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Abstract

If f is a continuous seminorm, we prove two f-best approxima-
tion theorems for functions ® not necessarily continuous as a conse-
quence of our version of Glebov’s fixed point theorem. Moreover, we
obtain another fixed point theorem that improves a recent result of [4].
In the last section, we study continuity-type properties of set valued
parametric projections and our results improve recent theorems due to
Mabizela [11].
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1. INTRODUCTION

In 1969 K. Fan [6] proved the following interesting theorem: if S is a
(nonempty) compact convex set in a locally convex Hausdorff topological
linear space X, f is a continuous seminorm on X and ¢ is a continuous map
from S into X, then

(I) there exists u € S such that f(¢(u) —u) = melg flo(u) —y)
y

(in particular, if ¢(S) C S, then u is a fixed point of ¢).
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In 1978 S. Reich [15] improved the result obtained by Fan: for the au-
thor the set S C X is only (nonempty) f-approximatively compact, convex
and the function ¢ is continuous and such that the set ¢(9) is relatively
compact.

More recently, a number of authors (see [10, 16, 18]) have weakened the
conditions on S but not the continuity property on the function ¢.

In the third section of this note, we prove that if S C X (nonempty),
f-approximatively compact and such that x,y € S and A > 0 imply z +
My — z) € S, the (I) is true for functions ¢ with a partially closed graph
and such that the set ¢(5) is relatively compact (see Theorem 3). We want
to observe that our Theorem 3 extends, in a broad sense, the mentioned
propositions (see Remark 4). In the proof of our f-best approximation
Theorem we use the set-valued f-parametric projections and we obtain the
property (I) as a consequence of our Glebov-type fixed point theorem (see
Theorem 1). In the same section, we also obtain another fixed point the-
orem (see Theorem 2) that improves a theorem of [4] (see Remark 3). Fi-
nally, we prove that in the “Oshman spaces” the assumption that the set S
be f-approximatively compact, required in Theorem 3, is superfluous (see
Theorem 4).

In the study of the best approximation problem our main tools are the
parametric projections. In the last section, having fixed a multifunction
I', we study continuity-type properties of set valued parametric projections
orr (1) — @frp) () (where prpe)(z) is said to be the set of best
approximations to z in I'(p)). In the classical theory of best approxima-
tion, the approximating set is fixed, here we allow both the approximating
set and the point that is being approximated to vary (as recently in [1]
and in [11]). In particular, we prove the continuity of the parametric pro-
jection oo @ P x X — 2% | where P is a metric space, (X, |.||) is a
reflexive normed space and I' : P — CC(X) is an opportune multifunc-
tion (see Theorem 5). Moreover, in a more general context (P topological
space and (X, d) metric space) and under the condition that the values of T'
are d-approximatively compacts, we are able to prove that the parametric
projection pgr : P x X — 2% is upper semicontinuous (see Theorem 6). Fi-
nally, in the same general context of Theorem 6, but without the hypothesis
that the values of I' are d-approximatively compact, we prove that the para-
metric projection pgr has a closed graph (see Theorem 7). The mentioned
theorems 5 and 6 respectively improve two propositions obtained in 1996 by
S. Mabizela in [11].
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2. PRELIMINARIES

Let X be a Hausdorff topological linear space, 2X be the family of all
nonempty subsets of X and S be a nonempty subset of X. Given a multi-
function G : S — 2%, we denote by

C(S)={H cCS:H#0, H convex}
CC(S)={HCS:H#0, H closed and convex}

CB(S)={HCS:H#0, H closed and bounded} .

For any subset A of a metric space (X,d) and for any £ > 0, we denote by
B(A,e) ={r € X :0(z,A) < e}, where §(z, A) :iIE1£l d(x,a). The Hausdorff

distance between any two closed and bounded sets A and B is defined as

H(A, B) = max {Sup 0(a, B); sup §(b, A)} .
acA beB

Let X, Y be two Hausdorff topological spaces, S be a (nonempty) subset
of X, z, € X, $(x,) be the family of all neighbourhoods of z,. Now, a
multifunction F : S — 2Y is said to be upper semicontinuous (u.s.c.) at x, if,
for any open set V in Y such that F(z,) C V, there exists a neighbourhood
U of z, such that F(z) C V, for each x € U N S. Moreover, F' is said to
be lower semicontinuous (l.s.c.) at x, if for any open set V in Y such that
F(z,)NV # 0, there exists a neighbourhood U of z, such that F(x)NV # 0,
for each x € UNS. The multifunction F' is said to be continuous at x,, if it is
(u.s.c.) and (l.s.c.) at z,. F' is said to have closed graph if the set Gr(F') =
{(z,y) € SxY :y € F(x)}is closed in X x Y. Now, if Y is a metric space,
the multifunction F : § — 2Y is said to be Hausdorff upper semicontinuous
(H-u.s.c.) at x,, if, for any € > 0, there exists a neighbourhood U of z, such
that F'(z) C B(F(x,),€),Vx € UNS. While F is said to be Hausdorff lower
semicontinuous (H-l.s.c.) at x, if, for any € > 0, there exists a neighbourhood
U of z, such that F(x,) C B(F(x),¢),Vx € U N S. The multifunction F is
said to be Hausdorff continuous at z, if it is (H-l.s.c.) and (H-u.s.c.) at x,.

Then if S is a subset of a Hausdorff topological linear space X, the
multifunction F : S — 2% is said to have a weakly closed graph if for every
net (zs5)s C S, x5 — x € S, and for every net (ys5)s, ys € F(xs), ys — vy it
follows that ¢(x,y) N F(xz) # 0, where {(z,y) = {x + Ay —z) : A € [0,1]}.
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Finally, F : S — 2% is said to have a partially closed graph if for every net
(x5)s € S, x5 — x € S, and for every net (ys)s, ys € F(zs), ys — y it
follows that L(z,y) N F(x) # 0, where L(z,y) = {z + Ay — x) : A > 0}.

If X is a linear topological space, (P,d*) is a metric space and T" :
P — CC(X) is a multifunction, for each € X, we denote with psr the
parametric projection multifunction that associates to each pair (p,z) €
P x X the set of the best approximations to x in I'(p):

orrw) (@) ={y €TO): f@—y) = frgy (@)},

where f : X — IR} is a seminorm on X, fr(,)(x) = inf,cp(,) f(z — 2); while,
if (X,d) is a metric space, pqr is the parametric projection multifunction
so defined:

9arp)(r) ={y € T(p) : d(z,y) = (2, T'(p))} , V(p,z) € P x X.

We observe that the set of the best approximations to x in I'(p) can be
empty. In order to avoid trivialities, a set I'(p) is said f-proximinal (or
d-proximinal) if o) (x) # 0 (respectively pg e (z) # @) for each » € X.

Finally, we recall that a subset A of a topological linear space X is said
to be f (or, if (X,d) is a metric space, d)-approximatively compact if, for
all x € X, every minimizing net (hy)o C A for z (ie. f(x — hqo) — fa(x)
(or d(x,hy) — 6(x, A))) has a convergent subnet in A.

3. FIXED POINTS AND BEST APPROXIMATIONS

First, we state the following fixed point theorem

Theorem 1 (Corollary to Glebov-Theorem in [7]). Let X be a Hausdorff
locally convex topological linear space, S be a nonempty closed and convex
subset of X, and G : S — C(S) be a multifunction with the properties

(i) G has a partially closed graph;
(ii) G(S) is relatively compact.

Under these conditions, the multifunction G has a fixed point.
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Proof. We can assume that the space X is complete: in fact the hypotheses
on S and on multifunction G are the same when we consider the completion
of X.

We put C' = co (G(S)) and we can say that the set C' is a convex and
compact subset of S. Now, we can immediately observe that the restric-
tion of the multifunction G to the set C', G|, has the following properties:
G|, () C C and G| (z) is convex, Vo € C; G|, has a partially closed graph,
therefore G|, satisfies the hypotheses of the Theorem in [7], so we can say
that there exists a point £ € C' C S such that & € G(2). ]

Now, using Theorem 1, we prove the following necessary and sufficient con-
dition for the existence of fixed points for multifunctions.

Theorem 2. Let X be a Hausdorff locally convex topological linear space, S
be a nonempty subset of X, and G : S —C(X) be a multifunction such that

(i) G has weakly closed graph.

Under these conditions, the multifunction G has a fized point if and only
if there exists a compact and conver subset K of S such that G(x) N K #
0VzeK.

Proof. The necessary part is trivial. In order to prove the sufficient part we
define the multifunction F : K — 25 by putting F(z) = G(z)NK,V = € K.
We observe that it has a weakly closed graph. In fact, given a net (x5)s C
K, s — z(€ K), and another net (ys)s, ys € F(xs) V 9, ys — y(€ K),
then, by hypothesis 3) and taking into account that the set K is convex, we
obtain that £(z,y) N F(z) # 0.

Moreover, the multifunction F' has convex values and the set F(K) is
included in the compact set K.

Therefore, F' has a fixed point (see our Theorem 1). |

Remark 1. We wish to point out that there exist multifunctions that satisfy
the hypotheses of Theorem 2, but do not satisfy all conditions of Theorem 1.
It can be seen by considering the multifunction G : S — 2%, § =10,1]U
12,4], defined as G(z) = |0,4+o00[,V = € S. It is true even if we consider
multifunctions defined on a closed and convex set S and with values in the
family C'(S) (as required in Theorem 1): for example, fixing S = [0, +o00],
let us take the following multifunction

[%H, ﬂ if >0

o |
{0} if x=0.
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Remark 2. On the other hand, there exist multifunctions that satisfy the
hypothesis of Theorem 1, but do not satisfy all conditions of Theorem 2. To
this end, we can consider the multifunction G : S — 29, § = [0, +00], so
defined

[arctan %, 77} if >0
G(z) =
]%, 7| if z=0.

Remark 3. Finally, we observe that Theorem 1 improves the fixed point
theorem obtained in [7]: for us it is not necessary for the multifunction G to
be defined in a compact set. Our Theorem 2 strictly contains the mentioned
fixed point Theorem obtained in [4]; we observe that we do not require the
multifunction to have closed values (for example, we can consider the first
multifunction defined in Remark 1).

Lemma 1. Let X be a Hausdorff locally convex topological linear space,
f: X — IR} be a continuous seminorm and A be an “f-approzimatively
compact” subset of X. Then the set A is closed in X.

Proof. Let x € A, now if ¢ A then there exists a net (ay)yeg(o) With
the property ay € (x +U) N (A\ {z}), VU € ¥0) (where ¥(0) denotes
the family of all neighbourhoods of zero in X). Since oy — z, taking into

account that f is a continuous seminorm, we can say that f(x—ay) —(> :
Ues(0

Therefore, for a & > 0, there exists a neighhbourhood U € ¥(0) such
that

Ogirelgf(w—a) <fle—ay)<e VU e€3(0):U=<U,
from which we can deduce that

Uleig(lo) flx—ay) = fa(x) =0

and say that (ay)peg(o) is a minimizing net for z. Therefore, (av)ves(o)
has a convergent subnet to a point & € A. X being a Hausdorff space, we
have the contradiction: x = & € A. Of course, the set A is closed. |

Now we are able to prove our “f-best approximation” result:
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Theorem 3 Let X be a Hausdorff locally convex topological linear space,
f: X — IR} a continuous seminorm and S a (nonempty) f-approxvimatively
compact subset of X such that z,y € S and X\ > 0 imply x + ANy —z) € S.
Let ¢ : S — X be a function with the properties

(i) @ has a partially closed graph;
(ii) the set ¢(S) is relatively compact.

Under these conditions, there exists u € S such that f(u — ¢(u)) =
minges f(0(u) - 1).

Proof. We consider the multifunction G : S — 2% so defined

G(x) = prs(@(x) ={y € 5: f(o(z) —y) = fs(¢(x))}, Ve es.

First, we prove that the multifunction G has a partially closed graph. To this
end we fix a net (x5)sca C S, x5 — x(€ S), and another net (ys)sca, ys €
G(zs), ¥V 0, ys — y. Taking into account that the set ¢(S) is compact
we may assume, passing to a subnet if necessary, that the net (¢(x5))s is
convergent at a point z € X. Then by hypothesis (i) we have that there
exists a number A > 0 such that ¢(z) = x4+ A(z —z). If X\ = 0, since
f(0) = 0, we can immediately say that x € L(x,y) N pss(¢(z)). On the
other hand, if A > 0 we have ¢(xs) — ys — z —y by which we deduce that

flz =) = lim f(8(as) — ys) = lim f(6(w5))

therefore,

f =) = 5 F(6(@) + Ao -2 = dy),
and we have the following property
(1) F(¢@) +Ax =z = dy) = X lim fs(6(zs5)).
Then we can write

(2) lim fs(¢(z5)) < inf f(z —a).
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Taking into account (1), (2) and our hypothesis on the set S we deduce

(3) f(p(x)+ Az —z — Ay) < inf f(o(z) — [z + A(a —2)]) = fs(d(x)),

a€S

from which we can say that

F(@(@) + Az — x = Ay) = fs(o()).

So it is proved that  + A(y — ) € L(z,y) N pr.s(é(x)). Therefore, the
multifunction G has a partially closed graph.

Moreover, we observe that is pf g(z) # 0, Vo € X ([8], Proposition 2.1);
then the multifunction G has nonempty values. Now, since f is a seminorm
and S is a convex set, it is easy to prove that the set pfg(x) is convex,
V x € X. So, we can say that the multifunction G has convex values.

Moreover, V & € X the set pfg(x) is compact: it is a straightforward
consequence of the f-approximative compactness of S and of the continuity
of f. Since the multifunction g g is upper semicontinuous (see our Lemma 1
and [8], Proposition 2.4) and with compact values, then using the hypothesis
(ii) we can deduce that the set prg(¢(S)) is compact. Therefore, the set
G(S) is relatively compact.

Applying our fixed point Theorem 1 (see our Lemma 1), we have that
there exists a point u € S such that f(¢(u) —u) = r;lelg flo(u) —y). |

Remark 4. Our Theorem 3 extends some propositions recently proved (see
for example [6, 15, 10] and [18]). There exist functions that satisfy the
hypotheses of Theorem 3 but do not satisfy all the conditions of the propo-
sitions proved in the mentioned works: it is sufficient to consider a function
¢S — IR, where S = [0,400), defined as:

1 if ze(0,+00)
¢(z) = _
0 it z=0.

E.V. Oshman in [14] introduces the “Oshman space”, i.e. a reflexive Banach
space in which the parametric projection on every closed and convex subset
is upper semicontinuous. Now, assuming that the space X is an Oshman
space and taking the following Lemma into account
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Lemma 2. Let X be a reflexive normed space, S a (nonempty) closed and
convex subset of X and x € X. Under these conditions, there exists u € S
such that ||x — ul| = d(x, S).

We are able to prove the following Theorem 4.

Theorem 4. Let X be an “Oshman space”and S a (nonempty) closed subset
of X such that x,y € S and A > 0 imply t + Ny —xz) € S. Let ¢p: S — X
be a function with the properties (i) and (ii) of Theorem 3.

Under these conditions, there exists a point u € S such that ||u — ¢(u)|| =

minges [|¢(u) - yl|-
Proof. Let G : S — 29 be the multifunction defined as

G(z) = ).),5(0(x) ={y € S [|o(x) —yl| = 6(6(x),5)},V x € S5,

Taking into account the proof of Theorem 3 we can say that the multifunc-
tion G has a partially closed graph. Moreover, G has nonempty (see Lemma
2) and convex values. Since the parametric projection g ¢ has convex
values and is upper semicontinuous, we can say that pH.”,S(x) is compact
V 2 € X ([1] Theorem 4.4). So, following the proof of Theorem 3, we can
observe that the set G(5) is relatively compact. Then there exists u € S
such that ||u — ¢(u)|| = minyeg ||¢(u) — y|| (see our Theorem 1). |

Remark 5. Our Theorem 4 extends the proposition proved in ([15] Propo-
sition 2.3). The function ¢ : S — IR of Remark 4 has all the properties
required in our Theorem 4, but it does not satisfy all conditions required in
the above mentioned Reich’s proposition.

4. PROPERTIES OF PARAMETRIC PROJECTIONS

In the first part of this section, we obtain a sufficient condition for the
continuity of a parametric projection o r : P X X — 2X where P is a
metric space, (X, |.]]) is a reflexive normed space and I' : P — CC(X) is a
multifunction.

Now let us introduce the following notations.
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Let r: P x X — IR be a continuous function such that

(4) r(p,z) = 6(z, T'(p)) + |z, V (p,z) € P x X,
and T be the multifunction defined as

(5) L(p,z) ={y €T(p): lyll < r(p,x)} =T(p) N B(0,r(p,x)).

Theorem 5. Let (P,d*) be a metric space, (X,|.||) be a reflexive normed
space, (Po,To) € PXx X and T' : P — CC(X) be a multifunction with
the following property there exists a function T : P x X — 2%, defined as
in (5), “H-continuous” in (p,,x,). Under these conditions, the parametric

projection o) r: P x X — 2% s continuous in the point (po,x,).

Proof. First, we observe that we can introduce on the reflexive normed
space (X, ||.]]) an equivalent norm with the property that the space X is
locally uniformly convex and then also strictly convex (see [20] Appendix
(29)). Therefore our assumptions imply that the parametric projection is a
single-valued function (see [13] Theorem).

Now, if @) r is not continuous in the point (p,,,), then there exists
an open set W in X, @ r(p.)(Zo) € W, such that V n € IN, 3(pn,zn) €
Un(po, o) = B(po, %) X B(x,, %) with the property o) | r(p,)(Tn) & W.

Then for the sequences (p,), and (x,), the following hold

(6) d*(pnspo) = 0,
(7) [Zn — o n_j’w 0,
(8) In = @||.|,0(pn)(@n) € W, ¥ n € IN.

Since T is H-continuous in (Po, o), fixed N € IN, we can say that there
exists a neighbourhood Uy, (po, o) = B(po,nn) X B(%,,nn) such that

) HE ), T (0o 20)) < 0 ¥ () € Uy (1 20).
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Without restriction we can assume that the sequence (ny)y is decreasing.
Therefore taking into account (6) and (7), there exists a number ny € IV
such that

(10) P € B(po,nn), ¥V n > nn

(11) Tn GB(x0777N)7 Vn>ny

so we can write (see (9))

(12) H(f(pnaxn)7 f(p07$o)) < Vn>ny.

By (12), taking into account our Lemma 2 and Lemma 2.2 of [11], it follows

N ~ ~ 1
(13) Vn>ny, 3z, € F(poa xo) : ”gn - Zn” = 5(9717 F(p075170)) < N
Moreover, using (7), we can say that there exists ny € IN : ny > ny with
the property:

1
(14) |zn — 20| < N VnelN :n>ny

Without restriction we can assume that the sequence (ny)y is increasing.
Now the subsequences (zn, )N, (Tny )N, (gny )N, satisfy the following prop-
erty (see Lemma 2.1 and Lemma 2.2 of [11] and (13), (8), (12), (14))

5($0,F(p0)) = 5(1‘0,F(p0,x0)) < H'TO - ZTLNH

< ||$7LN - 370” + 6($NN7 F(panan)) + HgnN - ZnNH

< ||$nN — || + (20, ['(po; o)) + ||$nzv — T

o H (P Py ) T (o 70)) + llgny = 2| < -+ 80, T(po))

so, passing to the limit for N — +oo, we have

(15) Nl—i}—ri-loo HZnN - xo” = 5($0,F(p0)) = 5(x07r(p07330))-
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Now, using our Lemma 2, we can deduce that

(16) 3 20 € T(Po, o) : 6(T0, T(Po, o)) = |20 — Tol|-

Since f‘(po,azo) is bounded in norm and weakly closed, passing to a sub-
sequence if necessary, we may assume that (2, )nenv weakly converges to
some element Z € I'(p,, ,) (see [19] Theorem 21.D), thus we can write

(17) Zny — To — 2 — T
by which we deduce that

12 — x| < Nl—ig-loo Hznw — Zol| = [120 — Tol|,

s0, by (16), being 2 € T'(p,, x,), We can easily observe that 2 = z,.
Therefore, using (15), (16) and (17) we can say that

Zny — Zo in X.
Now we have (see (16))

20 = O || (po.ny) (To) = OILIT(po) (To) € W,

so, for a r € IN such that B(z,, %) C W, there exists a natural number

N* > 2r such that

1
(18) ey = 20ll < 5= ¥ N 2 N*

Now, for all N > N*, we can write (see (13) and (18))

”gnN - ZOH < ;’

by which we deduce the following contradiction gn, € B(zp,2) C W (see

(8))-

Thus, ) r:Px X — 2% is continuous at the point (p,, ). ]

Remark 6. Theorem 5 strictly contains the Corollary 3.4 stated in [11]
by Mabizela: in fact, for us X is a reflexive normed space, not necessarily
uniformly convex.
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Now, in a more general context, we prove that the parametric projection
oar : Px X — 2X is upper semicontinuous. To this end, in a preliminary
way, we obtain the following lemmas:

Lemma 3. Let (X,d) be a metric space. For any A, B € CB(X), we have
that |6(z, A) — d(y, B)| < d(xz,y) + H(A,B), V z,y € X.

Lemma 4. Let P be a topological space, (X,d) a metric space and T : P —
2% a multifunction. Fizing r and T respectively as in (4) and in (5) (where
we substitute ||.|| with d(.,0)), we have that

(1) 8(2,(p)) = d(z, (p,2), ¥ (p,7) € P x X,
(1) Par)(@) = Pgipa (@) ¥ (b.2) € P x X.

Proof. For afixedp € Pand z € X, let 2 € p4p(;)(z). Then 2 € I'(p) and
d(2,0) < d(z,z) + d(z,0) < r(p,z),

that is z € ['(p, ) . Thus

6(z,I'(p,x)) < d(x,2) = 6(z,I'(p)) < 0(z,T'(p, x))

whence 6(x,T'(p)) = d(x,T(p,z)). Now, using the condition (I), we can say
that

@d,F(p)(qj> - pdj‘(p@)(x)v v (p7$) € P xX.

On the other hand, we have that if z € g, 7, ) (x), it is true that d(z,x) =

§(z,T(p,z)) = d(z,T(p)). So ©d.r(p) (L) D 9g f(pr)(®) and the equality (II)
is proved. [

Now, we are able to prove the following result

Theorem 6. Let P be a topological space, (X,d) a metric space, (po, o) €
Px X andT : P — 2% be a multifunction such that

(i) T'(p) is d-proxziminal and closed, ¥ p € P;
(ii) T'(po) is d-approxzimatively compact;
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(i) there ewists a multifunction T, defined as in Lemma 4, H-continuous
in the point (po, To).

Under these conditions, the parametric projection pqr : P x X — 2X s
upper semicontinuous at (po, To).

Proof. If pgqr is not upper semicontinuous at (po, ,), then there exists an
open set W in X such that g, (7o) C W, with the property that for
every neighbourhood U of the point (p,, z,) there exists a point (py, zy) €
U parepy)(zv) \ W # 0.

We observe that the net ((py,zv))yea converges to the point (po, zo).
Now, for each U € A, we choose an element gy € ©q1(p,)(zv) \ W. Using
Lemma 4, we have that

(19) gu € T(pu,zv) \ W.

By H-continuity of the multifunction I at (p,, z,), given € > 0 there exists a
neighbourhood U, = W, x B(z,,7(¢g)), where W is a neighbourhood of the
point p,, with the property H(T(py, zr), T(po, o)) < YU eA: U<,
by which in particular we can deduce

5@F@m%»<Z,Vteﬂmhaﬁ,VUeA:L@<U

So, in particular we can write (see (19))

6(9u, T(Pos o)) < -, VU € A U < U.

€
4
Then for each U € A : U, < U, we choose an element zy € f‘(po,aro) such
that d(zv, gv) < §-

Now, fixing an open set A = I x B(x,, 7), where I is a neighbourhood
of the point p,, there exists a neighbourhood U. of the point (po, x,), U. =
J. X B(xo,m(€)) C U, such that (py,zy) € A, VU € A:U. < U. So we
can say that

d(zy, ) < =, VU eA: U.<U.

<
4
Then we consider the nets (27 )e>0, (77 )e>0 and (g_)e>o and, using Lem-
mas 4 and 3, we have



BEST APPROXIMATIONS, FIXED POINTS AND ... 257

5(-%'07 F(]%)) = 5(-%'07 F(pm xo)) < d(xm ZUg)
< d(xm xUS) + d(xU€7gUE) + d(gfjevzfje)

< - +6(x,, f(poa o)) + d(zo, 517(]6) + H(f‘(pﬁg, 1'(]5)7 1:\(pm z,))

DN ™

<e+0(xo, I'(po))-
Consequently we can deduce that

6($07F(p0)) = il_{% d(Im ZUE)’

i.e., the net (2 )e>o is minimizing for z, in I'(p,). Since I'(p,) is d-approxi-
matively compact, passing to a subnet if necessary, we may assume that
(2g.)e>0 converges to some element 2, € I'(p,). Therefore, we have that

d(xo, 20) = 0(20,T'(po)) = liH(l) d(xo,te) =0.

Thus 2z, € de(pO)(xo) C W. Since W is open there exists a number R > 0
such that B(z,, R) C W. Now, for a positive number €* < R such that

R
, Vee(0,&7,

d(zp._, 20) < 3

we have the following contradiction (see (19)):

d(gUEWZO) < d(gﬁavzﬁs) + d(Z[A]EaZO) < R7 Vee (076*]7

Le, gy € B(zo, R) C W, ¥ € € (0,&%].
Thus, the parametric projection pgp : P x X — 2X is upper semicon-
tinuous at (po, o). |

Remark 7. We note that our Theorem 6 improves the Theorem obtained
in [11]: it is sufficient for us to require that P is a topological space and X is
a metric space (while in [11] the spaces are respectively metric and normed).
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Finally, without the hypothesis that the values of I' are approximatively
compact, we prove that the parametric projection pgr : P x X — 2X has
closed graph.

Theorem 7. Let P be a topological space, (X,d) a metric space and T :
P — 2% o multifunction such that

(i) T'(p) is d-proxziminal and closed, ¥ p € P;
(ii) there exists a multifunction T, defined as in Lemma 4, with a closed
graph.

Under these conditions the parametric projection pqr : P x X — 2X has a
closed graph.

Proof. First, we fix anet ((ps, xs))sea in Px X such that (ps, z5) — (po, o)
and a net (ys)sea, Ys € Pd,r(ps )(Ts), ¥V 6 € A, such that ys — y, in X.

Taking into account Lemma 4, since T has a closed graph, we have that
Yo € I'(po, 20). Therefore

(20) d(xm yo> > 5(330; F(pm xo))~
On the other hand, using Lemma 3, we can say that

(T, Yo) < d(w0, 75) + 6(z5, T (p5, 5)) + d(ys, Yo)

S 2d(x07 .%'5) + 6(%0, F(]?o; xo)) + H(F(p07 xO)? F(p57 xé)) + d<y57 y0)7 v 6 e Av

passing to the limit, we deduce that

(21) d(xmyo) < 5(.7,‘0,F(p0,1‘0)).

Hence, taking into account (20) and (21), we can say that

d(xm yo) = 5(xo> F(poa 370) = 5(370’ F(po))'

So we can conclude that the parametric projection pgr : P x X — 2X has
a closed graph. ]
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