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Abstract

We study an optimization problem given by a discrete inclusion
with end point constraints. An approach concerning second-order op-
timality conditions is proposed.
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1. INTRODUCTION
Consider the problem
(1.1) minimize g(xy)
over the solutions of the discrete inclusion
(1.2) x; € Fi(zi—1), 1=1,2,...,N, x9€ X,
with end point constraints of the form
(1.3) TN € XN,

where F; : R" —- P(R"), i =1,2,...,N, Xo, Xy CR"and g : R®" - R

are given.
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There are several papers devoted to first-order necessary optimality con-
ditions for this problem ([5, 6, 7] etc.). The aim of the present paper is
to develop an approach to second-order necessary optimality conditions for
the problem (1.1)—(1.3). The general idea is to consider our problem as the
problem of minimizing the terminal payoff on the intersection of the (known)
target set with an (unknown) reachable set and to use a general result of the
nonsmooth analysis (e.g. [1]). This general (abstract) optimality condition
was formulated for the first time by Zheng ([8]), but this result (Theorem
2.2 below) is, in fact, an obvious consequence of Theorems 6.3.1, 6.6.2, 4.7.4,
Proposition 6.2.4 and Corollary 4.3.5 in [1].

In order to apply the general abstract optimality conditions (namely,
Theorem 2.2 below) we must check a certain constraint qualification, so
we are naturally led to study first and second order approximations of the
reachable set along optimal solutions.

One of the first results concerning second-order conditions of optimality
using second-order directions is due to Ben-Tal and Zowe ([2]). We note
that Theorem 2.2 below may be interpreted as an alternative to Theorem
2.1 in [2].

Let us mention that this idea has been already used in [3, 4, 8] to
obtain second-order necessary optimality conditions for problems given by
differential inclusions and hyperbolic differential inclusions.

The paper is organized as follows: in Section 2 we present the notations
and definitions to be used in the sequel, while in Section 3 we present our
main results.

2. PRELIMINARIES

Since the reachable set that appears in optimization problems is, generally,
neither a differentiable manifold, nor a convex set, its infinitesimal properties
may be characterized only by tangent cones in a generalized sense, extending
the classical concepts of tangent cones in Differential Geometry and Convex
Analysis, respectively. From a rather large number of tangent cones in the
literature (e.g. [1]) we use only the following concepts.

Let X C R" and z € cl(X) (the closure of X).

Definition 2.1. (a) the quasitangent (intermediate) cone to X at z is
defined by

Q: X ={veR";, Vs, =0+, Jv, >v: 2+ $pvm € X}
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(b) the second-order quasitangent set to X at x relative to v € QX is
defined by

Q? )X:{wERn; VSm — 04, Jwy, — w : x+5mv+s72nwm€X}

(z,v

(c) Clarke’s tangent cone to X at z is defined by

CpX = {v e R":Y(zpm, sm) — (x,04), z,, € X, Jym € X: Yn —Im _, v}.
Sm
For equivalent definitions and for several properties of these cones we refer
to [1]. We recall that in contrast with Q;X, Clarke’s tangent cone C X is
convex and one has C, X C Q. X.
We denote by CT the positive dual cone of C C R", namely

Ct={qgeR™ <quv>>0 YveCOl

The negative dual cone of C C R" is C~ = —C™.

As it was often remarked, the geometric interpretation of the classical
(Fréchet) derivative, suggests the possibility of the introduction of gener-
alized differentiability concepts corresponding to each type of tangent cone
(to the graph, to the epigraph or to the subgraph of the function) but, of
course, not all these concepts are equally important. In what follows, for a
mapping ¢(.) : X € R™ — R, which is not differentiable, we shall use only
the first and second order uniform lower Dini derivative. We refer to [1] for
the main properties of such derivatives.

o gz +0v') — g(x)
D : = 1 f
19(ziv) = Jminf 5 !

Dga.viw) = limint IOV OW) — ) —0D1g(aiv)
1 ) (w ,8)— (w,0+) 02

When g(.) is of class C? one has
1
Dig(z,v) = ¢'(z)"v, Dig(z,v;w) = g'(@)Tz + v’ g" ().

The key tool in the proof of our main result is the following abstract opti-
mality condition.
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Theorem 2.2 ([8]). Let g : R® — R be Lipschitzean in some open set
containing z, let S1,S2 be nonempty sets of R™ containing z. If z solves the
following minimization problem

minimize g(x) over all x € S1N .S,y
and also satisfies the constraint qualification
(CQ) (C.81)” N(C.S2)* = {0},
then we have the first-order necessary condition
(NC1) Dig(z;v) >0 Yv e Q.51 NQ:5%.

Furthermore, if equality holds for some vy, then we have the second-order
necessary condition

(NC2) Dig(z,v0;w) >0 Vw € QF, 1151 N QF, 4y S2-

(Z,Uo)
Correspondingly, to each type of tangent cone, say 7,X, one may introduce
(e.g. [1]) a set-valued directional derivative of a multifunction G(.) : X C
R" — P(R") (in particular of a single-valued mapping) at a point (z,u) €
Graph(G) as follows
G (2,8) = {v € R"; (§,v) € T4, Graph(G)}, v € 7, X.
This first-order derivative may be characterized, equivalently, by
grapht,G(z,.) = T(zu) (graphG(.)).
If the set-valued map G(.) is Lipschitz, i.e. there exists L > 0 such that

G(xl) C G(.T}Q) —i—LHxl — xgHB Va1, z9 € X,

where B denotes the closed unit ball in R, then the first order quasitangent
derivative is given by (e.g. [1])

QuG(x:8) = {v €R" lim §d<u+9y',a<x +6¢)) = o},
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Similarly, one may define (e.g. [1]) second-order directional deivatives of the
set-valued map G(-). For example, the second-order quasitangent derivative
of G at (z,u) relative to (y,v) € Q) (graph(G(+)) is the set-valued map
Q%uyv)G(a:, y, ) defined by

grath?uyv)G(w, yit) = Q%(x,u),(y,v))(gmth('))~

We recall that a set-valued map A(-) : R" — P(R") is called a closed
(respectively, convex) process if graph(A(+)) is a closed (respectively, convex)
cone.

For the basic properties of convex processes we refer to [1], but we shall
use here only the above definition.

If G(-) : X ¢ R — P(R") is a given set-valued map and (z,u) €
Graph(G) as a closed convex process one may take the Clarke directional
derivative of G(-) at (z,u), A(-) = C,G(z,-).

The adjoint process A* : R" — P(R"™) of the closed convex process A
is defined by (e.g. [7])

A*(p) = {g e R™; < q,v ><< p,v' > V(v,0) € graphA(-)} .
Denote by S the solution set of inclusion (1.2), i.e.
Sp :={z = (xo,21,...,2N); xis a solution of (1.2)}.
and by RY := {zy; = € Sr} the reachable set of inclusion (1.2).

In what follows, we consider T = (Zp,Z1,...,Zn) € SF a solution to
problem (1.1)-(1.3) and we shall assume the following hypothesis.

Hypothesis 2.3. (i) Xo, Xy C R" are closed sets.
(ii) There exists L > 0 such that F;(-) is Lipschitz with the Lipschitz constant
L, Yie{l,...,N}.

Hypothesis 2.4. There exists A; : R" — P(R"), i =1,2,..., N a family
of closed convex processes such that

AZ(U) C Qgi}?@'(fifl;’u) Yv € Rn,Vi S {1, ... ,N}.
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Let Ag C Qz,X0 be a closed convex cone. To the problem (1.2) we associate
the linearized problem

(2.1) w; EA,‘(U)Z'_l), i=1,2,...,N, wy € Ap.

Denote by S4 the solution set of inclusion (2.1) and by RY the reachable
set of inclusion (2.1).

The next lemma, due to Tuan and Ishizuka, characterizes the positive
dual of the solution set S4 of the problem (2.1).

Lemma 2.5 ([7]). Assume that Hypotheses 2.3 and 2.4 are verified. Then,
one has

St = {w = (wo, w1, . .., wx); 3Ip = (po,p1,- - .,pn) € RWVTI™ such that
Py € Aa“, po € Aj(p1) +wo,p1 € A3(p2) +w1,...,pn-1 € Ay(pN)
+TWN-1,PN = wN}-

Lemma 2.5 allows the characterization of the positive dual of the reachable
set R% .

Lemma 2.6. Assume that Hypotheses 2.3 and 2.4 are verified. Then, one
has

(RY)T C {wN; Ip = (po, p1;---,pn) € RITU sych that py € Af,

2.2
(22) po € AT(p1),p1 € A5(p2),-..,pN-1 € AN(PN), PN = wN}-

Proof. For w = (wp,w1,...,wy) € Sa we define y(w) = wy. There-
fore, RY = 7(Sa); hence Sx = v 1(RY) and thus S} = (v L(RY))* =
Y((RY)T), or, equivalently (RY)T = (v*)71(S%h).

Take w € (RY)T; it follows v*(w) € S¥, i.e. there exists w € S such
that v*(w) = w. Then,

<y (w),z >=< b,z > V= (zo,21,...,2y5) € RVTD?,
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or, equivalently

<w,r>=< w,y(r) >=< w,rN >

(2.3)

Vo = (zg,1,...,2x) € RIVFD?,
If we take zg = 21 = ... = zny_1 = 0, zy € R" arbitrarly, then w = wy.
From (2.3) it follows that wg = ... = wx_1 = 0, i.e. (2.2) is satisfied

Remark 2.7. Hypothesis 2.4, that appears in Lemmas 2.5 and 2.6, is
satisfied if we take

Az(v) = CfiFi(fi_l;U) Yv € Rn,VZ € {1, .. ,N}

3. THE MAIN RESULTS
We prove first an approximation of the reachable set R% at Ty.

Theorem 3.1. Assume that Hypothesis 2.3 is satisfied and denote by Rg
the reachable set of the discrete inclusion.

(3.1) wi € Qz, Fi(Ti—1,wi—1), i=1,N, wy€ QzXo.

Then
Ry C QzyRY.

Proof. Let w € Rg and s — 0+. It follows that there exists (wq, w1, ...,
wy ) solution to (3.1) such that w = wy.

In particular, wg € Qz,Xo and therefore there exists wlg — wq such that
xo + Skwlg € Xp.

On the other hand, w; € Qg F1(To,wp) and by the definition of the
quasitangent derivative of Fy we have that there exist (@}, wk) — (w1, wo)
such that

z1 + Skﬁ)’f € Fl(f() + Sk’LT)IS) Vk € N.
Using the Lipschitz property of the set-valued map F(-) one may write

T1 + st € Py (To + spwh) + spL||wf — wh||B Yk € N,
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where B denotes the unit ball in R™. Thus, there exists b,lC € B such that

x1 + Sk(lz)lf — LHZE’S — wg”b;lc) € F1(zo + skwlg) Vk e N

k. k
1

and if we define w} := @} — L||@f — wk||b}; we have wf — w; and

z + Sk’wlf € F1(To + Skwlg) Vk € N.

By repeating this construction for p = 2,..., N we find that there exists
w}],f € R" such that w’; — wp, p=0,1,..., N and

Tp + spwy € Fp(Tp—1 +spwh ) VkEN, p=1,...,N.

In particular, for s — 04 there exists wf“\, — wpy such that fN—i—skwf{, € RY,
ie. w=wpn € QgNRg and the proof is complete.

Another first-order approximation of the reachable set R% at Ty can be
obtained in terms of the variational inclusion defined by the Clarke derivative
of the set valued map.

Theorem 3.2. Assume that Hypothesis 2.3 is satisfied and denote by Rg
the reachable set of the discrete inclusion.

(3.2) w; € C@-Fi(fi—hwi—l)a 1=1,N, wgé€ CEOXO-

Then
RY c Cz RY.

The proof of Theorem 3.2 can be done using the same arguments employed
to prove Theorem 3.1.

In order to apply Theorem 2.2 to our problem (1.1)—(1.4) we need to
know the second-order quasitangent set to the reachable set RY at Zy.

Theorem 3.3. Assume that Hypothesis 2.3 is satisfied, let § = (Yy, Y,
., Yn) satisfy (3.1) and let R% denote the reachable set of the discrete
inclusion

(33) v € Q%@@i)Fi(Ti—lagifl; Ui—l)’ i=1,N, woe€ Q{ Y )XO'
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Then
2 2 N
RQ c Q@N@N)RF'
Proof.Letv € Ré and t — 0+. It follows that there exists (vg, v1,...,vN)

solution to (3.3) such that v = vy.
In particular, vy € Q%EO%)XO and therefore there exists v(’f — g such

that To + 17, + tavk € Xo.

On the other hand, v € Q%ﬁ gl)Fl(fo,yo;vg) and by the definition
of the second-order quasitangent derivative of F; we have that there exist

(0%, 98) — (v1,v0) such that
(To, 1) + t (o, T1) + 13 (96, F) € graphFi(.) Vk € N.

Using the Lipschitz property of the set-valued map Fi(-) one may write

T1 + By + G0 € Fi(To + tiF + t08)

C Fa(mo + tio + thvg) + Lllvg — 551 B.
Thus, there exists b,%/, € B such that

71+ 0y + 130 — Lllvg — 6611by) € Fi(To + tago + ti05)

and if we define vf := o} — L||5§ — v§||bi we have vf — v; and

Ty + 17y + ok € Fy(To + tig, + tavk).

By repeating this construction for p = 2,..., N we find that there exists
v’}f € R" such that vzl;’ — vy, p=20,1,...,N and

_ _ k — — k
Tp + tel, + thvy € Fp(Tp—1 + 67,1 + thvp_1)-

In particular, for ¢t — 0+ there exists Ty + txyy + t%v}“\, € Rg, ie. v =

UN € Q%EN@N)Rg and the proof is complete.

We are know able to prove our main result.
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Theorem 3.4. Assume that Hypothesis 2.3 is satisfied, let g(-) : R — R
be a locally Lipschitz function, let Cy C Qz,Xo be a closed convex cone, let
T = (To,Z1,...,TN) € SF be an optimal solution to problem (1.1)—(1.3) and
assume that the following constraint qualification is satisfied

{—wN; Ip = (po,p1,---,PN) € R gych that Py € CJ,

(3.4) po € (Cz Fi(To,.)) p1,. .., pN-1 € (Cay FN(TN-1,.)) PN, PN = wzv}

N (CzyXn)" = {0}
Then we have the first-order necessary condition
(3.5) Dig(Tniyn) >0 Vyn € RY N Qzy Xn.

Furthermore, if equality holds for some 3y, then we have the second-order
necessary condition

(3.6) Dig(@N,Yniwn) >0 Vwy € RGN Q%EN@N)XN.
Proof. According to Theorem 3.2, RY C Cz, RY, hence
(37) (Cay BT C (RE)".

From Lemma 2.6, applied with A;(v) = C5 Fi(ZTi—1;v) Yo € R", Vi €
{1,..., N} we find that

(RN)*T C {wN; Ip = (po,p1,--.,pn) € RNTU™ such that py € cy,
(3.8)
po € (Cz, F1(Zo,.))* 1, .., pn-1 € (Czy FN(TN-1,.)) PN, DN = wN}-

Therefore from (3.4), (3.7) and (3.8) we deduce that

(3'9) (CENRg)i N (C’EN‘XN)Jr - {0}
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From Theorem 3.1 we have

(3.10) Ry C QzyRY

and from Theorem 3.3 we have

2 2 N
(3.11) Ry C Q) B

If 7 = (%o, 71,...,ZTn) € Sr is an optimal solution to problem (1.1)—(1.3),
then we have

9(@n) =min{g(z); z€ RY N Xn}.

So, we apply Theorem 2.2 with S} = Rg and Sy = Xy.

Condition (3.9) assures that the constraint qualification (CQ) is satis-
fied. Hence from (3.10) and (NC1) we obtain (3.5) and from (3.11) and
(NC2) we obtain (3.6).
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