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Abstract

The so-called minimax theorem means that if X and Y are two
sets, and f and g are two real-valued functions defined on X×Y , then
under some conditions the following inequality holds:

inf
y∈Y

sup
x∈X

f(x, y) ≤ sup
x∈X

inf
y∈Y

g(x, y).

We will extend the two functions version of minimax theorems without
the usual condition: f ≤ g. We replace it by a milder condition:

sup
x∈X

f(x, y) ≤ sup
x∈X

g(x, y), ∀ y ∈ Y.

However, we require some restrictions; such as, the functions f and
g are jointly upward, and their upper sets are connected. On the
other hand, by using some properties of multifunctions, we define X-
quasiconcave sets, so that we can extend the two functions minimax
theorem to the graph of the multifunction. In fact, we get the inequal-
ity:

inf
y∈T (X)

sup
x∈T−1(y)

f(x, y) ≤ sup
x∈X

inf
y∈T (x)

g(x, y),

where T is a multifunction from X to Y .
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1. Introduction and Preliminaries

In 1972, Terkelsen [8] gave a generalization of von Neumann’s minimax
theorem by mixing topological and algebraic conditions. As shown in [8],
Terkelsen’s minimax theorem is different from minimax theorems of Sion [9]
and Ky Fan [3].

Let X and Y be nonempty sets and let f : X × Y → R. For t ∈ (0, 1),
f is said to be t-convex on Y if for any y1, y2 in Y , there exists y0 in Y such
that for all x in X,

f(x, y0) ≤ tmax{f(x, y1), f(x, y2)}+ (1− t)min{f(x, y1), f(x, y2)}.

Replacing the midpoint convexity in Terkelsen’s minimax theorem [8] with
t-convexity, a generalization of Terkelsen’s result is given by Geraghty and
Lin [4]. Simons [7] introduced the following upwardness concept which gen-
eralizes t-convexity and obtained a minimax theorem that includes the result
of Geraghty-Lin [5].

A function f : X × Y → R is said to be upward on Y if for any ε > 0,
there exists δ > 0 such that for any y1, y2 ∈ Y , there exists y3 ∈ Y such that
for all x in X,

f(x, y3) ≤ max{f(x, y1), f(x, y2)},

and

|f(x, y1)− f(x, y2)| ≥ ε =⇒ f(x, y3) ≤ max{f(x, y1), f(x, y2)} − δ.

We shall say that f and g are jointly upward if for any ε > 0, there exists
δ > 0 such that for any y1, y2 ∈ Y , there exists y3 ∈ Y such that for all
x ∈ X,

max{f(x, y3), g(x, y3)} ≤ max{g(x, y1), f(x, y2)},

and
|g(x, y1)− f(x, y2)| ≥ ε =⇒ max{f(x, y3), g(x, y3)}

≤ max{g(x, y1), f(x, y2)} − δ.
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It is easy to see that when f = g and the map y −→ f(x, y) is convex,
f and g are jointly upward. Lin and Yu [6] give a two functions version
of Simon’s minimax theorem with two jointly upward functions. In fact,
they require the usual changeless proportion between two functions on the
defining region:

f(x, y) ≤ g(x, y), ∀ (x, y) ∈ X × Y.

In Section 2, we shall present a two functions version of minimax theo-
rems without the above restriction and convexity; however, the results need
merely some kind of connectedness. In Section 3, we shall restrict the fea-
sible region to a multifunction, and define a class of X-quasiconcave sets as
follows. Let T : X → Y be a multifunction. A set HT is said to be X-
quasiconcave to T if it consists of all the functions g : X×Y → R satisfying:
for all x1, x2 ∈ X, there exist x3 ∈ X and h ∈ HT such that

h(x3, y) ≥ max{g(x1, y), g(x2, y)} , ∀ y ∈ T (X).

Clearly, any subset of { g : X×Y → R : g(·, y) is quasiconcave for each y }
is X-quasiconcave. In the sequel, we shall extend the two functions mini-
max theorem [6] to the graph of the multifunction under an X-quasiconcave
property.

2. Minimax theorems under jointly upward property

A lot of minimax theorems require the following changeless proportion be-
tween the two functions: f(x, y) ≤ g(x, y), ∀ (x, y) ∈ X × Y . However,
the condition is not necessary, in general. For example, let g, f be two
real-valued functions defined on [−1, 1]× [−1, 1] by

g(x, y) =

{
(1− x)(1− y2) x ≥ 0

(1 + x)(1− y2) x < 0

and

f(x, y) = (1− x2)(1− y2).
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Clearly, g(x, y) � f(x, y). But we still have (see Example 2.3)

inf
y∈Y

sup
x∈X

f(x, y) = 0 ≤ 0 = sup
x∈X

inf
y∈Y

g(x, y).

This motivates us to introduce the concept of jointly upward functions. Mak-
ing use of the jointly upward property, we will give a two functions minimax
theorem without the changeless proportion.

Theorem 2.1. Let X be a nonempty compact subset of a topological space,
and let Y be a nonempty set. Let f, g be two real-valued functions on X×Y
satisfying the following properties:

(0) supX f(x, y) ≤ supX g(x, y), ∀ y ∈ Y,

and for all y1, y2 ∈ Y

sup
X

min{g(x, y1), f(x, y2)} ≤ sup
X

min{g(x, y1), g(x, y2)};

(i) f(·, y) and g(·, y) are upper semicontinuous on X for each y ∈ Y ;
(ii) for any y1, · · · , yn ∈ Y , and λ ∈ R, the set

⋂n
i=1{x ∈ X; g(x, yi) ≥ λ}

is either connected or empty; and for each y ∈ Y , {x ∈ X; f(x, y) ≥ λ}
is either connected or empty;

(iii) f and g are jointly upward.

Then
inf
y∈Y

sup
x∈X

f(x, y) ≤ sup
x∈X

inf
y∈Y

g(x, y).

We need the following lemma.

Lemma 2.2. Assume the conditions of Theorem 2.1. If for any y1, y2 ∈ Y
and β ∈ R supX min{g(x, y1), g(x, y2)} < β, then there exists y0 such that
supX f(x, y0) < β.

Proof. Choose ε > 0 such that

sup
X

min{g(x, y1), g(x, y2)} < β − 2ε < β .(1)

Suppose that supX f(x, y) ≥ β for all y ∈ Y . Let I(y) = supx∈X f(x, y),
J(y) = supx∈X g(x, y), y ∈ Y . Then infY J(y) ≥ infY I(y) ≥ β. Let



Minimax theorems without changeless proportion 79

Af (y) = {x ∈ X; f(x, y) ≥ β − 2ε},

Ag(y) = {x ∈ X; g(x, y) ≥ β − 2ε}.

Then Af (y) and Ag(y) are nonempty closed subsets of X for all y in Y by
condition (i). Choose δ > 0 obtained by condition (iii). Next, we shall find
v1 ∈ Y satisfying either (a) or (b):

(a) Ag(v1) ⊂ Ag(y1) and for all y ∈ Y , Af (y) ⊂ Ag(v1) implies
I(y) > J(v1)− δ,

(b) Af (v1) ⊂ Ag(y1) and for all y ∈ Y , Ag(y) ⊂ Af (v1) implies
J(y) > I(v1)− δ.

Indeed, if for all y in Y ,

Af (y) ⊂ Ag(y1) =⇒ I(y) > J(y1)− δ,

then we take v1 = y1; otherwise, there exists y1 ∈ Y such that Af (y1) ⊂
Ag(y1) and I(y1) ≤ J(y1)− δ. If for all y in Y ,

Ag(y) ⊂ Af (y1) =⇒ J(y) > I(y1)− δ,

then we take v1 = y1; otherwise, there exists y2 ∈ Y such that Ag(y2) ⊂
Af (y1) ⊂ Ag(y1) and J(y2) ≤ I(y1)− δ ≤ J(y1)− 2δ.
Suppose we have chosen yn−1. If n is odd, and for all y in Y ,

Af (y) ⊂ Ag(yn−1) =⇒ I(y) > J(yn−1)− δ,

then we take v1 = yn−1; otherwise, there exists yn ∈ Y such that Af (yn) ⊂
Ag(yn−1) and I(yn) ≤ J(yn−1)− δ ≤ J(y1)− nδ. On the other hand, if n is
even, and for all y in Y ,

Ag(y) ⊂ Af (yn−1) =⇒ J(y) > I(yn−1)− δ,

then we take v1 = yn−1; otherwise, there exists yn ∈ Y such that Ag(yn) ⊂
Af (yn−1) and J(yn) ≤ I(yn−1) − δ ≤ J(y1) − nδ. Since infy∈Y J(y) >
infy∈Y I(y) > −∞, this process must stop at some m. Let v1 = ym. Thus,
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if m is even, then we have

Ag(v1) ⊂ Af (ym−1) ⊂ Ag(ym−2) ⊂ · · · ⊂ Ag(y1)

and for all y ∈ Y ,

Af (y) ⊂ Ag(v1) =⇒ I(y) > J(v1)− δ.

If m is odd, then we have

Af (v1) ⊂ Ag(ym−1) ⊂ Af (ym−2) ⊂ · · · ⊂ Ag(y1)

and for all y ∈ Y ,

Ag(y) ⊂ Af (v1) =⇒ J(y) > I(v1)− δ.

(I) Under case (a), we first notice that there exists v2 ∈ Y such that Af (v2) ⊂
Af (y2) and for all y ∈ Y , Af (y) ⊂ Af (v2) implies I(y) > I(v2)− δ. Also, by
condition (iii), there exists an element y3 in Y such that

f(x, y3) ≤ max{f(x, y3), g(x, y3)} ≤ max{g(x, v1), f(x, v2)},(2)

and for all x ∈ X,

|g(x, v1)− f(x, v2)| ≥ ε =⇒ f(x, y3) ≤ max{f(x, y3), g(x, y3)}
≤ max{g(x, v1), f(x, v2)} − δ.

(3)

By (2),
Af (y3) ⊂ Ag(v1) ∪Af (v2).(4)

Next, we want to show that Af (y3) ∩ Af (v2) 6= ∅ and Af (y3) ∩ Ag(v1) 6= ∅.
Choose x ∈ X, with f(x, y3) > β − ε. Then x ∈ Af (y3).

If f(x, v2) ≥ β − 2ε then x ∈ Af (v2), so Af (y3) ∩Af (v2) 6= ∅.
If f(x, v2) < β − 2ε < β − ε, we must have g(x, v1) > β − ε by (2).

Then |g(x, v1)− f(x, v2)| > ε by (3) and

f(x, y3) ≤ max{g(x, v1), f(x, v2)} − δ ≤ g(x, v1)− δ ≤ J(v1)− δ.
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Since this inequality holds for all x ∈ A ≡ {x; f(x, y3) > β − ε}, we have

I(y3) = sup
x∈X

f(x, y3) = sup
x∈A

f(x, y3) ≤ J(v1)− δ.

Hence Af (y3) * Ag(v1) by the choice of v1.

By (4),
Af (y3) ∩Af (v2) 6= ∅.(5)

Similarly, we can show that

Af (y3) ∩Ag(v1) 6= ∅.(6)

Observe that Af (y3) is nonempty and connected by condition (ii). Then
from (4), (5) and (6), it follows that Ag(v1)∩Af (v2) 6= ∅, and hence Ag(y1)∩
Af (y2) 6= ∅.

Let x0 ∈ Ag(y1) ∩Af (y2). Thus, min{g(x0, y1), f(x0, y2)} ≥ β − 2ε.

This contradicts

sup
X

min{g(x, y1), f(x, y2)} ≤ sup
X

min{g(x, y1), g(x, y2)} < β − 2ε.

Therefore, there exists y0 in Y such that supX f(x, y0) < β.

(II) Under case (b), we notice that there exists v2 ∈ Y such that Ag(v2) ⊂
Ag(y2) and for all y ∈ Y , Ag(y) ⊂ Ag(v2) implies J(y) > J(v2) − δ. Also,
by condition (iii), there exists an element y3 in Y such that

g(x, y3) ≤ max{f(x, y3), g(x, y3)} ≤ max{f(x, v1), g(x, v2)},(7)

and for all x ∈ X

|f(x, v1)− g(x, v2)| ≥ ε =⇒ g(x, y3) ≤ max{f(x, y3), g(x, y3)}
≤ max{f(x, v1), g(x, v2)} − δ.

(8)

By (7),
Ag(y3) ⊂ Af (v1) ∪Ag(v2).(9)
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Next, we want to show that Ag(y3) ∩ Ag(v2) 6= ∅ and Ag(y3) ∩ Af (v1) 6= ∅.
Choose x ∈ X, with g(x, y3) > β − ε. Then x ∈ Ag(y3).

If g(x, v2) ≥ β − 2ε then x ∈ Ag(v2), so Ag(y3) ∩Ag(v2) 6= ∅.
If g(x, v2) < β − 2ε < β − ε, we must have f(x, v1) > β − ε by (7).

Then |f(x, v1)− g(x, v2)| > ε by (8) and

g(x, y3) ≤ max{f(x, v1), g(x, v2)} − δ ≤ f(x, v1)− δ ≤ I(v1)− δ.

Since this inequality holds for all x ∈ B ≡ {x; g(x, y3) > β − ε}, then

J(y3) = sup
x∈X

g(x, y3) = sup
x∈B

g(x, y3) ≤ I(v1)− δ.

Hence Ag(y3) * Af (v1) by the choice of v1.

By (9),

Ag(y3) ∩Ag(v2) 6= ∅.(10)

Similarly, we can show that

Ag(y3) ∩Af (v1) 6= ∅.(11)

By condition (ii), Ag(y3) is nonempty and connected. Then from (9), (10)
and (11), it follows that Af (v1)∩Ag(v2) 6= ∅ and hence Ag(y1)∩Ag(y2) 6= ∅.
Let x0 ∈ Ag(y1) ∩Ag(y2). Thus,

min{g(x0, y1), g(x0, y2)} ≥ β − 2ε.

This contradicts (1).
Therefore, there exists y0 in Y such that supx f(x, y0) < β.

Proof of Theorem 2.1. If supX infY g(x, y) = +∞, then the assertion
clearly holds; so we assume that supX infY g(x, y) < +∞. Let α be a real
number such that supX infY g(x, y) < α. Choose β such that

sup
X

inf
Y

g(x, y) < β < α.(12)
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For each y ∈ Y , let Lg(y) = {x ∈ X; g(x, y) < β}. Then each Lg(y) is open,
and by (12),

X =
⋃

y∈Y

Lg(y).

Since X is compact, X =
⋃n

i=1 Lg(yi) for some y1, · · · , yn ∈ Y , and this
implies that

sup
X

min{g(x, y1), · · · , g(x, yn)} < β.

We want to show, by induction on n, that there exists y0 ∈ Y such that
supX f(x, y0) < α. For n = 1, it follows by condition (0), that

sup
X

f(x, y0) ≤ sup
X

g(x, y0) = sup
X

g(x, y1) < β < α.

For n = 2, since

sup
X

min{g(x, y1), g(x, y2)} < β,

then by Lemma 2.2, there exists y0 ∈ Y such that supX f(x, y0) < α.

For n > 2, let A = {x ∈ X; g(x, yi) ≥ β, i = 1, . . . , n − 1}. By up-
per semicontinuity of g(·, yi) and by the compactness of X, the set A is
compact in X. For x ∈ A, since g(x, yi) ≥ β for i = 1, · · · , n − 1 and
min{g(x, y1), · · · , g(x, yn)} < β, we have

min{g(x, y1), · · · , g(x, yn)} = g(x, yn).

Then

sup
A

g(x, yn) = sup
A

min{g(x, y1), · · · , g(x, yn)}
≤ sup

X
min{g(x, y1), · · · , g(x, yn)} < β.

Notice that supX min{g(x, y1), g(x, yn)} < β. Thus, by applying Lemma 2.2
again, we obtain y0 ∈ Y such that supX f(x, y0) < α.

Next, we give an example of minimax inequality without f ≤ g.
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Example 2.3. Let g, f be two real-valued functions defined on [−1, 1] ×
[−1, 1] by

g(x, y) =

{
(1− x)(1− y2) x ≥ 0

(1 + x)(1− y2) x < 0

f(x, y) = (1− x2)(1− y2).

We will check the conditions of Theorem 2.1:

(0) Since supX g(x, y) = 1− y2 = supX f(x, y), then

sup
X

min{g(x, y1), f(x, y2)} = min{1−y2
1, 1−y2

2} = sup
X

min{g(x, y1, g(x, y2)}.

(i) Since f(·, y) and g(·, y) are continuous on X for each y ∈ Y , we have
f(·, y) and g(·, y) are upper semicontinuous on X for each y ∈ Y .

(ii) for any y ∈ Y

{x ∈ X; g(x, y) ≥ λ} =





[
λ

1−y2 − 1, 1− λ
1−y2

]
if λ ∈ [0, 1− y2]

∅ if λ ∈ (−∞, 0) ∪ (1− y2,∞) .

Hence, for any y1, · · · , yn ∈ Y , and ŷ = max{|y1|, |y2|, · · · , |yn|}, the set

n⋂

i=1

{x ∈ X; g(x, yi) ≥ λ} =





[
λ

1−ŷ2 − 1, 1− λ
1−ŷ2

]
if λ ∈ [0, 1− ŷ2]

∅ if λ ∈ (−∞, 0) ∪ (1− ŷ2,∞)

is either connected or empty for any λ ∈ R.
For all y ∈ Y ,

{x ∈ X; f(x, y) ≥ λ} =





[
−

√
1− λ

1−y2 ,
√

1− λ
1−y2

]
if λ ∈ [0, 1− y2]

∅ if λ ∈ (−∞, 0) ∪ (1− y2,∞)

is either connected or empty for any λ ∈ R.
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(iii) Clearly, max{f(x, y), g(x, y)} = f(x, y), ∀(x, y) ∈ X × Y.

If |g(x, y1) − f(x, y2)| ≥ ε, we take δ = ε, k = min{1 − y2
1, 1 − y2

2} and

y3 =
√

1− k2

3 . Then we have f(x, y3) = (1− x2)k2

3 .

(a) If g(x, y1) ≥ f(x, y2) + ε, then

g(x, y1)−δ ≥ f(x, y2) = (1−x2)(1−y2
2) ≥ (1−x2)k ≥ (1−x2)

k2

3
= f(x, y3).

(b) If f(x, y2) ≥ g(x, y1) + ε, then

f(x, y2)− δ ≥ g(x, y1) = (1− x)(1− y2
1) ≥ (1− x)k ≥ (1− x2)

k2

3
= f(x, y3);

for x ≥ 0 and

f(x, y2)− δ ≥ g(x, y1) = (1 + x)(1− y2
1) ≥ (1 + x)k ≥ (1− x2)

k2

3
= f(x, y3).

for x < 0.

That is, f and g are jointly upward. Thus, by Theorem 2.1, we have

inf
y∈Y

sup
x∈X

f(x, y) ≤ sup
x∈X

inf
y∈Y

g(x, y).

In fact, infy∈Y supx∈X f(x, y) = supx∈X infy∈Y g(x, y) = 0.

Corollary 2.4 ([6]). Let X be a nonempty compact topological space and
let Y be a nonempty set. Let f and g be two real-valued functions on X×Y
satisfying the following properties:

(0) f(x, y) ≤ g(x, y) for all (x, y) ∈ X × Y ;
(i) f(·, y) and g(·, y) are upper semicontinuous on X for each y ∈ Y ;
(ii) for any y1, · · · , yn ∈ Y , and λ ∈ R, the set

⋂n
i=1{x ∈ X; g(x, yi) ≥ λ}

is either connected or empty;
(iii) f and g are jointly upward.

Then
inf
y∈Y

sup
x∈X

f(x, y) ≤ sup
x∈X

inf
y∈Y

g(x, y).
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When f = g are upward or t-convex, then f and g are jointly upward. Thus,
we have

Corollary 2.5 ([4], [7]). Let X be a nonempty compact topological space
and let Y be a nonempty set. Let f be a real-valued function defined on X×Y
such that infY supX f(x, y) > −∞ and satisfying the following properties:

(i) f(·, y) is upper semicontinuous on X for each y ∈ Y ;
(ii) for any y1, · · · , yn ∈ Y , and λ ∈ R, the set

⋂n
i=1{x ∈ X; f(x, yi) ≥ λ}

is either connected or empty;
(iii) f is upward (or t-convex on Y for some t ∈ (0, 1)).

Then
inf
y∈Y

sup
x∈X

f(x, y) = sup
x∈X

inf
y∈Y

f(x, y).

3. Minimax theorems under the graph of a multifunction

In some feasible region, the two functions version of minimax theorems does
not hold again. However, by restricting to a proper region, the minimax
theorem is done. For instance, define the set A = {(x, y) ∈ [0, 1]× [0, 1]; 0 ≤
y ≤ 1

2x}\{(0, 0)}, and let g be a real-valued function on [0, 1]× [0, 1], defined
by

g(x, y) =

{
0 if (x, y) ∈ A ∪ {(0, 1)}
1 otherwise .

It is easy to see that

inf
y∈Y

sup
x∈X

g(x, y) = 1 > 0 = sup
x∈X

inf
y∈Y

g(x, y),

where X = Y = [0, 1]. If T is a multifunction on [0, 1], defined by

T (x) =

{ [
x, x + 1

2

]
if x < 1

2

[x, 1] if x ≥ 1
2

,

then we have (see Example 3.4)

inf
y∈Y

sup
x∈T−1(y)

g(x, y) = 1 = sup
x∈X

inf
y∈T (x)

g(x, y).
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This motivates us to define an X-quasiconcave set.

Theorem 3.1. Let X be a nonempty compact convex set of a Hausdorff
topological vector space, and let Y be a nonempty set. Let T : X → Y be
a multifunction having nonempty images, HT an X-quasiconcave set of T ,
and let f and g be real-valued functions on X × Y satisfying the following
properties:

(0) supX f(x, y) ≤ supX g(x, y) for all y ∈ Y and g ∈ HT ;
(i) T is upper semicontinuous on X;
(ii) for each x ∈ X, y ∈ T (X) and g ∈ HT , g(x, ·) is lower semicontinous

on T (X) and g(·, y) is quasiconcave on X.

Then for any λ ∈ R, the following alternative holds:

Either

(A) supg∈HT
supx∈X infy∈T (x) g(x, y) ≥ λ,

or

(B) there exists y0 ∈ T (X) such that f(x, y0) ≤ λ for all x ∈ T−1(y0).

Proof. Fix λ ∈ R. We define

Ug(y) = {x ∈ X; g(x, y) > λ},

and
Vg(x) = {y ∈ Y ; g(x, y) > λ}.

Assume that (B) does not hold, i.e.,

∀ y ∈ T (X) ∃ x0 ∈ T−1(y) f(x0, y) > λ.(13)

We show that (A) holds in this case. For g ∈ HT , let Sg : X → X be defined
as Sg(x) =

⋂
y∈T (x) Ug(y). We shall prove that some map Sg has a fixed

point. First we show that

(α) There exists some g ∈ HT such that Sg(x) 6= ∅, ∀x ∈ X.
Let

A = {Vϕ(z) ∩ T (X); z ∈ X, ϕ ∈ HT }.
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Obviously, the family A is a nonempty partially ordered set with respect to
inclusion relation of subsets of Y . It is not difficult to check that any totally
ordered subset of A has an upper bound. By Zorn’s Lemma, there exists a
maximal element Vg(x̂)∩ T (X) of A, i.e., x̂ ∈ X and g ∈ HT satisfying that
for any z ∈ X, ϕ ∈ HT

if Vg(x̂) ∩ T (X) ⊂ Vϕ(z) ∩ T (X)

then Vϕ(z) ∩ T (X) = Vg(x̂) ∩ T (X).
(14)

Suppose Vg(x̂) ∩ T (X) 6= T (X).
Let y ∈ T (X) \ Vg(x̂), by (13) we have some x0 ∈ T−1(y) such that

f(x0, y) > λ.
By (0), we deduce

sup
X

g(x, y) ≥ sup
X

f(x, y) ≥ f(x0, y) > λ.

This implies that there exists some x1 ∈ X such that g(x1, y) > λ.
Since HT is X-quasiconcave, for g, x̂ and x1 there exists h ∈ HT , x3 ∈ X

such that

h(x3, y) ≥ max{g(x̂, y), g(x1, y)} > λ, ∀ y ∈ T (X).

Thus, we have y ∈ Vh(x3) and hence Vg(x̂) ∩ T (X)  Vh(x3) ∩ T (X), which
is a contradiction with (14).

This shows that Vg(x̂) ∩ T (X) = T (X) and hence T (X) ⊂ Vg(x̂). In
other words, for all y ∈ T (X), g(x̂, y) > λ.

It follows that x̂ ∈ ∩y∈T (X)Ug(y) ⊂ Sg(x), ∀ x ∈ X. Hence, Sg(x) 6= ∅,
∀ x ∈ X.

(β) For each x ∈ X, Sg(x) is convex.
Since g(·, y) is quasiconcave by (ii) for each y ∈ T (X), Ug(y) is convex,
Hence Sg(x) is also convex.

(γ) For each z ∈ X, S−1
g (z) = {x ∈ X; g(z, y) > λ, ∀ y ∈ T (x)} is open.

Since g(z, ·) is l.s.c, Vg(z) is open. It follows from upper semicontinuity of
T that

S−1
g (z) = {x ∈ X; T (x) ⊂ Vg(z)} = T+(Vg(z))

is open for each z ∈ X.
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We already have some g ∈ HT satisfying (α), (β) and (γ). By Browder’s
Fixed Point Theorem [1], there exists some x1 ∈ X such that x1 ∈ Sg(x1).
That is,

g(x1, y) > λ, ∀ y ∈ T (x1) =⇒ inf
y∈T (x1)

g(x1, y) ≥ λ =⇒ sup
x∈X

inf
y∈T (x)

g(x, y) ≥ λ.

We conclude that
sup

g∈HT

sup
x∈X

inf
y∈T (x)

g(x, y) ≥ λ.

Theorem 3.2. Let X be a nonempty compact and convex subset of a Haus-
dorff topological vector space, and let Y be a nonempty set. Let T : X → Y be
a multifunction having nonempty images, HT an X-quasiconcave set for T ,
and let f and g be real-valued functions on X × Y satisfying the following
properties:

(0) supX f(x, y) ≤ supX g(x, y) for all y ∈ Y and g ∈ HT ;
(i) T is upper semicontinuous on X;
(ii) for each x ∈ X, y ∈ T (X) and g ∈ HT , g(x, ·) is lower semicontinous

on T (X) and g(·, y) is quasiconcave on X.

Then
inf

y∈T (X)
sup

x∈T−1(y)

f(x, y) ≤ sup
g∈HT

sup
x∈X

inf
y∈T (x)

g(x, y).

Proof. Let λ ∈ R be such that

sup
g∈HT

sup
x∈X

inf
y∈T (x)

g(x, y) < λ.

Thus, by Theorem 3.1, there exists y0 ∈ T (X) such that f(x, y0) ≤ λ for
all x ∈ T−1(y0). This implies that supx∈T−1(y0) f(x, y0) ≤ λ and hence
infy∈T (X) supx∈T−1(y) f(x, y) ≤ λ. It follows that

inf
y∈T (X)

sup
x∈T−1(y)

f(x, y) ≤ sup
g∈HT

sup
x∈X

inf
y∈T (x)

g(x, y).

Corollary 3.3 Let X be a nonempty compact convex subset of a Hausdorff
topological vector space, and Y be a nonempty set. Let T : X → Y be a
multifunction having nonempty images, and f , g be real-valued functions on
X × Y satisfying the following properties:
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(0) supX f(x, y) ≤ supX g(x, y) for all y ∈ Y ;
(i) T is upper semicontinuous on X;
(ii) for each x ∈ X, y ∈ T (X) and g(x, ·) is lower semicontinous on T (X)

and g(·, y) is quasiconcave on X.

Then
inf

y∈T (X)
sup

x∈T−1(y)

f(x, y) ≤ sup
x∈X

inf
y∈T (x)

g(x, y).

Proof. Let HT = {g}, then by (iii) HT is X-quasiconcave to T . By Theo-
rem 3.1 and the equality

sup
g∈HT

sup
x∈X

inf
y∈T (x)

g(x, y) = sup
x∈X

inf
y∈T (x)

g(x, y),

we have
inf

y∈T (X)
sup

x∈T−1(y)

f(x, y) ≤ sup
x∈X

inf
y∈T (x)

g(x, y).

Finally, we show by an example (where f = g) that infy∈Y supx∈X f ≤
supx∈X infy∈Y g does not hold, but under some multifunction T , the in-
equality infy∈T (X) supx∈T−1(y) f ≤ supx∈X infy∈T (x) g holds.

Example 3.4 Let the set A be given by A = {(x, y) ∈ [0, 1] × [0, 1]; 0 ≤
y ≤ 1

2x}\{(0, 0)}, and let g be a real-valued function defined on [0, 1]× [0, 1]
by

g(x, y) =

{
0 if (x, y) ∈ A ∪ {(0, 1)}
1 otherwise .

If T is a multifunction on [0, 1] defined by

T (x) =

{ [
x, x + 1

2

]
if x < 1

2

[x, 1] if x ≥ 1
2 ,

then we have

inf
y∈Y

sup
x∈X

g(x, y) = 1 > 0 = sup
x∈X

inf
y∈Y

g(x, y).
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We will check the conditions of Corollary 3.3.

(i) Clearly, T is u.s.c on X.
(ii) Let Lβ(x) = {y; g(x, y) ≤ β}.
If β ≥ 1, then Lβ(x) = [0, 1],

when 0 ≤ β < 1, then

Lβ(x) =

{ [
0, 1

2x
]
, if 0 < x ≤ 1

{(0, 1)}, if x = 0 .

If β < 0, then Lβ(x) = ∅.
Hence, g(x, ·) is lower semicontinuous on Y .

(iii) Let Uβ(y) = {x; g(x, y) ≥ β}.
If β > 1, then Uβ(y) = ∅,
when 0 < β ≤ 1, then

Uβ(y) =





{(0, 0)}, if y = 0
[0, 2y), if 0 < y ≤ 1

2

[0, 1], if 1
2 < y < 1

(0, 1], if y = 1 .

If β ≤ 0, then Uβ(y) = [0, 1].

Hence, g(·, y) is quasiconcave on X. By Corollary 3.3, we have

inf
y∈Y

sup
x∈T−1(y)

g(x, y) ≤ sup
x∈X

inf
y∈T (x)

g(x, y).

In fact, infy∈Y supx∈T−1(y) g(x, y) ≤ supx∈X infy∈T (x) g(x, y) = 0.

References

[1] F.E. Browder, Coincidence theorems, minimax theorems, and variational in-
equalities, Contemp. Math. 26 (1984), 67–80.

[2] L.J. Chu, Unified approaches to nonlinear optimization, Optimization 46
(1999), 25–60.



92 L.-J. Chu and C.-N. Tsai

[3] K. Fan, Minimax theorems, Proc. Nat. Acad. Sci. U.S.A. 39 (1953), 42–47.

[4] M.A. Geraghty and B.L. Lin, On a minimax theorem of Terkelsen, Bull. Inst.
Math. Acad. Sinica. 11 (1983), 343–347.

[5] M.A. Geraghty and B.L. Lin, Topological minimax theorems, Proc. AMS 91
(1984), 377–380.

[6] B.L. Lin and F.S. Yu, A two functions minimax theorem, Acta Math. Hungar.
83 (1–2) (1999), 115–123.

[7] S. Simons, On Terkelsen minimax theorems, Bull. Inst. Math. Acad. Sinica.
18 (1990), 35–39.

[8] F. Terkelsen, Some minimax theorems, Math. Scand. 31 (1972), 405–413.

[9] M. Sion, On general minimax theorem, Pacific J. Math. 8 (1958), 171–176.

Received 10 March 2003
Revised 10 October 2003


