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Abstract

We prove the existence of viable solutions to the Cauchy problem
2" € F(z,2'),2(0) = z9,2'(0) = yo, where F is a set-valued map
defined on a locally compact set M C R?", contained in the Fréchet
subdifferential of a ¢-convex function of order two.
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1. INTRODUCTION

In the present paper, we consider the second order differential inclusion of
the form

(1.1) 2" € F(x,2"), x(0) = z0,2'(0) = yo,

where F(.,.) : M C R" x R* — P(R") is a given set-valued map and
o, Yo € R".

Existence of viable solutions to problem (1.1) has been studied by many
authors, mainly in the case when the multifunction is convex valued ([2],
6], [8], [10] etc.).

Recently in [9], the situation when the multifunction is not convex val-
ued is considered. More exactly, in [9] the existence of viable solutions to
the problem (1.1) is proved when F'(.,.) is an upper semicontinuous, com-
pact valued multifunction contained in the subdifferential of a proper convex
function.
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The aim of this paper is to extend the result of [9] to the case when the multi-
function F' is contained in the Fréchet subdifferential of a ¢-convex function
of order two. Since the class of proper convex functions is strictly contained
in the class of ¢-convex functions of order two, our result generalizes the one
in [9].

On the other hand, our result may be considered as an extension of our
previous existence result ([5]) obtained for first order differential inclusion
of the form

(1.2) ¥ € F(z), xz(0)=umx

to the more general problem (1.1). The proof of our main result follows the
general ideas of [5] and [9].

The paper is organized as follows: in Section 2, we recall some prelim-
inary facts that we need in the sequel and in Section 3, we prove our main
result.

2. PRELIMINARIES

We denote by P(R") the set of all subsets of R” and by R4 the set of all
positive real numbers. For € > 0 we put B(z,¢) = {y € R"; ||y — z|| < €}.
With B we denote the unit ball in R". By cl(A) we denote the closure
of the set A C R™, by co(A) we denote the convex hull of A and we put
| Al = sup{|lal;a € A}.

Let Q C R"™ be an open set and let V : Q@ — R U {+o0} be a function
with domain D(V) = {z € R™; V(x) < +o0}.

Definition 2.1. The multifunction 9V : Q@ — P(R"), defined as:

Vi) —V(r)- <a,y—x >
|y — ||

OV (z)={a e R",ligiiélf >0} ifV(z) < 400
and OV (z) = 0 if V(z) = 400 is called the Fréchet subdifferential of V.
We also put D(9rV) = {x € R";0pV (z) # 0}.
According to [4] the values of OF are closed and convex.

Definition 2.2. Let V : Q — RU{+o00} be a lower semicontinuous function.
We say that V is a ¢-convexr of order 2 if there exists a continuous map
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év : (D(V))? x R? — R, such that for every x,y € D(0pV) and every
a € OpV (z) we have

(2.1) V(y) > V(@)+ < o,z —y > —¢v(,y,V(2), V() (1+]|al*) [z —y|*.
In [4] there are several examples and properties of such maps.

For M C R™ and z € M we recall that the contingent cone to M at =
is defined by

1
Ky(x) = " liminf — M) =
(x) ={v e R im fn: hd($+ hv, M) =0}
and the second-order contingent set to M at (x,y) € M x R™ is defined by:

w o d(@ by + M)
K12\4(x73/):{v€R; l}lrg(l)gl_f h2/22 =0}.

Remark 2.3 ([2], [6], [10]). If F(.,.) is upper semicontinuous, compact
convex valued and z(.) : [0,7] — R™ is a solution to the Cauchy problem
(1.1) such that x(t) € M, Vt € I, then

(x(t),2'(t)) € graph(K(.)), Vt e [0,T].

In what follows, for a multifunction F' : M C R" x R" — P(R") and for any
(x0,y0) € M we consider the problem (1.1) under the following assumptions.

Hypothesis 2.4.
(i) M = M; x My C R™ x R" is a locally compact set such that

graph(Ky, (1)) C M.

(ii) F is upper semicontinuous (i.e., Vz € M, Ve > 0 there exists 6 > 0 such
that ||z — 2'|| < § implies F(z') C F(z) + eB) with compact values and
such that

F(z,y) N K3y, (2,y) # 0, V(z,y) € M.

(iii) There exists a proper lower semicontinuous ¢-convex function of order
two V : R — RU {400} such that

F(z,y) C OrV(y), VY(x,y)€ M.
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Finally, by a wviable solution to problem (1.1) we mean an absolutely con-
tinuous function z(.) : [0,7] — R™ with an absolutely continuous derivative
2'(.) such that x(0) = xg, 2’ (0) = yo,

2"(t) € F(z(t),2'(t)) a.e. ([0,T])

and
(x(t),2'(t)) € M, Vtel[0,T].

3. THE MAIN RESULT
In order to prove our main result we need the following lemma.

Lemma 3.1 ([9]). Assume that Hypothesis 2.4 is verified and let My C M
be a compact subset such that (xg,y0) € My. Then, for every k € N there
exist hY) € (ho(k), 1] and u) € R™ such that

(hi)?
2

zo + hiyo + up € My,

1
(o, yo, uy) € graph(F) + E(B X B x B).

Our main result is the following;:

Theorem 3.2. Consider F : M — P(R"™) and V : R — RU{oo} satisfying
Hypothesis 2.4. Then, for every (xo,yo) € graph(Kp(.)) there exist T > 0
and z(.) : [0,T] — R"™ a viable solution to problem (1.1).

Proof. Let (xg,y0) € graph(Kp(.)). Since M is locally compact, there
exists r > 0 such that My = M N B,.(xg,yo) is a compact set. Moreover, by
the upper semicontinuity of F' and Proposition 1.1.3 in [1], the set

F(B;(x0,90)) = U(m,y)eﬁr(:gmyo)F(%y)
is compact, hence there exists L > 0 such that
sup{||vll; v € F(z,y); (z,y) € Br(z0,50)} < L < +o0.

Let ¢y be the continuous function appearing in Definition 2.2.
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Since V(.) is continuous on D(V') (e.g. [7]), by possibly decreasing r one
can assume that for all y € B,(yo) N D(V)

V(y) = V(y)l < 1.
Set

S = sup{¢y(y1, Y2, 21, 22); i € Br(y0), zi € [V(y0) — 1,V (yo) + 1],i = 1,2},

Tmin{ " " r }
B 2L+1)VL+1"2(yoll+1) S

By Lemma 3.1, for (z9,y0) € Mo there exist h) € (ho(k), %] and u) € R"
such that

T hO (h2)2 0
o+ hipyo + 5 uy € My,

1
(20,30, u}) € graph(F) + 2. (B x B x B).
We define

h9)2
B,

), == 20 + hyo +
y,i =y + h%u’g.

According to the choice of T and if h% < T we have

| o s D2
ek - oll < Kool + LEC g
hO 2
< Wlwoll + P (0 1) <

lyi = woll < ARl < hR(L +1) <.

Hence (z},y}) € My and applying again Lemma 3.1 we find hi € (ho(k), %]
and u,lg € R" such that

(h})?
2
1
(21, Y, up) € graph(F) + %(B X B x B).

zy, + hpyp + up, € Mj,

By recurrence, for each k € N, there exist my, € N* and h}, 2}, y;, uf such
that for every p=2,...,m; — 1 we have:
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)
>x’z <zp lhw o+ 3 zp o (W) 2uf, + 028 S0ty R bl

(c) v, = yk+zf (}hkukv
)
)

b, yp,ul) € graph(F) + +(B x B x B).

Assume that h{,z} yl,u} have been constructed for ¢ < p satisfying

(a) — (e) and we construct RET! aP Pt 4Pt
By Lemma 3.1, since (z%,y}) € My there exist h} € (ho(k),t] and
uf € R™ such that

(hp)?

a:z + thZ + uz € M,
1
(zh, yp, uk) € graph(F) + E(B X B x B).

Ifhg—i—h,lc—k...—khizT,thenwesetmk:p. Ifh2+h,1€+...—|—h£<Twe

define (hh)?
h
2t —xk+hkyk ’2“ uf,
1
vp = yh 4 W
From (b) and (c) it follows
1 (hp)?
b =2k RPyP 4 12“ uf)
L 1&, oy, P&
=$2+(Zh2)yo+*2(h2) whp+ Y D hihjug,
i=0 =0 j=i+1
. .
v =y %+Zm%-

We deduce that
L+1

I — ol < (324 Ivoll + z(im)z

=0 0
) <r

.
Il

M%

p
Iy = goll < D ) < (L + 1)(

[e=]

1=

hence (21! oPT1) € M.
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Let us note that this iterative process is finite because hY € (ho(k), %],
implies the existence of my € N such that

WO+ hh 4. RN < T < B+ hE+ ..+ B

By (e), for every k € N and any p € {0,1,...,my} there exists (af, b}, v}) €
graph(F') such that

1 1
Ik = akll < 5 llyk = Bkl < ol — vl < £

It follows that
2]l < ll2f — @oll + [|loll < 1+ [lzol,

gl < llyi = zoll + llyoll < 1+ llyoll,

el < g = vgll + [logll < 1+ L,

For every k € N*, by the upper semicontinuity of F(.) in (227, yz_l) € Mo,
there exists § = §(k) such that ||z — xzflﬂ <9, |ly — yzflﬂ < ¢ implies
F(z,y) C F(z} ', 47"+ LB. One may take § > 1, hence a2t — 27 <
5, |71 = 4?71 < 6 and then

I o1
Fa? o™l ¢ Fab™ yp 1)JF%B

EER | g1y 2
(3.1) Fap ) + 2B CF@ay Ly ) + 1B

_ _ _ 2
uh e P ok 1)‘*‘%3

We define t? = hQ + hh + ... + B2 ') = 0. Obviously, Yk € N, p €
{1,...,mk}
1
th— b 1<E and t'F < T < ¢t

For k> 1,p € {1,...,my} we define I} := [tﬁ_l,ti} and

1
—1 -1 —1 -1 —1
zp(t) =+ (-t )k +§(t—tz Yub~t, tell.
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Hence

thus, for all ¢ € [0, T]
= @) < I~ < L +1,
-1
(3:2) kO < Nyl + (& = ) il < llvoll + L + 2,
k(@) < [lzoll + [lyoll + L + 3.

On the other hand,

1
k() = 2l < - (lyoll + L +2), vt € (0,71,
1
Jeht) ~ ) < T (L+1), Vee[0,T)
hence from (e) we find that
(ea(t), (1), (1)) € graphF + e(k)(B x B x B),

where €(k) — 0 as k — oo.

Then by (3.2) we find that z7(.) is bounded in L?([0,T], R"), zx(.),
z}.(.) are bounded in C([0,T7], R™), and equi-Lipschitzean; therefore, apply-
ing Theorem 0.3.4 in [1] we obtain the existence of a subsequence (again
denoted by zx(.)) and an absolutely continuous function z(.) : [0,7] — R"
such that

xr(.) converges uniformly to z(.),

z)(.) converges uniformly to z'(.),

z{(.) converges weakly in L?([0,T], R") to z"(.).
Taking into account Hypothesis 2.4 and Theorem 1.4.1 in [1] we obtain that
2" (t) € coF (z(t),2'(t)) C OV (2/(t)) a.e. ([0,T)).

Since the mapping xz(.) is absolutely continuous and z”(t) € 9pV (2/(t))
almost everywhere on [0,7], we apply Theorem 2.2 in [4] and we deduce
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that there exists 71 > 0 such that the mapping t — V' (2/(¢)) is absolutely
continuous on [0, min{7’, T3 }| and

(3.3) (V(2'(t)) =< 2"(t),2"(t) > a.e. [0,min{T,T}}].

Without loss of generality we may assume that 7' = min{7, 7} }.
Using the properties of the mapping V(.), the definition of S and (3.3) we
find 5" € B such that

= 2 e Flan(t), 2} (1) € OpV (1)

and such that for every t € I,ffl we have

V() — V@) > ™ = 2 [ ety

= Gy (@i (8), @k (1)), V (ah (1), V (2h (67 ))

1 2,51 -1
(T ™ = 0Pl (eR) — eI

ol

If T e (£, ], we obtain

T
_ %bzﬂk—l’ /t;nkl ] (t)dt)
= v (@h(T), 2h (G, V(@i (1)), V (2 (17 71)
2
k
By adding on p the last inequalities we get

V(@i (T)) = V(7)) = ug
(1 fuget —

—1 —1
D2 (1) — 2ty

T
V(24(T)) = Viyo) = /0 5 (#)[1%dt + a(k) + b(k),

where
k)=~ 302 0 )
p=1
b(k) = = dv(h(th), ah(ty e, V(ah (), V(zh (5 1)
p=1
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On the other hand, one has

a(h)] < 2gnww/ o

< lzk(s)llds < 2T(L +1)

S~
3

> o

and

y<zs +LQZH/ ()dt|)?
<8 1+LQZ/ ) ( \dt<Sl+LQZ /Hx )12t

S(1+ LHT(L +1)?

??'M—‘

and thus limy_, a(k) = limg_,o b(k) = 0. We deduce that

T
(3.4) V(1) = V) = imsup [ (0] %dr.

—00

Using (3.3) we infer that

T T
timsup [ (02 < [ " (o)t
k 0 0

—00

and, since {z}(.)}x converges weakly in L?([0,T], R") to 2”(.), by the lower
semicontinuity of the norm in L?([0,T], R®) (e.g. Proposition I11.30 in [3])

we obtain that
hm/ 2 ()|[2dt = /Hm"(t)yy?dt

i.e., 27(.) converges strongly in L?([0,7], R"). Hence, there exists a subse-
quence (still denoted) =7/(.) that converges pointwise to z”(.).

On the other hand, from Hypothesis 2.4 graph(F) is closed and it follows
that

T d((ae(t), #4(8), #{(1)), graph(F)) = 0.
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Thus
2"(t) € F(z(t),2'(t)) a.e. ([0,T]).

It remains to prove that (x(t),2/(t)) € M, Vvt € [0,T]. By the definition of
z(.) and (3.2) we have

1

Jai(t) = 2l < 7 (ol + L +2)
1

i () = fll < © (L+1)

and thus limy_oo d((zx(t), 2}, (1)), (2}, y})) = 0. But (2}, y}) € My, Vn € N*,
so we have that

d((2(t), 2’ (1)), Mo) < d((2(t), 2 (1)), (zx(t), 24 (1))

+ d((wk (), 71,(1)), (@, i) + d((@; yi), Mo)

and letting k — oo we find that
d((x(t), ' (1)), Mp) = 0.

Finally, using the fact that My is closed we get that (z(t),2'(t)) € My, Vt €
[0, T] which completes the proof.

Remark 3.3. If V(.) : R" — R is a proper lower semicontinuous convex
function, then (e.g. [7]) OV (z) = 0V (z), where OV (.) is the subdifferential
in the sense of convex analysis of V(.), and Theorem 3.2 yields the result
in [9].
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