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Abstract

The so-called minimax theorem means that if X and Y are two
sets, and f and g are two real-valued functions defined on X x Y, then
under some conditions the following inequality holds:

inf sup f(z,y) < sup inf g(z,y).
yeY zeX zeX yey

We will extend the two functions version of minimax theorems without
the usual condition: f < g. We replace it by a milder condition:

sup f(z,y) < sup g(z,y), Vy €Y.
zeX zeX
However, we require some restrictions; such as, the functions f and
g are jointly upward, and their upper sets are connected. On the
other hand, by using some properties of multifunctions, we define X-
quasiconcave sets, so that we can extend the two functions minimax
theorem to the graph of the multifunction. In fact, we get the inequal-
ity:
inf sup  f(z,y) <sup inf g(x,y),

yET(X) 2T~ (y) zeX yeT(x)

where T is a multifunction from X to Y.
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1. INTRODUCTION AND PRELIMINARIES

In 1972, Terkelsen [8] gave a generalization of von Neumann’s minimax
theorem by mixing topological and algebraic conditions. As shown in [8],
Terkelsen’s minimax theorem is different from minimax theorems of Sion [9]
and Ky Fan [3].

Let X and Y be nonempty sets and let f: X x Y — R. For ¢t € (0,1),
f is said to be t-convex on Y if for any y1,y2 in Y, there exists yg in Y such
that for all x in X,

f(x’yO) < tmax{f(x,yl), f(xva)} + (1 - t) min{f(xvyl)v f(:Eva)}

Replacing the midpoint convexity in Terkelsen’s minimax theorem [8] with
t-convezity, a generalization of Terkelsen’s result is given by Geraghty and
Lin [4]. Simons [7] introduced the following upwardness concept which gen-
eralizes t-convezxity and obtained a minimax theorem that includes the result
of Geraghty-Lin [5].

A function f: X x Y — R is said to be upward on Y if for any ¢ > 0,
there exists § > 0 such that for any y1,y2 € Y, there exists y3 € Y such that
for all z in X,

f(x’y3) < max{f(x, yl)a f(xayQ)}v

and

’f(wayl) - f(x,QQ)‘ > €= f<1'7y3) < maX{f(x7y1)7f(x7y2)} — 0.

We shall say that f and g are jointly upward if for any e > 0, there exists
6 > 0 such that for any y1,y2 € Y, there exists y3 € Y such that for all
€ X,

max{f(z,y3), 9(z,y3)} < max{g(z,v1), f(z,y2)},

and

|g($7y1) - f(x192)| > €= max{f(x,yg),g(x,yg)}

IN

max{g(z,y1), f(x,y2)} — 9.
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It is easy to see that when f = ¢ and the map y — f(z,y) is convex,
f and g are jointly upward. Lin and Yu [6] give a two functions version
of Simon’s minimax theorem with two jointly upward functions. In fact,
they require the usual changeless proportion between two functions on the
defining region:

flzyy) < g(z,y), V (z,y) € X x Y.

In Section 2, we shall present a two functions version of minimax theo-
rems without the above restriction and convexity; however, the results need
merely some kind of connectedness. In Section 3, we shall restrict the fea-
sible region to a multifunction, and define a class of X-quasiconcave sets as
follows. Let T' : X — Y be a multifunction. A set Hp is said to be X-
quasiconcave to T if it consists of all the functions g : X XY — R satisfying:
for all z1,x9 € X, there exist x3 € X and h € Hp such that

h(ws,y) > max{g(z1,y),9(z2,9)}, VyeT(X).

Clearly, any subset of { g : X xY — R : g¢(+,y) is quasiconcave for each y }
is X-quasiconcave. In the sequel, we shall extend the two functions mini-
max theorem [6] to the graph of the multifunction under an X-quasiconcave

property.
2. MINIMAX THEOREMS UNDER JOINTLY UPWARD PROPERTY

A lot of minimax theorems require the following changeless proportion be-
tween the two functions: f(z,y) < g(z,y), V (z,y) € X x Y. However,
the condition is not necessary, in general. For example, let g, f be two
real-valued functions defined on [—1,1] x [—1, 1] by

. )_{u—x)(l—y?) 520
Y= (1+2)(1 —y?) <0

and
flxy) = (1 —2)(1—y?).
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Clearly, g(z,y) # f(z,y). But we still have (see Example 2.3)

inf sup f(x,y) =0 < 0= sup inf g(z,y).
yeY zeX zeX yeY

This motivates us to introduce the concept of jointly upward functions. Mak-
ing use of the jointly upward property, we will give a two functions minimax
theorem without the changeless proportion.

Theorem 2.1. Let X be a nonempty compact subset of a topological space,
and let'Y be a nonempty set. Let f, g be two real-valued functions on X XY
satisfying the following properties:

(0) supy f(z,y) < supy g(z,y), Vy €Y,

and for all y1,y2 € Y

Sup min{g(z,y1), f(2,y2)} < Sup min{g(z,y1), 9(x,y2)};

(i) f(-,y) and g(-,y) are upper semicontinuous on X for each y € Y;

(ii) for any y1,---,yn €Y, and X € R, the set (_{z € X;g(z,y;) > A}
is either connected or empty; and for eachy € Y, {x € X; f(z,y) > A}
is either connected or empty;

(iii) f and g are jointly upward.

Then

inf sup f(z,y) < sup inf g(z,y).
yeY zeX zeX yey

We need the following lemma.

Lemma 2.2. Assume the conditions of Theorem 2.1. If for any y1,y2 € Y
and € R supy min{g(z,y1),g(z,y2)} < B, then there exists yo such that
supy f(z,y0) < B

Proof. Choose € > 0 such that

(1) Sl)l(pmin{g(xayl)ag(xayQ)} <ﬂ_26</6-

Suppose that supy f(z,y) > f for all y € Y. Let I(y) = sup,cx f(z,y),
J(y) = supgex 9(z,y), y € Y. Then infy J(y) > infy I(y) > 5. Let
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Ap(y) ={z € X; f(z,y) > B — 2¢},
Ag(y) = {z € X;g(x,y) = 6 — 2¢}.
Then A¢(y) and Ay(y) are nonempty closed subsets of X for all y in Y by

condition (i). Choose 0 > 0 obtained by condition (iii). Next, we shall find
v € Y satisfying either (a) or (b):

(a) Ag(vi) C Ag(y1) and for ally € Y, A¢(y) C Ag(v1) implies
I( ) > J(7)1> d,
)
J.

(b) Af(vi) C Ag(y1) and for ally € Y, Ay(y) C Af(vq1) implies
J(y) > I(Ul)

Indeed, if for all y in Y,
Af(y) € Ag(yr) = I(y) > J(y1) — 0,

then we take v1 = y1; otherwise, there exists y' € Y such that As(y') C
Ag(y1) and I(y') < J(y1) — 6. Ifforall y in Y,

Ag(y) € Ap(y') = J(y) > I(y") = 6,

then we take v1 = y!; otherwise, there exists y> € Y such that A,(y?) C
Ap(y") € Ag(yr) and J(y?) < I(y') — 6 < J(y1) — 26.
Suppose we have chosen 4"~ !. If n is odd, and for all 3 in Y,

Af(y) C Ag(y" ) = 1I(y) > J(y" 1) =6,

then we take v1 = y"!; otherwise, there exists y” € Y such that As(y") C
Ay(y™ 1) and I(y™) < J(y" 1) — 8§ < J(y1) — nd. On the other hand, if n is
even, and for all y in Y,

Agy) C Ap(y" ™) = J(y) > 1(y" 1) =4,
then we take v; = y"~1; otherwise, there exists y” € Y such that 4,(y") C

Af(y”_l) and J(y") < I(y" ') — 6 < J(y1) — nd. Since infyey J(y) >
inf,cy I(y) > —oo, this process must stop at some m. Let v; = y™. Thus,
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if m is even, then we have
Ag(v1) C Ap(y™ ™) € Ag(y™ ) C - C Ag(yn)
and for all y € Y,
Ag(y) C Ag(n) = I(y) > J(v1) — 0.
If m is odd, then we have
Ag(vr) C Ag(y™ ™) C Ap(y™T?) € oo C Agly)
and for all y € Y,
Ag(y) C Ap(v1) = J(y) > I(v1) — 6.
(I) Under case (a), we first notice that there exists va € Y such that Af(va) C

A¢(y2) and for all y € Y, A¢(y) C Ap(v2) implies I(y) > I(vo) — 9. Also, by
condition (iii), there exists an element y3 in Y such that

(2)  f(z,y3) < max{f(z,y3), 9(z,y3)} < max{g(z,v1), f(z,v2)},
and for all z € X,

lg(x,v1) — f(w,v2)] > €= f(z,y3) < max{f(z,y3),9(z,y3)}

(3)

< max{g(z,v1), f(z,v2)} — 0.
By (2),
(4) Af(ys) C Ag(vi) U Ag(v2).

Next, we want to show that Af(ys) N Af(ve) # 0 and Af(y3) N Ag(vi) # 0.
Choose x € X, with f(x,y3) > f —e. Then x € Af(y3).

If f(x,v2) > B — 2¢ then x € Af(v2), so Af(ys) N As(ve) # 0.
If f(z,v2) < B —2¢e < 3 —¢€, we must have g(x,v1) > 3 — € by (2).

Then |g(z,v1) — f(z,v2)] > € by (3) and

f(z,y3) <max{g(x,v1), f(z,v2)} — 6 < g(z,v1) = < J(vg) — 0.
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Since this inequality holds for all z € A = {z; f(z,y3) > [ — €}, we have

I(y3) = sup f(x,y3) = sup f(x,y3) < J(v1) — 0.
rxeX €A

Hence Af(ys) € Ag(v1) by the choice of v;.

By (4),
(5) Ap(ys) N Af(v2) # 0.

Similarly, we can show that

(6) Af(ys) N Ag(v1) # 0.

Observe that Af(y3) is nonempty and connected by condition (ii). Then
from (4), (5) and (6), it follows that Ay(v1)NAf(ve) # 0, and hence Ag(y1)N
Af(y2) # 0.

Let 29 € Ag(y1) N Af(y2). Thus, min{g(xo,y1), f(zo,y2)} > 5 — 2e.

This contradicts

Sl)l(pmin{g(x¢yl)7 f(x,yz)} < Sipmin{g(xa yl)vg(xa y2)} < /8 — 2e.

Therefore, there exists yo in Y such that supy f(x,y0) < .

(IT) Under case (b), we notice that there exists vo € Y such that Ag(ve) C
Ay(y2) and for all y € Y, Ay(y) C Ay(ve) implies J(y) > J(v2) — 6. Also,
by condition (iii), there exists an element y3 in Y such that

(7) g(x,y3) < max{f(x,y3),9(x,y3)} < max{f(z,v1),g(z,v2)},
and for all x € X

[f(@,01) — g(z,v2)| = €= g(x,y3) < max{f(z,y3),9(x,y3)}

< max{ f(z,v1),g(z,v2)} — 0.

(9) Ay(ys) C Af(vr) U Ag(va).
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Next, we want to show that A,(y3) N Ag(ve) # 0 and Ag(ys) N Ag(vr) # 0.
Choose z € X, with g(z,y3) > f — €. Then x € Ay(ys3).

If g(x,v2) > 3 — 2¢e then x € Ay(v2), so Ag(ys) N Ag(ve) # 0.
If g(x,v2) < B —2e <  — €, we must have f(z,v1) > [ — € by (7).

Then |f(z,v1) — g(z,v2)| > € by (8) and

9(z,y3) < max{f(z,v1),g(z,v2)} =0 < f(z,v1) =0 < I(v1) = 6.
Since this inequality holds for all 2 € B = {x; g(z,y3) > 5 — €}, then

J(y3) = sup g(z,y3) = sup g(x, y3) < I(v1) — 0.
zeX reB

Hence A4(y3) € Af(v1) by the choice of v;.

By (9),
(10) Ag(y3) N Ag(UQ) # 0.

Similarly, we can show that
(11) Ag(ys) NV Ag(v1) # 0.
By condition (ii), A4(y3) is nonempty and connected. Then from (9), (10)

and (11), it follows that A¢(vi) N Ag(ve) # 0 and hence Ag(y1) N Agy(y2) # 0.
Let 29 € Ag(yl) N Ag(yg). Thus,

min{g(x()?yl)ag(x()a y?)} > /8 — 2e.

This contradicts (1).
Therefore, there exists yo in Y such that sup,, f(z,y0) < 5. [

Proof of Theorem 2.1. If supy infy g(x,y) = 400, then the assertion
clearly holds; so we assume that supy infy g(z,y) < +o00. Let o be a real
number such that supy infy g(z,y) < a. Choose 3 such that

(12) supinf g(z,y) < 5 < a.
X v
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For each y € Y, let Ly(y) = {z € X;g(x,y) < #}. Then each L,(y) is open,
and by (12),

X = U Lg(y).

yey

Since X is compact, X = || Ly(y;) for some yi,---,y, € Y, and this
implies that

S;Pmin{g(m,m% e ,g($, yn)} < /6

We want to show, by induction on n, that there exists yg € Y such that
supy f(x,y0) < a. For n = 1, it follows by condition (0), that

sup f(z,y0) < supg(z,yo) =supg(z,y1) < B < a.
X X X

For n = 2, since
Sipmin{g(x7yl)vg($7y2)} < ﬁv
then by Lemma 2.2, there exists yg € Y such that supy f(x,yo) < .

Forn > 2, let A = {z € X; g(z,y;) > 5, i = 1,...,n —1}. By up-
per semicontinuity of ¢(-,y;) and by the compactness of X, the set A is
compact in X. For z € A, since g(z,y;) > [ for i = 1,---,n — 1 and
min{g(xay1)¢ T 7g(x>yn)} < ﬁ> we have

min{g(x, yl), s ,g(ZE, yn)} = g(:E,yn)-

Then

Sljipg(x)yn) = Sgpmln{g(xayl)77g($7yn)}

< S;pmin{g(x,yﬂ, T ag(xayn)} < ﬁ

Notice that supy min{g(z,y1), g9(x,yn)} < 8. Thus, by applying Lemma 2.2
again, we obtain yy € Y such that supy f(z,y0) < a. ]

Next, we give an example of minimax inequality without f < g.
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Example 2.3. Let g, f be two real-valued functions defined on [—1,1] x
[_17 1] by

flzy) = (1—2%)(1—y).

We will check the conditions of Theorem 2.1:

(0) Since supy g(x,y) =1 —y*> = supy f(x,y), then

sup min{g(z, 1), f(z,y2)} = min{l—y{, 1-y3} = sup min{g(z, y1,g9(x,y2)}.

(i) Since f(-,y) and g¢(-,y) are continuous on X for each y € Y, we have
f(-,y) and g(-,y) are upper semicontinuous on X for each y € Y.

(ii) for any y € Y

A . . I
{z e X;g9(z,y) > A} = [1*y2 1,1 1,y2] if Ae0,1—y7

0 if A€ (—00,0) U(l—y?00).

Hence, for any g1,y € ¥, and § = max{jys|, [val, -, [y}, the set
n [—A—M_AA if Ael0,1— 37
1—42 ’ 1—12 ’
(€ X;g(x,y:) = A} = ! !
i=1 0 if A€ (—00,0) U(1—79?2 00)

is either connected or empty for any A € R.
Forall y € Y,

{reX;f(z,y) > A} = [_\/1_ﬁ’\/1_ﬁj if Ae[0,1—y?

0 if A€ (—00,0) U(1—1y? 00)

is either connected or empty for any A € R.
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(if) Clearly, max{/(z,y), g(z,5)} = f(z,), V() € X x ¥,
If |g(z,y1) — f(z,y2)] > €, we take § = ¢, k = min{l — y},1 — y3} and
ys =1/1— %2 Then we have f(z,y3) = (1 — xQ)k—;

(a) If g(z,y1) > f(z,y2) + ¢, then
2
gl =3 = floa) = () (1-18) = (- = (=225 — fia,g0)

(b) If f(z,y2) > g(x,y1) + €, then

2
fl@y2) =0 > gla,y) = (1—2)1—y7) = (1—2)k > (1 —xz)% = [z, y3);
for x > 0 and

2
fl@y2) =6 > gla,yn) = (1+2)1—y7) = (1+2)k > (1 —ﬁ% = f(z,y3).

for x < 0.

That is, f and g are jointly upward. Thus, by Theorem 2.1, we have

inf sup f(z,y) < sup inf g(z,vy).
yeY zeX rzeX yeY

In fact, infycy sup,¢cy f(2,y) = sup,ex infyey g(x,y) = 0.

Corollary 2.4 ([6]). Let X be a nonempty compact topological space and

let'Y be a nonempty set. Let f and g be two real-valued functions on X XY

satisfying the following properties:

0) f(z,y) < g(x,y) for all (x,y) € X xY;

(i) f(-,y) and g(-,y) are upper semicontinuous on X for eachy € Y;

(ii) for any y1,--,yn € Y, and X € R, the set (' 1{z € X;g(x,yi) > A}
18 either connected or empty;

(iii) f and g are jointly upward.

Then

inf sup f(z,y) < sup inf g(z,y).
yeY zeX zeX yeY
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When f = g are upward or t-convex, then f and g are jointly upward. Thus,
we have

Corollary 2.5 ([4], [7]). Let X be a nonempty compact topological space

and let'Y be a nonempty set. Let f be a real-valued function defined on X XY

such that infy supy f(x,y) > —oo and satisfying the following properties:
(i) f(-,y) is upper semicontinuous on X for eachy € Y;

(ii) for any yi,---,yn € Y, and X € R, the set (i 1{z € X; f(z,y;) > A}

is either connected or empty;
(iii) f is upward (or t-conver on'Y for somet € (0,1)).
Then

inf sup f(z,y) = sup inf f(z,y).
yeY zeX zeX yeYy

3. MINIMAX THEOREMS UNDER THE GRAPH OF A MULTIFUNCTION

In some feasible region, the two functions version of minimax theorems does
not hold again. However, by restricting to a proper region, the minimax
theorem is done. For instance, define the set A = {(z,y) € [0,1] x [0,1];0 <
y < 223\{(0,0)}, and let g be a real-valued function on [0, 1] x [0, 1], defined
by

1 otherwise.

{0 if (z,y) € AU{(0,1)}
g(z,y) =

It is easy to see that

inf sup g(x,y) =1 > 0= sup inf g(z,y),
yeY zeX zeX yey

where X =Y = [0,1]. If T is a multifunction on [0, 1], defined by

zx+ 3| if =z
o 048 1o
[x,1] if x>

NI—= N

then we have (see Example 3.4)

inf  sup g¢g(z,y)=1=sup inf g(x,y).
yeY zeT—1(y) zeX yeT ()
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This motivates us to define an X-quasiconcave set.

Theorem 3.1. Let X be a nonempty compact convexr set of a Hausdorff
topological vector space, and let Y be a monempty set. Let T : X — Y be
a multifunction having nonempty images, Hy an X -quasiconcave set of T,
and let f and g be real-valued functions on X x Y satisfying the following
properties:

(0) supx f(x,y) <supy g(x,y) for ally €Y and g € Hr;

(i) T is upper semicontinuous on X ;

(ii) for each x € X, y € T(X) and g € Hr, g(x,-) is lower semicontinous
on T(X) and g(-,y) is quasiconcave on X.

Then for any A € R, the following alternative holds:
Either

(A) supgeHT SupxeX innyT(x) g((L’7 y) 2 )\7
or

(B) there erists yo € T(X) such that f(z,y0) < X for all x € T~ (yo).
Proof. Fix A € R. We define

Ug(y) = {z € X;g(z,y) > N},

and
Vy(x) ={y € Y;g(z,y) > \}.

Assume that (B) does not hold, i.e.,
(13) VyeT(X) JzoeT '(y) flzoy)> A

We show that (A) holds in this case. For g € Hr, let Sy : X — X be defined
as Sg(z) = yer(z) Ug(y). We shall prove that some map S, has a fixed
point. First we show that

() There exists some g € Hp such that Sg(z) # 0, Ve X.
Let
A={V,o(2)NT(X);z € X,p € Hr}.
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Obviously, the family A is a nonempty partially ordered set with respect to
inclusion relation of subsets of Y. It is not difficult to check that any totally
ordered subset of A has an upper bound. By Zorn’s Lemma, there exists a
maximal element V,(2) NT(X) of A, i.e., 2 € X and g € Hy satisfying that
for any z € X, ¢ € Hr

if Vo(2) NT(X) C Vu(2) NT(X)
14
) then V,(2)NT(X) = Vy(2)NT(X).

Suppose V,(2) NT(X) # T(X).

Let y € T(X) \ Vy4(%), by (13) we have some zy € T~ !(y) such that
f(zo,y) > A

By (0), we deduce

sup g(x,y) > sup f(z,y) > f(xo,y) > .
X X

This implies that there exists some 1 € X such that g(z1,y) > A.
Since Hyp is X-quasiconcave, for g,  and x1 there exists h € Hp, 3 € X
such that

h(zs,y) > max{g(,y),g(z1,y)} > A, VyeT(X).

Thus, we have y € Vj,(x3) and hence V,(2) NT(X) & Vi (z3) NT(X), which
is a contradiction with (14).
This shows that V() NT(X) =
other words, for all y € T'(X), g(z,y) >
It follows that & € Nyer(x)Uyg ( ) C
VaoelX.

(B) For each x € X, Sy(x) is convex.
Since ¢(-,y) is quasiconcave by (ii) for each y € T'(X), Uy(y) is convex,
Hence Sy(z) is also convex.

( ) and hence T(X) C Vy(z). In

( ), Vo € X. Hence, Sy(z) # 0,

() For each z € X, S;1(2) = {x € X;9(z,y) > A\, Vy € T(x)} is open.
Since g(z,-) is Ls.c, V4(z) is open. It follows from upper semicontinuity of
T that

S;l(z) ={zx e X;T(x) C Vy(2)} = T+(Vg(z))

is open for each z € X.
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We already have some g € Hp satisfying («), (3) and (7). By Browder’s
Fixed Point Theorem [1], there exists some z1 € X such that z; € S;(z1).
That is,

g(z1,y) >\, VyeT(x1) = inf g(z1,y) > A= sup inf g(z,y) > A\
y€T (1) z€X yeT ()

We conclude that

sup sup inf g(z,y) > A

geHT veX yeT(z) u

Theorem 3.2. Let X be a nonempty compact and convex subset of a Haus-
dorff topological vector space, and letY be a nonempty set. LetT : X — Y be
a multifunction having nonempty images, Hp an X-quasiconcave set for T,
and let f and g be real-valued functions on X x Y satisfying the following
properties:

(0) supy f(x,y) < supyx g(x,y) for ally €Y and g € Hr;
(i) T is upper semicontinuous on X ;
(ii) for each x € X, y € T(X) and g € Hr, g(x,-) is lower semicontinous
on T(X) and g(-,y) is quasiconcave on X.
Then
inf sup  f(x,y) < sup sup inf g(z,y).
yeT(X) z€T~1(y) geHr zeX yeT(x)
Proof. Let A € R be such that

sup sup inf g(z,y) < A
geEHT veX yeT(x)

Thus, by Theorem 3.1, there exists yo € T(X) such that f(z,y9) < A for
all € T7(yp). This implies that SUPger-1(y) £ (%, %0) < A and hence
infyer(x) SUPzer-1(y) f(2,y) < A It follows that

inf sup f(z,y) < sup sup inf g(z,y).
yeT(X) zeT—1(y) geHr zeX yeT () |

Corollary 3.3 Let X be a nonempty compact convex subset of a Hausdorff
topological vector space, and Y be a nonempty set. Let T : X — Y be a
multifunction having nonempty images, and f, g be real-valued functions on
X XY satisfying the following properties:
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(0) supx f(x,y) <supx g(x,y) for ally €Y;
(i) T is upper semicontinuous on X ;

(ii) for each x € X, y € T(X) and g(x,-) is lower semicontinous on T(X)
and g(-,y) is quasiconcave on X.

Then
inf  sup f(z,y) <sup inf g(z,y).
yeT(X) zeT~(y) zeX yeT(x)

Proof. Let Hp = {g}, then by (iii) Hp is X-quasiconcave to T. By Theo-
rem 3.1 and the equality

sup sup inf g(x,y)=sup inf g(z,y),
gEHT X yeT () zeX yeT(x)
we have

inf  sup f(z,y) <sup inf g(x,y).
yeT(X) zeT~1(y) zeX yeT'(z) ]

Finally, we show by an example (where f = g) that inf,cy sup,cx f <
sup,cx infyey g does not hold, but under some multifunction 7', the in-

equality infycp(x)supyer-1(y) [ < sup,ex infyer(r) g holds.

Example 3.4 Let the set A be given by A = {(z,y) € [0,1] x [0,1];0 <
y < 221\{(0,0)}, and let g be a real-valued function defined on [0, 1] x [0, 1]
by
0 if ()€ AU{(0,1)}
9(z,y) =

1 otherwise.

If T is a multifunction on [0, 1] defined by

T(m):{ [.CL‘,CC+%] ?f T <
[x,1] it z>

N[—= D=

then we have

inf sup g(x,y) =1 > 0= sup inf g(z,y).
yeY zeX zeX yeY
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We will check the conditions of Corollary 3.3.

(i) Clearly, T is u.s.c on X.

(it) Let L%(x) = {y; g(x,y) < B}.
If 8> 1, then LA(x) = [0, 1],
when 0 < 3 < 1, then

If 8 < 0, then L?(x) = 0.
Hence, g(z,-) is lower semicontinuous on Y.

(iii) Let UP(y) = {z;g(x,y) > B}
If 3> 1, then UB(y) =0,
when 0 < 8 <1, then

UP(y) =

If 8 <0, then UP(y) = [0, 1].

Hence, ¢(-,y) is quasiconcave on X. By Corollary 3.3, we have

inf sup g(x,y) <sup inf g(z,y).
er xET*l(y) reX yET(l‘)

In fact, infyey supyer—1() 9(2,y) < sup,ex infyere) 9(z,y) = 0.
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