a tree T' leaves the double domination
number unchanged. We note that free vertices of any tree can be determined in
polynomial time [2].

Lemma 10. Ifv is a free vertez of a nontrivial tree T, then vy o(T —v) = yx2(T).

Proof. Let v be a free vertex of T. Clearly v ¢ S(T') U L(T) and so degp(v) =
kE > 2. We root T at v and let C(v) = {ui,ug,...,ux}. Since v is free, every
vx2(T)-set is a DDS for T' — v, and so yx2(T — v) < vx2(T). Furthermore,
since every 7yx2(T — v)-set can be extended to a ~yx2(T)-set by adding v and
one of its neighbors, yx2(T) < vx2(T — v) + 2. Hence we have yxo(T) — 2 <
Yx2(T — v) < vx2(T). Let us first assume that yx2(T — v) = vx2(T) — 2 and
let S7 be any vx2(T — v)-set. If Np(v) NSy # 0, then S; U {v} is a DDS of T
with vx2(T) — 1 vertices, which is impossible. Hence Nr(v) N S; = () but then
S1 U {ui,v} is a yx2(T)-set containing v, contradicting the fact that v is free.
Assume now that yxo(T — v) = yx2(T) — 1 and let S’ be any vxo(T — v)-set.
Clearly S” contains no neighbor of v, otherwise S’ U {v} would be a vx2(T)-
set containing v, a contradiction. Let S; = S’ NV(T,,) for 1 < i < k. Then
|S'| = |S1] + 1S5 + -+ +|S}| and obviously S} is a yx2(Ty,)-set for each i. Now
let D be a yx2(T)-set and D; = D N V(Ty,) for every i. Recall that v ¢ D
since v is free. We claim that D contains exactly two neighbors of v. Suppose
to the contrary that |Nr(v) N D| > 3, and assume, without loss of generality,
that wi,ug,us € D. If for some i, |D;| < |S}|, then D; would be a DDS for
T, smaller than S] which is impossible. Thus |D;| > |S]| for every 4, implying
that |D;| = |S}| for ¢ > 4. Now using the fact |D| = |S’| + 1, we deduce that
|D1| 4 |Da| + | D3| = |S1] + |S5] + |S5] + 1. Without loss of generality, we assume
that |D1| = |S]|+ 1. It follows that S{UDoU---UDy is a DDS of T of cardinality
less than |D|, a contradiction. Hence |D N Np(v)| = 2, say uj,ug € D. As
seen before |D;| = |S!| for i > 3, and so |D1| + |D2| = |S7| + |S5] + 1. We can
suppose that |Dq| = |S7| + 1. Then S; U Dy U---U Dy is a DDS of T' — v with
|STUDaU-+-UDyg| =vx2(T)—1.So 8" = S{UDsU- - -UDy, is also a yxo(T —v)-
set (containing ug) but then S” U {v} would be a yx2(T)-set that contains v, a
contradiction. Therefore, vxo(T — v) = vyx2(T). |

Now we are ready to characterize yxao-vertex critical trees.

Theorem 11. A tree T of order n > 3 is yxo-vertex critical if and only if every
vertex of T is either a leaf or a support vertex, that is yx2(T) = |V(T)].
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Proof. Let T be a yxo-vertex critical tree. Let v be a support vertex of a tree
T having a neighbor that is neither a support nor a leaf. If such a vertex v does
not exist, then we are done, that is every vertex of T is either a leaf or a support
vertex. So v exists. Let w be a neighbor of v such that w ¢ S(T')UL(T'). Clearly
v remains adjacent to a leaf in T'—w and so v is in every yx2(T —w)-set. Thus by
Proposition 8, vx2(T —w) = vx2(T)—1, and every vertex in Np(w)—{v} is free in
T —w. It follows v is the unique support vertex adjacent to w. Let Np(w)—{v} =
{u1,ug,...,ur}. Clearly k > 1 since w is not a leaf. Let T1,75,...,Ty be the
components of T — w, where u; € V(T;) for every i, and let Ty be the remaining
component that contains v. Let Dy be any ~x2(7})-set and recall that each u; is
free in T'— w, that is u; ¢ D;. Hence D; must contain two vertices adjacent to
uq, say o1 and xo. Also by Lemma 10, vx2(Th —u1) = yx2(T1). Now let D be any
Yx2(T —uqp)-set and let 77 = T —T. Obviously, |D| = vx2(T1 —u1) +yx2(7") and
hence D' = (DNT")U Dy is a DDS of T. Therefore vx2(T) < |D’'| = yxa(T — u1),
contradicting the fact that T is «yxo-vertex critical.

The converse is easy to see. [

4. yx9-VERTEX STABLE GRAPHS

We focus in this section to the study of yxa-vertex stable graphs. We make a
useful observation.

Observation 12. Let G be a yx2-vertex stable graph. Then every support vertex
of G has exactly one neighbor (its leaf) in every yx2(G)-set.

Proof. Let G be a 4 o-vertex stable graph and assume that a support vertex
v has two neighbors in some vyx2(G)-set D. If v’ is a leaf neighbor of v, then
D — {v'} is a DDS of G — v'. Hence yx2(G — v') < yx2(G), a contradiction. m®

As a consequence of Observation 12, we obtain the following corollary.

Corollary 13. Let G be a yxa-vertex stable graph. Then
(a) Ewvery support vertex of G is adjacent to exactly one leaf.

(b) No two support vertices of G are adjacent.

The double domination number for cycles C,, and nontrivial paths P, were given
in [5]: vx2(Cp) = [%] and [1]: vx2(Pn) = 2[2] + 1 if n = 0 (mod 3) and
Yx2(Pp) = 2] %] otherwise.

Using the above results one can see that Ps is the only vyy9-vertex stable path
and cycles C), are yxa-vertex stable. Also since yx2(Ky) = 2 for n > 3, complete
graphs K, with n > 3 are yx2-vertex stable.
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A vertex u is said to be adjacent to a path Py in a tree T if there is a neighbor
of u, say v, such that the subtree resulting from 7" by removing the edge uv and
which contains the vertex v as a leaf, is a path Pg. The following observation will
be useful in the proof of the next lemma.

Observation 14. Let T be a nontrivial tree and S any subset of vertices con-
taining a free vertex v of T, where every vertex of T except v is dominated twice
by S. Then |S| > vx2(T).

Proof. Clearly degy(v) = k > 2 since v is free. Root T" at v and let vy, v, ..., v
be the children of v in T,, = T. Let D be any 7yx2(7T)-set and D; = D N T,, for
every i. By Lemma 10, D is also a yx2(T — v)-set and so D; is a vx2(Ty,)-set
for every i. Hence vx2(T') = |D1| + |D2| + -+ - 4+ | Dx| . Note that D contains at
least two neighbors of v to doubly dominate v. Now assume to the contrary that
|S| = vx2(T) = |D|. Note that S cannot be smaller than D, for otherwise S plus
any neighbor of v not in S would be a vx2(T')-set that contains v, a contradiction
with the fact that v is a free vertex. Let S; = S NT,, for every i. Note that since
S does not double dominate v, v; ¢ S for every i. Also since |S| = |D| and v € S,
there is an index j such that [S;| < [D;[. The fact S; U {v;} is a DDS for T,
implies that |D;| < |S; U {v;}| < |Dj| + 1. Hence |S;j| = |D;| — 1 and so the set
S = (Ule’l-;ﬁj D;)U S; U{v} double dominate all vertices of T" and has size |D| .
But S’ is a yx2(T')-set that contains v, a contradiction too. Therefore |S| > |D|.

|

Lemma 15. Let T be a yxo-vertex stable tree and v a vertex of T' different from
a support vertex. Then v is not adjacent to a path Ps.

Proof. Let v be a vertex of T different from a support vertex and assume that
v is adjacent to a path P3 = uj-x1-y1 by the edge vu;. Root tree T at v and let
C(v) = {u1,us,...,ur} be the set of children of v in the rooted tree. Note that
since T' is yxo-vertex stable and v is not a support vertex, 7" has order n > 6
and so k > 2. Clearly 1 and y; are in every vx2(7')-set and by Observation 12,
u1 belongs to no vxo(T)-set. It follows that v is in every vx2(T')-set. Now let
D be a yxo(T — v)-set. Note that |D| = vx2(T) since T is 7yxa-vertex stable.
It is clear that {uj,z1,y1} C D. Now if for some ¢ # 1, u; € D, then v is
dominated twice by u; and u;, and so D is yx2(T')-set containing wu;, contradicting
Observation 12. Hence every u; # uq is a free vertex in T — v. Note that if any
vertex is free in 1" — v, then it is also free in the component that contains such
a vertex. Let Ty; denote the component of T'— v such that u; € V(T,;). Then
Yx2(T) = yx2(T —v) = vx2(Twy) + Z?:z Yx2(Tu;) = 3+ Z?:Q Yx2(Tu;). If Ais
any yx2(T)-set, then A contains v and some u; # uy, say ug, to double dominate
v. Hence |A| = [{z1, 1} + [{v}| + 25, [ANTy,| = 3+ 35, |ANT,,|. Now
if for some ¢ > 3, |[ANT,,| < |DNT,,|, then AU {u;} would be a yyx2(Ty,)-set

i
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containing u;, a contradiction since u; is free in its component. Thus we must have
|ANT,,| = |DNT, for each i > 3. Using this fact and |D| = |A|, we conlude
that |A N Ty,| = vx2(Ty,). Observe that ANT,, is a set of vertices containing us
which is a free vertex in T,,,. Now if ANT,, is a DDS for T},,, then us is not free,
a contradiction. Thus A NT,, double dominates all vertices of Ty, except ug but
then by Observation 14, we must have |A N T,,| > vx2(T,), a contradiction too,
and the proof of Lemma 15 is complete. [

Before presenting our next result, we give another definition. Let u be a support
vertex of T' with a unique leaf v and let 77 be the forest obtained from T by
removing u and v. Then we call u a good support vertex if vxo(T') = vxo(T) — 2
and every neighbor of u except v is free in T'. For example every support vertex
of a subdivided star of order at least seven is good. However, no support vertex
of the path Ps is good since vxo(T") > vx2(P5) — 2.

In the aim to characterize yxo-vertex stable trees, we define the family H of
all trees T' that can be obtained from a sequence T4, T5,...,T; (j = 1) of trees
such that 73 is a subdivided star Kir with » > 2, T' =T}, and if j > 2, T; 4
can be obtained recursively from 7T; by one of the operations listed below. Let
A(Tl) = S(Tl) UL <T1>

e Operation O;: Add a subdivided star K7, k > 2, centered at a vertex
x and join x by an edge to a vertex y of T;, with the condition that if
y is a leaf, then its support vertex is a good one in T;. Let A(T;11) =

A(T)US(K;,) UL (K)

e Operation Os: Add a path P; = z-y-z attached by an edge zv at any
support vertex v of T;. Let A (Tj41) = A(T;) U{y, z}.

We will use the following observations.

Observation 16. Let T be a tree obtained from a nontrivial tree T' by adding a
path Py = u-v-z attached by an edge ux at any verter x of T'. Then yxo(T') <
vx2(T) — 2, with equality if x belongs to some vx2(T")-set.

Proof. Let D be a yx2(T)-set. By Observation 1, D contains v,z. If u € D,
then we can replace it in D by x or any neighbor of x in T”. Hence we may
suppose that u ¢ D and so DNV (T") is a DDS for T". It follows that vx2(7") <
IDNV(T")| = vx2(T) — 2. Now if z belongs to some 7x2(T")-set, then such a set
can be extended to a DDS for T, implying that vx2(T) < yx2(T") — 2. Therefore
we obtain equality. ]

Observation 17. Let T be a tree obtained from a nontrivial tree T' by adding a
subdivided star K7 (k > 2) centered at u, attached by an edge uw at any vertex
w of T'. Then yx2(T) = vx2(T") + 2k.
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Proof. Let D be a yx2(T)-set. Then by Observation 1, D contains all vertices
of K7, except u (else replace u by w or a neighbor of w in T"). Hence DNV (1")
is a DDS of T" and vx2(T") < vx2(T) — 2k. Also, if D' is any ~yyo(T")-set, then
D'U (V(Kf ) — {u}) is a DDS of T’ and 50 yx2(T) < vxa(T") + 2k. It follows
that yx2(T) = vx2(T") + 2k. u

Lemma 18. If T € H, then
(a) A(T) is the unique yxo(T)-set.
(b) T is a yxa-vertex stable tree.

Proof. Let T € H. Then from the way in which T is constructed, A(T) is a
DDS of T. Now to show that A(T') is the unique yx2(7T)-set and 7" is yxa-vertex
stable, we use an induction on the total number of operations O; performed to
construct 7. We use the terminology of the construction for set A(T). Clearly the
two properties are true for 77 = K7, with r > 2. Assume that both properties are
true for all trees of H constructed with 5 —1 > 0 operations, and let T" be a tree
of H constructed with j operations. Thus T is obtained by performing operation
O; or Oy on a tree T obtained by j — 1 operations. Let D be a yxo(T)-set. We
examine the following two cases.

Case 1. T is obtained from T” using Operation O;. By Observation 17,
y2(T) = vya(T") + 2k and so A(T) = A(T") U (V(Kik) - {x}) is & yx2(T)-set.
Now assume that A(T") is not the unique vyx2(7T")-set and let R be a second yx2(T')-
set. Clearly V(K7 ;) — {2z} C D. Now if ¢ R, then RNV(T") is a yx2(T")-set
and since R # A(T") U (V(ka) - {w}) it follows that RNV (T') # A(T"), a
contradiction to the uniqueness of A(T"). Hence = € R. Clearly x is in R to double
dominate y and so RNV (T") is not a DDS for T”. If y is not a leaf of 7", that
is degp/(y) > 2, we can replace x by y or any neighbor of y in 7", which gives
different vy2(7")-sets, a contradiction too. Hence we can assume that y is a leaf
in 7. Let z be the support vertex of y in T”. There are two situations: either
y€ Rand z ¢ Ror y ¢ R and z € R. In both cases, z must have a neighbor
z' #yin R. Let RNV(T") plus z for the first situation and RNV (T”") plus y.
Both sets are yx2(T")-set, however z is not a good support vertex of 7" since 2’
is not free in 7", which contradicts the construction. We conclude that A(T) is
the unique yx2(T')-set.

Now let us prove item (b). Recall that by the inductive hypothesis on 7", T’
is a yxo-vertex stable tree. Also since T' has a unique vx2(7T)-set that does not
contain x; x is a free vertex in T. Now let y1, ..., yr denote the support vertices
of Kik and zi, ...,z the leaves, with edges y;z; for every 7. Let w be any vertex
of T different from a support vertex. We shall show that vyxo(T — w) = vx2(T).

If w = x, then since x is a free vertex in 7', by Lemma 10, yx2(T—x) = vx2(T).
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Suppose now that w = z; for some i. Then by Theorem 3, vy 2(T) — 2 < yyx2(T —
zi) < vx2(T'). Let D be any vxo(T — z;)-set. Then z is a support vertex for y;
and so V(K7 ;) — {2} C D. First assume that vx2(T — 2;) = yx2(T) — 2. Then
clearly D U {z} would be a DDS for T of size less than vx2(7T), a contradiction.
Now if yxo(T — z;) = yx2(T) — 1, then DU {z1} is a yx2(T)-set that contains z,
contradicting the fact that = is a free vertex. Therefore vyxo(T — z;) = yx2(T).

Finally, suppose that w is a vertex of V(T”). First let w = y and t =
degz/(y) > 1. Then T — y provides t subtrees 17, T4, T4,..., T/ and T — y
provides the same subtrees and in addition the added subdivided star ka
Now since T” is yxa-vertex stable, vuo(T' — y) = Soi_ vx2(Ti) = vx2(T").
Also vx2(T — y) = vx2(K{ ) + v<2(T" — y) = 2k + yx2(T') = yx2(T). Sec-
ond, suppose that w # y is any leaf of T’. Then T’ — w is nontrivial and
so by Observation 17, yx2(T — w) = vyx2(T" — w) + 2k. Using the fact that
T’ is ~xo-vertex stable with the equality yx2(T) = vx2(T’) + 2k we obtain
Y2(T — w) = vx2(T" — w) + 2k = yx2(T") + 2k = yx2(T). Now assume that
w # y is any vertex of T different from z (when z is the support vertex of y
in T7"). Then w has the same degree in T as in 7", say p > 2. Clearly 77 — w
provides p subtrees Ty, Ty, T3, ..., T, where y € V(T1). Likewise T — w pro-
vides p subtrees T1, Ty, T3,...,T,, where T} is the subtree that contains ver-
tices of the added subdivided star K7y, and those of T{. By Observation 17,
Yx2(T1) = yx2(T7) + 2k. We know that vx2(T" — w) = ?:1 Yx2(T7) = yx2(T")
and vxo(T —w) = yx2(TY) + 2k + >_F_ vx2(T;). Therefore yuo(T —w) = vx2(T).
It remains to examine the last situation when w = z and y is the leaf neigh-
bor of z in T". Let T" = T' — {y,z}. Then T — z is formed by T" and T(y),
where T'(y) is obtained from K 1 1. by adding an edge to the single vertex y. Hence
Yx2(T(y)) = 2k + 2 and yx2(T — 2z) = yx2(T") + vx2(T'(y)). Now since z is a
good support vertex in T", vxa(T") = yx2(T") — 2. Tt follows that vyyo(T — z) =
Vx2(T") + 7x2(T(y)) = vx2(T") = 2+ 2k + 2 = yx2(T).

We saw that the deletion of any vertex of T' different from a support vertex
does not change vx2(T); so T is yx2-vertex stable.

Case 2. T is obtained from T’ using Operation Q3. By Observation 16,
Yx2(T) = vx2(T") + 2 and so A(T) = A(T")U{y, z} is a yx2(T)-set. Observe that
for every yx2(T)-set D, D NV (T") is a yx2(T")-set, implying that A(T) is the
unique vx2(7')-set. Hence we have item (a).

Now let us prove item (b). Let u be the leaf neighbor of v and let w be any
vertex of T' different from a support vertex. If w = z, then since A(T) is the
unique yx2(T)-set with = ¢ A(T); x is a free vertex in 7. Hence by Lemma 10,
Yx2(T — x) = yx2(T). Also if w = z, then it is easy to see that yxo(T — 2) =
Yx2(T") + 2 = vx2(T). Assume now that w # u and let k = degp (w). Clearly
we also have k = degy(w). Then T” — w provides k subtrees T, Ty, T3, ..., T},
where v € V(T7). Also T — w provides k subtrees Ty, Ty, T3, ..., T}, where T; is
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obtained from 77 by attaching the path P3 = z-y-z. By Observation 16, vx2(T1) =
vx2(T}) + 2. Now we know that yxo(T" — w) = S2F  yya(Ti) = vx2(T") and
V2T — w) = y2(T1) + S vx2(Ti) = 2+ S0 vw2(Th) = 2 + vxo(T — w).
Therefore yx2(T — w) = vx2(T") + 2 = yx2(T). Finally assume that w = u. We
first show that v is not a free vertex in 7" — u. We know that A(7”) is the unique
vx2(T")-set and every neighbor of v in 7" besides w is free (by Observation 12).
Now since vx2(T" — u) = vyx2(T"), the set {a} U (A(T") — {u}) is a yx2(T" — u)-
set that contains v, where a is any neighbor of v in 77 — u. Thus indeed v is
not free in 77 — u and belongs to some ~yxo(T' — u)-set. Using this fact and
the fact that T — wu is obtained from T’ — w by attaching the path P3 = z-
y-z, then by Observation 16, vxo(T — u) = yx2o(T" — u) + 2. It follows that
V2T —u) = Yx2(T' —u)+2 = Y42 (T")+2 = yx2(T'). Consequently the removing
of any vertex of T' different from a support vertex does not change vx2(T'); so T
is yxa-vertex stable. [ ]

We now are ready to prove the following.
Theorem 19. A tree T is yxo-vertex stable if and only if T € H.

Proof. If T' € H, then by Lemma 18, T' is a vyxo-vertex stable tree. Now let T
be a yxo-vertex stable tree. To prove that T' € H we proceed by induction on the
order of T'. Since stars and double stars are not yxa-vertex stable (by Observation
12), T has diameter at least four. Clearly the smallest tree of diameter four is
the path P5 = K7 5 that belongs to H. Assume that every 7yx2-vertex stable tree
of order n' < n is in H.

Let T be a ~yxo-vertex stable tree of order n. If T' has diameter 4, then by
Observation 12, every support vertex is adjacent to exactly one leaf and no two
support vertices are adjacent. So 7' is a subdivided star K7, with r > 2 and such
trees are in H. Hence we can assume 7' has diameter at least 5.

We now root T' at leaf r of a longest path. Let u be a vertex at distance
diam(7") — 2 from r on a longest path starting at . We further assume that
among all such vertices © has maximum degree. Let x1 be the child of u and y;
the (unique) child of z; on this path. We also let v be the parent of u and z
the parent of v. Since x1 is a support vertex, by Observation 12, v cannot be a
support vertex. Also since z1 and y; are in every vx2(T')-set, u does not belong
to any yx2(T')-set, otherwise we contradict Observation 12. Hence u is a free
vertex in 1. We now consider the following two cases.

Case 1. degp(u) > 3. Hence every child of u is a support vertex and so
T, = K7}, where k = degp(u) — 1. Let {x1,x2,..., 21} be the set of all children
of u and let y; be the leaf neighbor of x; for every i. Now consider the tree
T" = T — D[u]. Note that 7" has order n’ > 3. Indeed 7" is nontrivial since
diam(7T) > 5; also if n’ = 3, then 7" would be a path P3 centered at z, where all its
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vertices are in every yxo(7T)-set which contradicts Observation 12. Moreover, by
Observation 17, vx2(T") = vx2(T) — |D(u)| . Next we shall show that 7" is a yxo-
vertex stable tree. Let w # v be any vertex of T” different from a support vertex.
Let b = degy(w) > 1. Clearly the removing of w from 7" produces a forest with
b components 77,75, ..., T}, where without loss of generality, v € V(T7). Also the
removing of w from T produces a forest with b components 11,75, ..., T, with
T; = T] for every i > 2 and T is the component that contains 7] and the vertices
of D[u]. Since T} is nontrivial, by Observation 17, yx2(71) = yx2(17) + |D(u)].
Clearly vx2(T" —w) = Zz 1 2 (T; ) and yx2(T — w) = vx2(T1) + Zz 2'Y><2(T/)
Using the facts vx2(T) = vx2(T") 4+ |D(u)| and T is a yxa-vertex stable tree, we
get

Yx2(T) = 2T — w) = v52(Th) + S0y yx2(T7)
= Y2 (T}) + [ D(w)| + 30y vw2(T7)
= 30 2 (T)) + | D(u)| = 2T — w) + | D(u)]

and 80 Yx2(T" — w) = vx2(T"). Hence the deletion of such a vertex w from T”
does not change the double domination number of T”. It remains to examine the
case w = v and of course v is not a support vertex. We consider two possibilities
depending on the degree of v.

Subcase 1.1. degp(v) > 3. Let j = degp(v). Clearly T — v is a forest with j
components T = T,,,1>,T53,...,T; and so T3,7T3,...,T; are the components of

T" — v. Note that y«2(T,) = ]D( )y vx2(T —v) = 'yxg(Tl) + ZZ 5 Yx2(T;) and
Y2(T' —v) = ZZ o Yx2(T3). Since T is yxo-vertex stable and fng(T) = vxo(T") +
|D(u)], we obtain yxo(T") 4+ |D(u)] = yx2(T) = yx2(Th) + Xy vx2(Ti) =
|D(u)| 4+ vx2(T" — v), and hence yxo(T" — v) = vx2(T").

Subcase 1.2. degp(v) = 2, that is v is a leaf in 7”. First we show that z is
good support vertex in T”. Since u is a free vertex in T, it follows that v and 2
belong to every yx2(7T)-set. Hence every neighbor of z besides v is a free vertex in
T; indeed if z has another neighbor in some 7yxo(7T)-set X, then {u}UX — {v} is
a vYx2(T')-set containing y;, 1 and u, a contradiction to Observation 12. Clearly
this implies that every neighbor of z in 7" besides v remain free. It remains
to see that vxo(T") = vx2(T') — 2, where T"” is the tree resulting from 7" by
removing v and z. Observe that the removing of z from T provides a forest
with at least two components Ty = T, 15, T3,...,Ty, where Ts, T3,..., T} are
precisely the components of T”. Note that T, is a tree, where every vertex is
either a leaf or a support vertex; so vxo(Ty) = \D( )| + 2. It follows that vyx2(T —

2) = vx2(Ty) + Sty vx2(Th) = |D(u)| + 2 + 3 i, vx2(T;). On the other hand,
Y2 (T") = Sty yxa(Th) = xa(T — 2) — |D(u)| — 2. Now since T is yxo-vertex
stable and yyx2(T") = vx2(T) — |D(u)|, we get yx2(T") = vx2(T) — |D(u)| — 2 =
vx2(T") — 2. Therefore z is a good support vertex in T".
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Now let us see that the removing of v in 7" does not change 7yx2(7”). Clearly
T —v is a forest with two components T, and T" — v. It follows that yxo(T —v) =
Yx2(Tw) + yx2(T" — v) = |D(u)| 4+ yx2(T" — v). Using the equalities vxo(T —v) =
Yx2(T) and yx2(T) = vx2(T") + |D(u)|, we obtain vxo(T' — v) = yx2(T").

According to all previous situations, we conclude that 7" is a ~yyxo-vertex
stable tree. By induction on 7", we have T" € H. It follows that T' € H because
it is obtained from 7" by using Operation O;.

Case 2. degp(u) = 2. Clearly v is a vertex adjacent to the path P3 = u-z1-y;.
Since T is yxo-vertex stable, by Lemma 15, v is a support vertex in T. Let v' be
its unique leaf. Let T” be the tree obtained from 7' by removing u, z1,y;. Note
that v belongs to every vx2(T”)-set. By Observation 16, yx2(T) = yx2(T") + 2.
Next we shall show that T” is a yxo-vertex stable tree. First let w be any vertex
of T' such that w ¢ L(T")US(T”). The removing of w in T” provides a forest with
at least two components, say 17,7y, ...,T, . Without loss of generality, we can
assume that 77 is the component that contains v and so v'. Also the removing of
w from T provides a forest with m components 71,75, ..., T, where T} is the tree
obtained from 7] by attaching the path P35 = u-z1-y; with the edge vu. Clearly
since v, v’ belong to every vxa(T7)-set, by Observation 16, vyx2(71) = vx2(T]) + 2.
On the other hand we have vxo(T" — w) = D7, yx2(T}) and vxo(T — w) =
Yx2(Th) + D" o vx2(T)). Now since T is yxo-vertex stable, we obtain

Yx2(T) = vx2(T —w) = vx2(T1) + >ity yx2(TY)
= vx2(T7) + 24 227 vxa(T7)
=3 () +2 =y (T —w) + 2.

Now using the fact yx2(T) = vx2(T") + 2 we obtain yx2(T") = yx2(T' — w).
Therefore the removing of w from 7" does not change the double domination
number of T".

Now we assume that w is a leaf of T and let 7" = T" — w. Suppose that
w # v'. We note here that T — w can be seen as the tree obtained from 7"
by attaching the path P3 = wu-x1-y; by the edge wv. Since v,v’ are in every
vx2(T")-set, by Observation 16, yxo(T —w) = yx2(T") + 2. Since T is yx2-vertex
stable, vx2(T) = yx2(T — w). Combining the previous equalities with the fact
Yx2(T) = yx2(T") +2 we get vxa(T") + 2 = yx2(T) = vx2(T — w) = yx2(T") + 2
and so Yx2(T") = yx2(T") = Yx2(T" — w). Therefore the removing of any leaf of
T’ different from v’ does not change the double domination number of 7”. Finally
assume that w = v’ and recall that by Corollary 4, vxo(T — v') < yx2(T"). Let
us consider two subcases.

Subcase 2.1. degp(v) = 2, that is, v is a leaf in 7" — v/. Recall that z
is the parent of v in T and note that T — v’ has order at least three since
diam(7T) > 5. Now suppose that yy2(T" — v') < vx2(T") and let D’ be any



656 S. KHELIFI AND M. CHELLALI

Yx2(T" — v')-set. Then clearly v,z € D" and D' U {v',z1,y1} is a DDS for T,
implying that vx2(T) < |D’| + 3. Using the equality yx2(T") = vx2(T) — 2 we
obtain

Yx2(T) < |D'| +3 = yxa(T" = ') + 3 < yxa(T") + 3 = 7x2(T) + 1,

and so yx2(T) = |D'| + 3. Tt follows that D' U {v/,z1,y1} is a yx2(T)-set but
in such a set v would be adjacent to z and v’, contradicting Observation 12.
Therefore yxo(T — v') = vx2(T").

Subcase 2.2. degps(v) > 3. Clearly v should have in T at least one other child
different from u and v’. Such a child cannot be a support vertex (by Observation
12). Thus let u’ be a child of v, 2] a child of v’ and y] a child of 2. By our
choice of u, ' must have degree two. We shall show that v is not a free vertex
in 7" — v'. Suppose to the contrary that v belongs to no yx2(7” — v’)-set and let
X be any yx2(T" — v')-set. Then z),y] € X and since v ¢ X we have v’ € X. To
doubly dominate v by X, X contains at least one other neighbor of v but then
{v} UX — {u'} is a yx2(T" — v')-set that contains v, a contradiction. Hence v
belongs to some vx2(T' — v')-set Y and such a set can be extended to DDS for
T — v’ by adding z1,y1, implying that yx2(T — v') < vxo(T' — ') + 2. Equality
is obtained from the fact that there is a yx2(T — v’)-set containing x1,y1,v and
not u. Now assume that yxo(T' — v') < yx2(T"). Observe that Y U {x1,y1,0v'} is
a DDS for T. Now using the fact yx2(T") = yx2(T") — 2 we obtain

Yx2(T) < Y U{ar,y1,0"} = vx2(T' = ') + 3 < y52(T') + 3 = yx2(T) — 2+ 3,

and 80 yx2(T') = |Y U {z1,y1,v'}|, that is Y U{x1,y1,v'} is a yx2(T')-set in which
v has two neighbors, contradicting Observation 12. Hence vxo(T" —v") = vx2(T").

According to all previous situations, we conclude that the removing of any
vertex of T” different from a support vertex does not change the double domina-
tion number of T”, that is, T” is a yx2-vertex stable tree. Applying the inductive
hypothesis on T”, we have T" € H. It follows that T" € H because it is obtained
from T” by using Operation Os. |
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