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Abstract

In [5] the necessary and sufficient conditions for the existence of
(k, l)-kernels in a D-join of digraphs were given if the digraph D is
without circuits of length less than k. In this paper we generalize
these results for an arbitrary digraph D. Moreover, we give the total
number of (k, l)-kernels, k-independent sets and l-dominating sets in a
D-join of digraphs.
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1. Introduction

For concepts not defined here see [2]. Let D be a finite, directed graph (for
short: a digraph) without loops and multiple arcs, where V (D) is the set
of vertices and A(D) is the set of arcs of D. By a path from a vertex x1

to a vertex xn, n > 2, we mean a sequence of vertices x1, . . . , xn and arcs
(xi, xi+1) ∈ A(D) for i = 1, 2, . . . , n − 1 and for simplicity we denote it by
x1 . . . xn. A circuit is a path with x1 = xn. By dD(xi, xj) we denote the
length of the shortest path from xi to xj in D. If there does not exist a
path from xi to xj in D, then we put dD(xi, xj) = ∞. For any X ⊆ V (D)

and x ∈ (V (D) \ X) we put dD(x,X) = miny∈X dD(x, y). By Cη6d6µ
D (xi)
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we denote the family of all circuits in D containing the vertex xi of length
d, where η 6 d 6 µ.

We say that a subset J ⊂ V (D) is a (k, l)-kernel of D if

(1) for each xi, xj ∈ J and i 6= j, dD(xi, xj) > k and

(2) for each xi /∈ J there exists xj ∈ J such that dD(xi, xj) 6 l.

If the set J satisfies the condition in (1) or in (2), then we shall call it a
k-independent set of D (also called a k-stable set of D) or an l-dominating

set of D, respectively. We notice that a 2-independent set is an independent
set and a 1-dominating set is a dominating set of D. In addition, we assume
that a subset containing only one vertex and an empty set is also meant
as a k-independent set. The set V (D) is an l-dominating set of D. If
an l-dominating set of D has exactly one vertex, then this vertex we shall
call an l-dominating vertex of D. Moreover, the l-dominating vertex of
D is also a (k, l)-kernel of D for every k > 2. A digraph D whose every
induced subdigraph has a (k, l)-kernel is called a (k, l)-kernel perfect digraph.
Sufficient conditions for the existence of kernels and (k, l)-kernels in digraphs
have been investigated, for instance in [1, 3, 4, 5]. By NkI(D), NlD(D) and
NklK(D) we mean the number of all k-independent sets, l-dominating sets
and (k, l)-kernels of the digraph D, respectively. Moreover, by Nld(D) we
will denote the number of all l-dominating vertices of D. The total number
of k-independent sets and (k, l)-kernels in graphs and in some their products
were studied in [6] and [8].

Let D be a digraph with V (D) = {x1, . . . , xn}, n > 2 and α =
(Di)i∈{1,...,n} be a sequence of vertex disjoint digraphs on V (Di) = {yi

1, . . . ,
yi

pi
}, pi > 1, i = 1, . . . , n. The D-join of the digraph D and the se-

quence α is a digraph σ(α,D) such that V (σ(α,D)) =
⋃n

i=1({xi} × V (Di))
and A(σ(α,D)) = {((xs, y

s
j ), (xq, y

q
t )) : xs = xq and (ys

j , y
s
t ) ∈ A(Ds) or

(xs, xq) ∈ A(D)}. By Dc
i we mean a copy of the digraph Di in σ(α,D).

It may be noted that if all digraphs from the sequence α have the same
vertex set, then from the D-join we obtain the generalized lexicographic

product of the digraph D and the sequence of the digraphs Di, i.e., σ(α,D) =
D[D1, . . . ,Dn]. If all digraphs from the sequence α are isomorphic to the
same digraph H, then from the D-join we obtain the composition D[H] of
the digraphs D and H.

The existence of (k, l)-kernels in the lexicographic productD[D1, . . . ,Dn]
was studied in [7]. Moreover, in [8] the total number of k-independent sets
of a lexicographic product of graphs were determined using the concept of
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the Fibonacci polynomial of graphs. In [5] the necessary and sufficient con-
ditions for the existence of (k, l)-kernels in D-join were given, where D is a
digraph without circuits of length less than k. It was proved:

Theorem 1 [5]. Let D be a digraph without circuits of length less than k.
A subset S∗ ⊂ V (σ(α,D)) is a k-independent set of σ(α,D) if and only if

there exists a k-independent set S ⊂ V (D) such that S∗ =
⋃

i∈I Si, where

I = {i;xi ∈ S}, Si ⊆ V (Dc
i ) and Si is a k-independent set of Dc

i for every

i ∈ I.

Theorem 2 [5]. Let Q ⊆ V (D), I = {i : xi ∈ Q} and Qi ⊆ V (Di). If Q
is an l-dominating set of D and Qi is an l-dominating set of Dc

i for every

i ∈ I, then Q∗ =
⋃

i∈I Qi is an l-dominating set of σ(α,D).

Theorem 3 [5]. Let k > 2, l 6 k − 1 be integers. Let D be a digraph

without circuits of length less than k. The subset J∗ is a (k, l)-kernel of the

σ(α,D) if and only if there exists a (k, l)-kernel J ⊆ V (D) of the digraph

D such that J∗ =
⋃

i∈I Ji, where I = {i : xi ∈ J}, Ji ⊆ V (Dc
i ) and Ji is a

(k, l)-kernel of Dc
i for every i ∈ I.

In this paper, we generalize these results for an arbitrary digraph D. More-
over, we determine the total number of k-independent sets, l-dominating
sets and (k, l)-kernels in σ(α,D).

2. The Existence of (k, l)-Kernels in D-Join

In this section, we give the necessary and sufficient conditions for the ex-
istence of (k, l)-kernels in D-join if D is an arbitrary digraph on n, n > 2
vertices and α = (Di)i∈{1,...,n} is an arbitrary sequence of vertex disjoint
digraphs on pi, pi > 1 vertices.

Theorem 4. Let (xi, y
i
p), (xj , y

j
q) ∈ V (σ(α,D)). Then

dσ(α,D)((xi, y
i
p), (xj , y

j
q)) =

{
dD(xi, xj) for i 6= j,

min{dDi
(yi

p, y
i
q), dD(xi)} for i = j,

where dD(xi) denotes the length of the shortest circuit containing the vertex

xi in D.
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P roof. Assume that (xi, y
i
p), (xj , y

j
q) are two different vertices of V (σ(α,D))

and distinguish two possible cases:
1. i 6= j. Then the theorem follows immediately from the definition of

σ(α,D).
2. i = j. Using the definition of σ(α,D) we have that there exists a

path from (xi, y
i
p) to (xi, y

i
q) in σ(α,D) of the same length as the path from

yp to yq in Di. Moreover, if there exists a circuit in D which includes a
vertex xi, then by the definition of σ(α,D) it follows that there also exists
a path from (xi, y

i
p) to (xi, y

i
q) of length dD(xi) equal to the length of the

shortest circuit in D, which includes a vertex xi. Otherwise, if there does
not exist a circuit in D which includes a vertex xi, then we put dD(xi) = ∞.
Evidently dσ(α,D)((xi, y

i
p), (xj , y

j
q)) = min{dDi

(yp, yq), dD(xi)}.
Thus the theorem is proved.

Theorem 5. A subset S∗ ⊂ V (σ(α,D)) is a k-independent set of σ(α,D) if

and only if S ⊂ V (D) is a k-independent set of D such that S∗ =
⋃

i∈I Si,

where I = {i : xi ∈ S}, Si ⊆ V (Dc
i ) and for every i ∈ I

(a) Si is a k-independent set of Dc
i if Cd6k−1

D (xi) = ∅ or

(b) Si is 1-element set containing an arbitrary vertex from V (Dc
i ), other-

wise.

P roof. I. Let S∗ be a k-independent set of the D-join σ(α,D). Denote
S = {xi ∈ V (D) : S∗ ∩ V (Dc

i ) 6= ∅}. First, we shall prove that S is a
k-independent set of D. Let xi, xj ∈ S be two different vertices. Then by
the definition of the set S there exist 1 6 r 6 pi and 1 6 s 6 pj such that

(xi, y
i
r), (xj , y

j
s) ∈ S∗. By Theorem 4 and from the assumption of the set S∗

we obtain that dD(xi, xj) = dσ(α,D)((xi, y
i
r), (xj , y

j
s)) > k. The definition of

the set S implies that S∗ =
⋃

i∈I Si, where I = {i : xi ∈ S}. We consider
the following cases.

I.1. Let Cd6k−1
D (xi) = ∅.

Because S∗ is k-independent so by the definition of σ(α,D) and by assump-
tion it follows immediately that Si is a k-independent set of Dc

i .

I.2. Let Cd6k−1
D (xi) 6= ∅.

We shall prove that Si contains exactly one arbitrary vertex from V (Dc
i ).

By Theorem 4 we obtain that for arbitrary two vertices from V (Dc
i ) the

distance between them in σ(α,D) is less than k. Consequently, Si must
contain exactly one arbitrary vertex from V (Dc

i ).
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Hence from the above cases we obtain that Si is a k-independent set of Dc
i

if there does not exist in D a circuit containing xi of length less than k or
Si contains exactly one arbitrary vertex from V (Dc

i ), otherwise.

II. Let S ⊂ V (D) be a k-independent set of the digraph D. Let I =
{i : xi ∈ S} and let Si be as in the assumption. We shall prove that S∗ =⋃

i∈I Si is a k-independent set of the D-join σ(α,D). Let (xi, y
i
p), (xj , y

j
q) ∈

S∗ be two distinct vertices. Consider the possible cases:

II.1. (xi, y
i
p) ∈ Si and (xj, y

j
q) ∈ Sj, where i 6= j.

Since S is k-independent in D, so by Theorem 4 it follows that
dσ(α,D)((xi, y

i
p), (xj , y

j
q)) = dD(xi, xj) > k.

II.2. (xi, y
i
p), (xi, y

i
q) ∈ Si, where p 6= q for some i ∈ I.

Since Si contains at least two vertices, so by the assumption, Si is k-
independent of Dc

i and Cd6k−1
D (xi) = ∅. To prove that S∗ is a k-independent

set of σ(α,D) assume on the contrary that dσ(α,D)((xi, y
i
p), (xi, y

i
q)) < k. If

k = 2, then a contradiction with the independence of Si in Dc
i . Let k > 3.

This means that there exists a path (xi, y
i
p) . . . (xi, y

i
q) in σ(α,D) of length

less than k such that at least one inner vertex of this path does not belong to
V (Dc

i ). Hence there exists in D a circuit containing the vertex xi of length
less than k, a contradiction to the assumption.

Taking the two above cases into considerations we obtain that for dis-
tinct (xi, y

i
p), (xj , y

j
q) ∈ S∗ there holds dσ(α,D)((xi, y

i
p), (xj , y

j
q)) > k, hence

S∗ is a k-independent set of σ(α,D).

Thus the theorem is proved.

If D is a digraph without circuits of length less than k, then we obtain
Theorem 1.

Theorem 6. A subset Q∗ ⊆ V (σ(α,D)) is an l-dominating set of σ(α,D) if

and only if Q ⊆ V (D) is an l-dominating set of D such that Q∗ =
⋃

i∈I Qi,

where I = {i;xi ∈ Q}, Qi ⊆ V (Dc
i ) and for every i ∈ I

(a) Qi is an l-dominating set of Dc
i if Cd6l

D (xi) = ∅ and for each j ∈ I and

j 6= i, there holds dD(xi, xj) > l or

(b) Qi is an arbitrary nonempty subset of V (Dc
i ), otherwise.

P roof. I. Let Q∗ be an l-dominating set of the D-join σ(α,D). Denote
Q = {xi ∈ V (D);Q∗ ∩ V (Dc

i ) 6= ∅}. First, we shall prove that Q is an



462 W. Szumny, A. W loch and I. W loch

l-dominating set of D. Let xj 6∈ Q. By the definition of the set Q we have

that for each 1 6 r 6 pj there holds (xj , y
j
r) 6∈ Q∗. Since Q∗ is l-dominating

so there exists (xi, y
i
s) ∈ Q∗, where i 6= j such that dσ(α,D)((xj , y

j
r), (xi, y

i
s)) 6

l. Evidently, xi ∈ Q, so using Theorem 4 we obtain that dD(xj , xi) =

dσ(α,D)((xj , y
j
r), (xi, y

i
s)) 6 l. The definition of the set Q implies that Q∗ =⋃

i∈I Qi, where I = {i;xi ∈ Q}. Consider the following cases:

I.1. Assume that Cd6l
D (xi) = ∅ and for each j ∈ I and j 6= i there holds

dD(xi, xj) > l.

Since Q∗ is l-dominating so from the definition of σ(α,D) and by our as-
sumptions immediately follows that Qi is an l-dominating set of Dc

i .

I.2. Assume that case I.1 does not hold.

We shall prove that Qi is an arbitrary nonempty subset of Dc
i . If Cd6l

D (xi) 6=
∅, then there exists in D a circuit which includes the vertex xi of length less
than or equal to l. So for arbitrary two vertices (xi, y

i
q), (xi, y

i
p) ∈ V (Dc

i )
there holds dσ(α,D)((xi, y

i
p), (xi, y

i
q)) 6 l. If there exists j ∈ I and j 6= i such

that there exists in D a path xi . . . xj of length less than or equal to l, then for
an arbitrary vertex (xi, y

i
p) ∈ V (Dc

i ) holds dσ(α,D)((xi, y
i
p), Qj) 6 l. Hence

dσ(α,D)((xi, y
i
p), Q∗) 6 l. All this implies that Qi is an arbitrary nonempty

subset of V (Dc
i ).

II. Let Q ⊆ V (D) be an l-dominating set of the digraph D, where I =
{i : xi ∈ Q} and let Qi be as in the theorem. We shall prove that Q∗ =⋃

i∈I Qi is an l-dominating set of the D-join. We distinguish the following
cases:

II.1. Let (xj , y
j
p) /∈ Q∗ and j /∈ I.

Then by the definition of the set Q we have that xj /∈ Q. Since Q is
an l-dominating set of D, so there exists i ∈ I such that xi ∈ Q and
dD(xj , xi) 6 l. Hence there is 1 6 q 6 pi such that (xi, y

i
q) ∈ Q∗. By

Theorem 4 we obtain that dσ(α,D)((xj , y
j
p), Q∗) 6 l.

II.2. Let (xj , y
j
p) /∈ Q∗ and j ∈ I.

If Qj is an l-dominating set of Dc
j , then dDc

i
((xj , y

j
p), Qj) 6 l. So

dσ(α,D)((xj , y
j
p), Q∗) 6 l. If Qj is a nonempty subset of V (Dc

j), then
from the assumption of the theorem we have that there exists t ∈ I
and t 6= j such that there exists a path xj . . . xt in D of length less than

or equal to l or Cd6l
D (xj) 6= ∅. Consequently, dσ(α,D)((xj , y

j
p), Qt) 6 l or
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dσ(α,D)((xj , y
j
p), Qj) 6 l, respectively. Hence dσ(α,D)((xj , y

j
p), Q∗) 6 l, so

Q∗ is an l-dominating set of σ(α,D).

Thus the theorem is proved.

Theorem 7. Let k > 2, 1 6 l 6 k − 1 be integers. The subset J∗ ⊂
V (σ(α,D)) is a (k, l)-kernel of the D-join σ(α,D) if and only if there exists

a (k, l)-kernel J ⊂ V (D) such that J∗ =
⋃

i∈I Ji, where I = {i : xi ∈ J},
Ji ⊆ V (Dc

i ) and for every i ∈ I

(a) Ji is a (k, l)-kernel of Dc
i if Cd6k−1

D (xi) = ∅ or

(b) Ji is 1-element set containing an arbitrary vertex of V (Dc
i ) if

Cd6l
D (xi) 6= ∅ or

(c) Ji is 1-element set containing an l-dominating vertex of Dc
i , otherwise.

P roof. I. Let k > 2, 1 6 l 6 k − 1 be integers. Let J∗ be a (k, l)-kernel
of the D-join σ(α,D). Denote J = {xi ∈ V (D);J∗ ∩ V (Dc

i ) 6= ∅}. First, we
shall prove that J is a (k, l)-kernel of D. Let xi, xj ∈ J and i 6= j. Then
from the definition of the set J we have that there exists 1 6 p 6 pi and
1 6 q 6 pj such that (xi, y

i
p), (xj , y

j
q) ∈ J∗. By Theorem 4 we have that

dD(xi, xj) = dσ(α,D)((xi, y
i
p), (xj , y

i
q)) > k. So, J is a k-independent set of

D. Now, we will show that J is an l-dominating set of D. Let xj 6∈ J . Using

the definition of the set J for each 1 6 r 6 pj holds (xj , y
j
r) 6∈ J∗. Since

J∗ is l-dominating, hence there exists (xi, y
i
s) ∈ J∗, where j 6= i such that

dσ(α,D)((xj , y
j
r), (xi, y

i
s)) 6 l.

From the definition of the set J we have that xi ∈ J , so by Theorem
4 there holds dD(xj , xi) = dσ(α,D)((xj , y

j
r), (xi, y

i
s)) 6 l. Consequently, J is

an l-dominating set of D, hence J is a (k, l)-kernel of D. The definition of
the set J implies that J∗ =

⋃
i∈I Ji, where I = {i : xi ∈ J}. Consider the

possible cases:

I.1. Let Cd6k−1
D (xi) = ∅.

We shall prove that Ji is a (k, l)-kernel of Dc
i in this case. From Theorem

5(a) we obtain that Ji is a k-independent set of Dc
i . Next we shall show that

Ji is l-dominating. Since J is a k-independent set of D and l 6 k − 1, then
for each j ∈ I and j 6= i there holds dD(xi, xj) > k > l + 1. So, there does
not exist in D a path xi . . . xj of length less than or equal to l. Moreover,

Cd6k−1
D (xi) = ∅ and l 6 k − 1, hence Cd6l

D (xi) = ∅.

From the above and by Theorem 6(a) we obtain that Ji is an l-dominating
set of Dc

i . Consequently, Ji is a (k, l)-kernel of Dc
i in this case.



464 W. Szumny, A. W loch and I. W loch

I.2. Let Cd6k−1
D (xi) 6= ∅.

Then by Theorem 5(b) the set Ji contains exactly one arbitrary vertex from
V (Dc

i ). So Ji is a k-independent set of Dc
i . Because l 6 k− 1, then for each

j ∈ I and j 6= i there holds dD(xi, xj) > k > l + 1. Hence there does not
exists in D a path xi . . . xj of length dD(xi, xj) 6 l. From the assumption
there exists in D a circuit containing the vertex xi of length less than k. We
distinguish the following possibilities:

I.2.1. Cd6l
D (xi) 6= ∅.

Then by Theorem 6(b) it follows immediately that Ji is a 1-element set
containing an arbitrary vertex of V (Dc

i ).

I.2.2. Cd6l
D (xi) = ∅ and Cl+16d6k−1

D (xi) 6= ∅.
We will show that Ji is a 1-element set containing an l-dominating vertex
of Dc

i . Using Theorem 6(a) we obtain that Ji is an l-dominating set of Dc
i .

Because Ji contains exactly one vertex, so Ji = {(xi, y
i
t)}, where (xi, y

i
t) is

an l-dominating vertex of Dc
i .

II. Let J ⊂ V (D) be a (k, l)-kernel of the digraph D. Let I = {i : xi ∈
J} and Ji be as in the statements of the theorem. We shall prove that
J∗ =

⋃
i∈I Ji is a (k, l)-kernel of σ(α,D). Firstly we will prove that J∗ is a

k-independent set of the D-join σ(α,D). Let (xi, y
i
p), (xj , y

j
q) ∈ J∗ be two

different vertices. Consider the following cases:

II.1. (xi, y
i
p) ∈ Ji and (xi, y

j
q) ∈ Jj , where i 6= j.

Evidently, xi, xj ∈ J and because J is k-independent so by Theorem 4 we

have that dD(xi, xj) = dσ(α,D)((xi, y
i
p), (xj , y

j
q)) > k.

II.2. (xi, y
i
p), (xi, y

i
q) ∈ Ji for some i ∈ I.

Since Ji contains at least two vertices, so by assumption Ji is a (k, l)-
kernel of Dc

i . Hence dDc
i
((xi, y

i
p), (xi, y

i
q)) > k. Assume on the contrary

that dσ(α,D)((xi, y
i
p), (xi, y

i
q)) < k. If k = 2, then there is a contradiction

with the independence of Ji in Dc
i . Let k > 3. This means that there exists

a path (xi, y
i
p) . . . (xi, y

i
q) in σ(α,D) of length less than k such that at least

one inner vertex of this path does not belong to V (Dc
i ). Hence there exists

in D a circuit containing the vertex xi of length less than k and by Theorem
5(b) the set Ji contains exactly one vertex from V (Dc

i ), a contradiction to
(xi, y

i
p), (xi, y

i
q) ∈ Ji.

Taking the two above cases into consideration we obtain that for distinct
(xi, y

i
p), (xj , y

j
q) ∈ J∗ there holds dσ(α,D)((xi, y

i
p), (xj , y

j
q)) > k. Hence J∗ is

a k-independent set of σ(α,D).
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Now we shall prove that J∗ =
⋃

i∈I Ji, where I = {i : xi ∈ J}, is an
l-dominating set of the D-join σ(α,D). Consider the possible cases:

II.3. Let (xj , y
j
p) 6∈ J∗ and j 6∈ I.

Then by the definition of the set J we have that xj /∈ J . Since J is l-
dominating in D, so there exists i ∈ I such that xi ∈ J and dD(xj , xi) 6 l.
Consequently, there exists 1 6 q 6 pi such that (xi, y

i
q) ∈ J∗ and by Theorem

4 we obtain that dσ(α,D)((xj , y
j
p), (xi, y

i
q)) 6 l.

II.4. Let (xj , y
j
p) 6∈ J∗ and j ∈ I.

If Jj is a (k, l)-kernel of Dc
j , then Jj is an l-dominating set of Dc

j , so

dDc
j
((xj , y

j
q), Jj) 6 l. Hence dσ(α,D)((xj , y

j
q), J∗) 6 l. If Jj contains ex-

actly one arbitrary vertex of V (Dc
j), then by assumption of the theorem

there exists in D a circuit containing the vertex xj of length less than

or equal to l. So there exists in σ(α,D) a path from (xj , y
j
p) to Jj and

dσ(α,D)((xj , y
j
p), Jj) 6 l. Hence dσ(α,D)((xj , y

j
p), J∗) 6 l. If Jj is a 1-element

set containing an l-dominating vertex of Dc
j , then by the definition of the

l-dominating vertex dDc
j
((xj , y

j
p), Jj) 6 l. Hence dσ(α,D)((xj , y

j
p), J∗) 6 l.

Thus it follows that J∗ is an l-dominating set of σ(α,D).
Taking the above cases into consideration we obtain that J∗ is a (k, l)-

kernel of σ(α,D).
Thus the theorem is proved.

If the digraph D is without circuits of length less than k, then we obtain
Theorem 3.

Theorem 8. Let k > 2, l > k be integers. The subset J∗ ⊂ V (σ(α,D)) is a

(k, l)-kernel of the D-join σ(α,D) if and only if there exists a (k, l)-kernel

J ⊂ V (D) such that J∗ =
⋃

i∈I Ji, where I = {i : xi ∈ J}, Ji ⊆ V (Dc
i ) and

for every i ∈ I

(a) Ji is a (k, l)-kernel of Dc
i if Cd6l

D (xi) = ∅ and for each j ∈ I and j 6= i
there holds dD(xi, xj) > l or

(b) Ji is a 1-element set containing an arbitrary vertex from V (Dc
i ) if

Cd6k−1
D (xi) 6= ∅ or

(c) Ji is an arbitrary nonempty k-independent set of Dc
i , otherwise.

P roof. I. Let k > 2, l > k be integers. Let J∗ be a (k, l)-kernel of
the D-join σ(α,D). Denote J = {xi ∈ V (D) : J∗ ∩ V (Dc

i ) 6= ∅}. Prov-
ing analogously as in Theorem 7 we obtain that J is a (k, l)-kernel of the
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digraph D. Of course, the definition of the set J implies that J∗ =
⋃

i∈I Ji,
where I = {i : xi ∈ J}. Consider the following cases:

I.1. Let Cd6l
D (xi) = ∅.

Since l > k, so there does not exist in D a circuit containing the vertex
xi of length less than k. Then from Theorem 5(a) we obtain that Ji is a
k-independent set of Dc

i . By our assumption l > k, so to establish sets Ji

we consider the following possibilities:

I.1.1. There exists j ∈ I and j 6= i such that dD(xi, xj) 6 l.

By Theorem 6 (b) an arbitrary nonempty subset of V (Dc
i ) is l-dominating

in Dc
i , so Ji is an arbitrary k-independent set of Dc

i .

I.1.2. For each j ∈ I and j 6= i there holds dD(xi, xj) > l.

Then by Theorem 6(a) we obtain that Ji is an l-dominating set of Dc
i .

Consequently, Ji is a (k, l)-kernel in this case.

I.2. Let Cd6l
D (xi) 6= ∅.

Because l > k, we consider the following possibilities:

I.2.1. Ck6d6l
D (xi) 6= ∅ and Cd6k−1

D (xi) = ∅.

Then by Theorem 5(a) and Theorem 6(b) we obtain that the set Ji is an
arbitrary k-independent set of V (Dc

i ).

I.2.2. Cd6k−1
D (xi) 6= ∅.

We shall prove that Ji is a 1-element set containing an arbitrary vertex
from V (Dc

i ). By Theorem 5(b) the set Ji contains exactly one vertex from
V (Dc

i ). Because l > k, so there exists in D a circuit containing the vertex
xi of length less than or equal to l. Hence by Theorem 6(b) we obtain that
Ji contains exactly one arbitrary vertex from V (Dc

i ).

II. Let J ⊂ V (D) be a (k, l)-kernel of the digraph D and let I = {i : xi ∈ J}.
Proving analogously as in Theorem 7 we can show that J∗ =

⋃
i∈I Ji is a

(k, l)-kernel of the D-join σ(α,D) where Ji, i ∈ I satisfy the assumption of
the theorem.

Thus the theorem is proved.

3. On (k, l)-Kernel Perfectness of the D-Join

From the definition of the σ(α,D) it follows immediately:
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Proposition 1. Every induced subdigraph of σ(α,D) is

(a) a digraph of the form σ(α̃, D̃), where D̃ is an induced subdigraph of D
with V (D̃) = {xt : t ∈ Ĩ}, |Ĩ| > 1, Ĩ ⊆ {1, . . . , n} and α̃ is a family of

induced subdigraphs of Dt, where t ∈ Ĩ or

(b) an induced subdigraph of Di for some 1 6 i 6 n or

(c) the union of the digraphs from (a) and (b).

From the definition of the (k, l)-kernel perfect digraph and by Proposition
1 it follows immediately:

Proposition 2. If σ(α,D) is (k, l)-kernel perfect, then D and Di, i =
1, . . . , n are (k, l)-kernel perfect.

In [5] it has been proved:

Theorem 9 [5]. Let D be a digraph without circuits of length less than k
and let α = (Di)i∈{1,...,n} be a sequence of vertex disjoint digraphs. The

D-join σ(α,D) is a (k, l)-kernel perfect digraph if and only if the digraph D
and the digraphs Di, i = 1, . . . , n are (k, l)-kernel perfect digraphs.

In this section, we generalize this result for an arbitrary digraph D.

Theorem 10. Let D be a (k, l)-kernel perfect digraph. Let Di, i = 1, . . . , n
be a (k, l)-kernel perfect digraph if Cd6k−1

D (xi) = ∅ or every subdigraph of

Di has an l-dominating vertex, otherwise. Then σ(α,D) is a (k, l)-kernel

perfect digraph.

P roof. Assume that D and Di, i = 1, . . . , n are as in the statements of
the theorem. We shall show that σ(α,D) is a (k, l)-kernel perfect digraph.
From Proposition 1 it follows that we need only to prove that σ(α,D) has
a (k, l)-kernel. By Theorem 7, Theorem 8 and from our assumptions there
exists a (k, l)-kernel J ⊂ V (D) such that J∗ =

⋃
i∈I Ji is a (k, l)-kernel of

the D-join, where I = {i;xi ∈ J}, Ji ⊆ V (Dc
i ) and Ji is a (k, l)-kernel of

Dc
i if Cd6k−1

D (xi) = ∅ or Ji is a 1-element set containing an l-dominating
vertex of Dc

i .

Thus the theorem is proved.
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4. The Total Number of (k, l)-Kernels of the D-Join

In this section, we calculate the number of all k-independent sets, l-dominating
sets and (k, l)-kernels of the D-join σ(α,D).

Theorem 11. Let k > 2, n ≥ 2 be integers. Let σ(α,D) be a D-join of

the digraph D on n vertices and α be a sequence of vertex disjoint digraphs

(Di)i∈{1,...,n} on pi vertices, pi > 1. Let S = {S1, . . . , Sj}, j > 1 be a family

of all nonempty k-independent sets of the digraph D and let S ∋ Sr =
{xi : i ∈ Ir}, where Ir ⊂ {1, . . . , n}. Then NkI(σ(α,D)) = 1 +

∑j
r=1∏

i∈Ir
ϕ(Di), where

ϕ(Di) =

{
NkI(Di) − 1 if Cd6k−1

D (xi) = ∅,

pi otherwise.

P roof. Let D be a given digraph on n-vertices, n > 2. Theorem 4
implies that to obtain a k-independent set of σ(α,D) first we have to
choose a k-independent set of D. Let S = {S1, . . . , Sj}, j > 1 be a fam-
ily of all nonempty k-independent sets of the digraph D. Assume that
S ∋ Sr = {xi : i ∈ Ir}, where Ir ⊂ {1, . . . , n}. Next by Theorem 5 in each
of the Dc

i , i ∈ Ir we have to choose an nonempty k-independent set if there
does not exist in D a circuit containing the vertex xi of length less than k or
we choose an arbitrary vertex from V (Dc

i ), otherwise. Evidently we can do
it on NkI(Di)−1 or pi ways, respectively. Hence from the fundamental com-
binatorial statement we have

∑j
r=1

∏
i∈Ir

ϕ(Di) sets being k-independent,
where

ϕ(Di) =

{
NkI(Di) − 1 if Cd6k−1

D (xi) = ∅,

pi otherwise.

Moreover, the empty set also is a k-independent set of σ(α,D). Conse-
quently, NkI(σ(α,D)) = 1 +

∑j
r=1

∏
i∈Ir

ϕ(Di).

Thus the theorem is proved.

Theorem 12. Let l > 1, n ≥ 2 be integers. Let σ(α,D) be a D-join of

the digraph D on n vertices and α be a sequence of vertex disjoint digraphs

(Di)i∈{1,...,n} on pi vertices, pi > 1. Let Q = {Q1, . . . , Qj}, j > 1 be a family

of all l-dominating sets of the digraph D and let Q ∋ Qr = {xi : i ∈ Ir},
where Ir ⊆ {1, . . . , n}. Then NlD(σ(α,D)) =

∑j
r=1

∏
i∈Ir

ψ(Di), where
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ψ(Di) =





NlD(Di) if Cd6l
D (xi) = ∅ and for each I ∋ j 6= i

holds dD(xi, xj) > l,

2pi − 1 otherwise.

P roof. Let D be a given digraph on n vertices, n > 2. By Theorem 4 we
have that to obtain an l-dominating set of σ(α,D) first we have to choose
an l-dominating set of D. Let Q = {Q1, . . . , Qj}, j > 1 be a family o all
l-dominating sets of the digraph D. Assume that Q ∋ Qr = {xi : i ∈ Ir}
and Ir ⊆ {1, . . . , n}. Next by Theorem 6 in each of the Dc

i , i ∈ Ir we have
to choose an l-dominating set if for each j ∈ Ir and j 6= i there does not
exist a path xi . . . xj of length less than or equal to l and there does not
exist in D a circuit containing the vertex xi of length less than or equal
to l or we have to choose in Dc

i an arbitrary nonempty subset of V (Dc
i ).

Evidently, we can do it on NlD(Di) or 2pi − 1 ways, respectively. Hence
from the fundamental combinatorial statement we have

∑j
r=1

∏
i∈Ir

ψ(Di)
sets being l-dominating sets of σ(α,D), where

ψ(Di) =





NlD(Di) if Cd6l
D (xi) = ∅ and for each I ∋ j 6= i

holds dD(xi, xj) > l,

2pi − 1 otherwise.

Thus the theorem is proved.

Using the same method as in Theorems 11 and 12 we can prove:

Theorem 13. Let k > 2, 1 6 l 6 k− 1, n > 2 be integers. Let σ(α,D) be a

D-join of the digraph D on n vertices and α be a sequence of vertex disjoint

digraphs (Di)i∈{1,...,n} on pi vertices, pi > 1. Let J = {J1, . . . , Jj}, j > 1 be

a family of all (k, l)-kernels of the digraph D and let J ∋ Jr = {xi : i ∈ Ir},
where Ir ⊆ {1, . . . , n}. Then NklK(σ(α,D)) =

∑j
r=1

∏
i∈Ir

µ(Di), where

µ(Di) =





NklK(Di) if Cd6k−1
D (xi) = ∅,

pi if Cd6l
D (xi) 6= ∅,

Nld(Di) otherwise.

Theorem 14. Let k > 2, l > k, n > 2 be integers. Let σ(α,D) be a D-join

of the digraph D on n vertices and α be a sequence of vertex disjoint digraphs
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(Di)i∈{1,...,n} on pi vertices, pi > 1. Let J = {J1, . . . , Jj}, j > 1 be a family

of all (k, l)-kernels of the digraph D and let J ∋ Jr = {xi : i ∈ Ir}, where

Ir ⊆ {1, . . . , n}. Then NklK(σ(α,D)) =
∑j

r=1

∏
i∈Ir

η(Di), where η(Di) =





NklK(Di) if Cd6l
D (xi) = ∅ and for each I ∋ j 6= i holds dD(xi, xj) > l,

pi if Cd6k−1
D (xi) 6= ∅,

NkI(Di) − 1 otherwise.
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