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1. INTRODUCTION

Algebras have played an important role in pure and applied mathematics and
have its comprehensive applications in many aspects including dynamical sys-
tems and genetic code of biology (see [1, 2, 6], and [11]). Starting from the four
DNA bases order in the Boolean lattice, Sdanchez et al. [10] proposed a novel
Lie Algebra of the genetic code which shows strong connections among algebraic
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relationship, codon assignments and physicochemical properties of amino acids.
A BCK/BCl-algebra (see [3, 4, 9]) is an important class of logical algebras intro-
duced by Iséki and was extensively investigated by several researchers. Jun and
Song [5] introduced the notion of BCK-valued functions and investigated sev-
eral properties. They established block-codes by using the notion of BCK-valued
functions, and shown that every finite BCK-algebra determines a block-code.

In this paper, we first introduce the notion of superior mapping by using
partially ordered sets. Using the superior mapping, we introduce the concept
of superiorsubalgebras and (commutative) superiorideals in BCK/BCl-algebras,
and investigate related properties. We discuss relations among a superiorsubal-
gebra, a superiorideal and a commutative superiorideal.

2. PRELIMINARIES

We display basic definitions and properties of BCK/BClI-algebras that will be
used in this paper. For more details of BCK/BCl-algebras, we refer the reader
to [3, 7, 8] and [9].

An algebra £ := (L;*,0) of type (2,0) is called a BClI-algebra if it satisfies
the following conditions:

(D) (Va,y,2 € L) ((z*xy) * (xx2)) * (2 xy) = 0),

(D) (Vo,y € L) ((zx (zxy)) xy = 0),

(III) (Vx € L) (x*z =0),
) (

(IV) Vz,ye L) (zxy=0,yxx=0 = = =y).

If a BCl-algebra £ satisfies the following identity:
(V) (Vo € L) (04 =0),

then L is called a BCK-algebra.
Any BCK/BClI-algebra L satisfies the following conditions:

Ve eL)(xx0=ux),

Ve,y,2z€ L) (x <y = xxz2<yxz, z2xy<zx*xx),
Va2 € L) ((wey) %z = (% 2) 1),

Va,y,z € L) ((xx2) x (y*2) S w*y)

) (
) (
) (
) (

where x < y if and only if x x y = 0.
A BCK-algebra L is said to be commutative if t Ay =y Az for all x,y € L
where x Ay =y x (y * ).
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A nonempty subset S of a BCK/BClI-algebra L is called a subalgebra of L if
xxy € S forall z,y € S. A subset A of a BCK/BCl-algebra L is called an ideal
of L if it satisfies:

(2.5) 0eA,
Vx,ye L)(xxy €A, yc A = xc A).

A subset A of a BCK-algebra L is called a commutative ideal of L if it satisfies
(2.5) and

(2.7) (Vz,y,z€ L) ((zxy)xz2€ A, z€ A = zx(yx(yxx)) € A).

3. SUPERIOR MAPPINGS

Let L be a set of parameters and let U be a partially ordered set with the partial
ordering < and the first element e. For a mapping f : L — P(U), we consider
the mapping

otherwise,

(3.1) 1+ L — U, x%{ sup f(«) if Jsup f(z),

which is called the superiormapping of L with respect to ( f, L). In this case, we
say that (f, L) is a pair on (U, X).

Example 3.1. Let U = {1,2,3,4,6,8,9,12,18,24} be ordered by the relation “z
divides y”. The Hasse diagram of U appears in Figure 1.

24
8 12 18
4 9
<
1
Figure 1

For a set L = {a,b,c,d} of parameters, let (f, L) be a pair on (U, <) where f is
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given as follows:

{2,4,6} if x = a,
- (8,12,18} ifx =b,
Frl=PUL = G360 ifa—c,

{4,6,8,12} if 2 =d.

Then the superiormapping of L with respect to ( f , L) is described as follows:

I1f]l(a) = 12, [|f]|(c) = 18 and [I£]1(d) = 24, but ||f||(b) = 1 because there does
not exist the supremum of f(b).

Example 3.2. For any positive integer m, we will let D,, denote the set of
divisors of m ordered by divisibility. The Hasse diagram of

Dsg ={1,2,3,4,6,9,12,18,36}

appears in Figure 2.

Figure 2

For a set L = {a1,az,as,a4,as,as} of parameters, let (f, L) be a pair on (U, <)
with U = D3¢ in which f is defined as follows:

{1,2,3} if x = ay,
{2,3,6} if x = as,
{2,3,4,6} if z = as,
{12,36}  if z = aq,
{4,6,9} if x = as,
{3,4,6,9} if = = ag.

f:L—=PU), 2+

Then the superiormapping of L with respect to ( f , L) is described as follows:
1 f1l(a1) = [ f[l(az) = 6, [|f||(as) = 12, and || f|[(as) = [|f||(as) = ||f]|(as) = 36.
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4. SUPERIOR SUBALGEBRAS AND IDEALS

Definition 4.1. Let £ := (L,*,0) be a BCK/BCl-algebra and let (f, L) be a
pair on (U, %). By a superiorsubalgebra on (L, f), we mean the superiormapping
||f] of £ with respect to (f, L) which satisfies:

(4.1) (va,y € L) (1711 +y) = sup{[ Il (@), 1/11()})

whenever there exists sup{||f]|(z), ||f||(y)} for any z,y € L.

Example 4.2. Let L = {0, a,b,c} be a set with a binary operation ‘*’ shown in
Table 1.

Table 1. Cayley table for the binary operation ‘x’.

o o O x
o o"Q OO
o o8O O
o O Q OoOlc
SO Tt Q OO0

Then £ := (L,*,0) is a BCK-algebra (see [9]). Consider the poset (U, <) which
is given in Example 3.1.

(1) Let (f, L) be a pair on (U, X) where f is given by

1,2} if ¢ =0,
. {4,6,8} if x = a,
FiL=PU): =3 9346} itz —b,

{1,2,3,6} ifzx=c

Then the superiormapping of £ with respect to ( 1, L) is described as follows:
1£11(0) =2, HfH(a) = 24, || f]|(b) = 12 and || f||(c) = 6, and it is a superiorsubal-
gebra on (L, f).

(2) Let (g, L) be a pair on (U, <) in which g is provided as follows:

{2,4,6} if x € {0,a},
G:L=PU), v { {1,3,6,9} ifz=0b,
{4,6,8,12} ifx=c.

Then the superiormapping of £ with respect to (g,L) is described as follows:
119[1(0) = [|gl[(a) = 12, ||g]|(b) = 18 and ||g||(c) = 24, and it is not a superiorsub-

algebra on (L, f) since [|g|[(b+ b) = ||g[[(0) = 12 and sup{[|g][(b), [|g][(b)} = 18

are noncomparable.
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(3) Let (fL, L) be a pair on (U, <) in which h is given as follows:
{2,4,6}  ifz=0,
a {8,12,18} if x = aq,
h:L—PU), z— (1.3,6,9) ifz—b
{2,3,9} ifz=c

Then the superiormapping of £ with respect to (71, L) is described as follows:
[1911(0) = 12, [[gll(a) = 1, and [|g[|(b) = [|g]|(c) = 18. Since

1311(a  a) = 11311(0) = 12 2 1 = sup{||g|(a), [13]|(a)},
||f]| is not a superiorsubalgebra on (£, f).

Example 4.3. Let L = {0,1,2,a,b} be a set with a binary operation ‘«’ shown
in Table 2.

Table 2. Cayley table for the binary operation ‘x’.

R N = OO
QNN O
QO = O

SN QN = O ¥
— O Q o
SO O Q@ Q|

Then £ := (L, x,0) is a BCl-algebra (see [9]). Consider the poset (U, <) which is
given in Example 3.2. Let (f, L) be a pair on (U, <) where f is defined by

{1} if # =0,
: {4,6,9,12} if x € {1,b},
f:L—=>PU), x+— (2.3} ifo—2.

{3,6,9} if x = a.

Then the superiormapping of £ with respect to ( 1, L) is described as follows:
LA11(0) = 1, [I£1I(a) = 18, |fI[(B) = |If[|(1) = 36 and [[f]|(2) = 6, and it is a
superiorsubalgebra on (L, f).

Definition 4.4. Let £ := (L,*,0) be a BCK/BCI-algebra and let (f, L) be a

pair on (U, X). By a superiorideal on (L, f'), we mean the superiormapping |\f||
of £ with respect to ( I, L) which satisfies the following conditions:

(4.2) (va € ) (I1F110) < [171](2))
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(4.3) (va,y € L) (I1711@) = sup{|Ifll@ < y). I @)})

whenever there exists sup{||f||(z), || f||(y)} for any z,y € L.

Example 4.5. . .
(1) In Example 4.2(1), the superiormapping || f|| of £ with respect to (f,L) is
a superiorideal on (L, f).

(2) In Example 4.2(2), the superiormapping ||g|| of £ with respect to (g, L) is
not a superiorideal on (£, g).

(3) In Example 4.2(3), the superiormapping ||g|| of £ with respect to (l~1, L) is
not a superiorideal on (£, h).

Proposition 4.6. Let £ := (L, *,0) be a BCK/BClI-algebra. Then every superi-
orsubalgebra || f|| on (L, f) satisfies the condition (4.2).

Proof. Since x xx = 0 for all x € L, it is clear. [ |

Theorem 4.7. Let L := (L,*,0) be a BCK/BCl-algebra. If IIfl| is a superior-
subalgebra (ideal) on (L, f), then the nonempty set

1flla == {z € L|[|fll(z) < a}
is a subalgebra (ideal) of L for all « € U.

Proof. Assume that || fll is a superiorsubalgebra on (L, ). Let « € U and
suppose that ||f|la # 0. If 2,y € ||f||a, then ||f]|(z) < a and ||f||(y) < a. It
follows from (4.1) that

1711z * ) = sup{||fl|(2), IF11(»)} =

and that z  y € ||f||o. Therefore ||f]|q is a subalgebra of £. Now, suppose that
||f|| is a superiorideal on (£, f). Let a € U be such that ||f||o # 0. Then there
exists € L such that || f||(x) < o, and so || £]|(0) < ||f]|(x) < e. Thus 0 € ||f]|a-
Let x,y € L be such that z *y € ||f]|lo and y € || f||a. Then ||f]|(z * y) < « and
1f](y) = a. Tt follows from (4.3) that

[1711z) =< sup{[[f1I(z % y), [17]|(4)} =< o
Thus 2 € ||f||a, and therefore ||f||o is an ideal of £. |

The following example illustrates Theorem 4.7.
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Example 4.8. (1) Consider the BCK-algebra £ and the poset (U, <) which are
given in Examples 4.2 and 3.1, respectively. Let ( f, L) be a pair on (U, =) where

f is given as follows:

{1,3} if £ =0,

;o {2,3,6} if x = a,
f:L—PU), (139 ifz=b

{2,3,6,9} ifzx=c.
Then the superiormapping of £ with respect to ( 1, L) is described as follows:
17110) = 3. 111l(a) = 6. [IF11(b) = 9 and [|fl(c) = 18, and it is a superiorsub-

algebra on (£, f). It is routine to verify that ||f||o is a subalgebra of £ for all
acU.

(2) Consider the BCl-algebra £ and the poset (U, <) which are given in Examples
4.3 and 3.1, respectively. Let (f, L) be a pair on (U, X) where f is defined by

(1} if 2 =0,
: {46} ifze{1,b),
f:L—=PU), v~ (13} ifr—2,
{2,3,6} ifzr=a.

Then the superiormapping || f|| of £ with respect to ( 1, L) is described as follows:
LA11(0) = 1, J[f1I(1) = 12, [| f][(2) = 3, [|f[|(a) = 6, and || f||(b) = 12. It is routine

to verify that ||f|| is a superiorideal on (£, f). Thus ||f|ls = [|f]la = ||fl]2 = 0,

and [[fllas = [Iflli2 = L. [Iflls = [Iflls = {0.2,a}, [|flle = |Iflls = {0.2},
[|fIl1 = {0} which are ideals of L.

Proposition 4.9. If ||f|| is a superiorideal on (L, f), then ||f||(x) < ||f]|(y) for
all x,y € L with x <y.

Proof. Let x,y € L be such that z <y. Using (4.3) and (4.2), we have

1711(2) = sup{|I]1(z *y), [IF11(»)} = sup{ILF11C0), 1F1I(»)} = lIF1l(w),

proving the result. [ |

Theorem 4.10. Let £ be a BCK-algebra. Every superiorideal on (C,f) is a
superiorsubalgebra on (L, f).

Proof. Let ||f|| be a superiorideal on (£, f). Since z xy < x for all 2,y € L, it
follows from Proposition 4.9 that

1711 y) < [ F]1(2) = sup{||f]|(z * ), I1F11(w)} = sup{]|f]|(2), 1 F]1(9)}
and that || f|| is a superiorsubalgebra on (£, f). ]
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The converse of Theorem 4.10 may not be true as seen in the following example.

Example 4.11. Let L = {0,1,2,3} be a set with a binary operation ‘*’ shown
in Table 3.

Table 3. Cayley table for the binary operation ‘x’.

W N = O *
W N = OO
W= O Ol
W O O O
O N = O|W

Then L := (L, *,0) is a BCK-algebra (see [9]). Let U = {a, b, ¢, d, e, f} be ordered
as pictured in Figure 3.

a

Figure 3
Let ( f , L) be a pair on (U, <) where f is given as follows:

. {a,b} itz =0,
f:L—PU), v~ < {a,b,c} ifx=1,
{b,c,d, f} ifx e {2,3}.

Then the superiormapping || f || of £ with respect to ( 1, L) is described as follows:
I1£11(0) = b, [|£]I(1) = ¢ and [|f]|(2) = ||f]|(3) = f. By routine calculations, we
know that || f|| is a superiorsubalgebra on (£, f), but it is not a superiorideal on
(L, f) because

1711(2) = f £ ¢ = sup{||F1I(2+ 1), || FI1(1)}-

Proposition 4.12. Every superiorideal ||f|| on (L, f) satisfies the following as-
sertion.

(4 eyzel)(vxy<z = 1fll@) <spllIflo), I1f1:)).
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Proof. Let x,y,z € L be such that x xy < z. Then (z *y) x z = 0, and so
1F11(z * y) < sup{|[ FII((x * y)  2), || F1|(2)} = sup{[|F11(0), |If1|(=)} = lIF]I(2)
by (4.3) and (4.2). It follows that

17112) = sup{IIf1I(x *y), [1F11(9)} = sup{]IF11(=), 1F11()}-

This completes the proof. [ |

Theorem 4.13. Let ||f]| be the superiormapping of £ with respect to (f, L). If
|| f|| satisfies two conditions (4.2) and (4.4), then ||f|| is a superiorideal on (L, f).

Proof. Since z * (zxy) <y for all z,y € L, it follows from (4.4) that

[1711a) = sup{[[fl] (%), || F1](y)}

for all 2,y € L. Therefore ||f|| is a superiorideal on (£, f). |

5. COMMUTATIVE SUPERIORIDEALS

Definition 5.1. Let £ := (L, *,0) be a BCK-algebra and let (f, L) be a pair on
(U, =). By a commutative superiorideal on (£, f), we mean the superiormapping
|| f]| of £ with respect to (f, L) which satisfies the condition (4.2) and

(5.1) (Va2 € L) (Ifllz * (y + (g 2)) = sup{l[Fl]((@ 9) 2), I F()})

whenever there exists sup{||f]|(z), ||f||(y)} for any z,y € L.

Example 5.2. Let U ={1,2,3,...,8} be ordered as pictured in Figure 4.

'\3/'
T
<
‘\8/'

Figure 4
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Table 4. Cayley table for the binary operation ‘x’.

Qo oo oo
QU T O O
QL O O Ol
QU O O Oln
SO0 O Ol

QU O ™ O

Let L ={0,a,b,c,d} be a set with a binary operation ‘*’ shown in Table 4.
Then L := (L, *,0) is a BCK-algebra (see [9]).
Let (f, L) be a pair on (U, =) where f is given as follows:

) {6,8} if x € {0, b},
FiL—PU), x4 {4,6,7) if ¢ = d,
{2,3,5,6,7} if x € {a,c}.

Then the superiormapping || f|| of £ with respect to ( , L) is described as follows:

17110) = [1711(®) = 6, |If1l(d) = 3, and ||f]|(a) = ||f||(c) = 2. It is routine to

check that ||f]| is a commutative superiorideal on (£, f).

Theorem 5.3. If L is a BCK-algebra, then every commutative superiorideal on
(L, f) is a superiorideal on (L, f).

Proof. Let ||f]| be a commutative superiorideal on (£, f) where £ is a BCK-
algebra. Using (V), (2.1) and (5.1), we have

1711(@) = [1£1l(z * (0 (0 2)))
=< sup{[|f]|((z * 0)  2), | /]|(2)}
= sup{|| fl|(z * 2), | F1|(2)}

for all , z € L. Hence ||f|| is a superiorideal on (£, f). [ ]

The following example shows that the converse of Theorem 5.3 is not true in
general.

Example 5.4. Let L = {0, a,b,c,d} be a set with a binary operation ‘«’ shown
in Table 5.
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Table 5. Cayley table for the binary operation ‘x’.

QU O o O
QL O T OO
QO o O Ol
QU O O O
o O O OO0
O OO OO

Then £ := (L, *,0) is a BCK-algebra (see [9]). Consider the poset (U, <) which is
given in Example 5.2. Let ( fs L) be a pair on (U, =) where f is given as follows:

~ (8} if o = 0,
f:L—>PU), x+— <« {56,7} ifz=aq,
{3,4,5,7} if x € {b,c,d}.

Then the superiormapping UfH on (L, f) is described as follows: [|f]|(0) = 8,
[[f]|(a) = 5 and [[f[|(b) = || f|[(c) = || f[|(d) = 3. Routine calculations show that
|[f]| is a superiorideal on (£, f). But it is not a commutative superiorideal on

(L, f) since

17110 (e * (c+ b)) £ sup{||FI1((b* c) + 0), [ f1|(0)}.

Proposition 5.5. Let ||f|| be a commutative superiorideal on (L, f) where L is
a BCK-algebra. Then the following assertion is valid.

(5.2) (va,y € ) (Il (y+ (v + ) 2 1 ll(z 1))

Proof. Taking z = 0 in (5.1) and using (4.2) and (2.1), we have the desired
result. [ ]

We provide conditions for a superiorideal to be commutative.

Theorem 5.6. Let ||f|| be a superiorideal on (L, f) where L is a BCK-algebra.
If the condition (5.2) is valid, then ||f|| is commutative.

Proof. Assume that ||f|| satisfies the condition (5.2). The condition (4.3) in-
duces

(5:3) 1711z + ) < sup{||F][((z xy) * 2), [|F]](2)}
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for all x,y,z € L. Combining (5.3) and (5.2), we know that

1711 * (y * (y  2))) = sup{||F]|((z ) *2), [|f]]()}
for all x,y, z € L. Therefore || f|| is a commutative superiorideal on (£, f). [ ]

Combining Theorems 4.13 and 5.6, we have the following corollary.

Corollary 5.7. Let ||| be the superiormapping of a BCK-algebra L with respect
to (f,L). If ||f]| satisfies (4.2), (4.4) and (5.2), then ||f]| is a commutative
superiorideal on (L, f).

Theorem 5.8. In a commutative BCK-algebra, every superiorideal is a commu-
tative superiorideal.

Proof. Let ||f|| be a superiorideal on (£, f) where £ is a commutative BCK-
algebra. Note that

(x(yx*(y*x))* (*y)*2)) * 2
Tk (Y (y*x)))*2)* (T *y) * 2)
¥ (y* (y*x))) * (zxy)

<
= (zx(zxy))*(y*(y*xx)) =0,

(
(z
(z
that is, (x % (y*x (y*xx))) * ((xr xy) x2) < z for all z,y,z € L. It follows from
Proposition 4.12 that

1711z (y * (y * 2)) < sup{[|fl|((z * y) = 2), [1]]](2)}
for all z,y, z € L. Therefore ||f|| is a commutative superiorideal on (£, f). ]
Corollary 5.9. If a BCK-algebra L satisfies the following condition:
(5.4) (Vz,ye L) (xx (z*xy) <yx(yxx)),
then every superiorideal is a commutative superiorideal.

Lemma 5.10 [9]. Let A be an ideal of a BCK-algebra L. Then A is commutative
if and only if the following assertion holds.

(5.5) (Vz,ye A)(zxye A = zx(yx(yxx)) € A).

Theorem 5.11. If ||f|| is a commutative superiorideal on (L, f) where L is a
BCK-algebra, then the nonempty set

1/l = {z € L] IflI(z) < a}

is a commutative ideal of L for all a € U.
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Proof. Assume that || f|| is a commutative superiorideal on (L, f f) where £ is a
BCK-algebra. Then ||f]| is a superiorideal on (£, f) by Theorem 5.3. Hence if
I[flla # 0, then ||f]|a is an ideal of £ for all & € U. Let x ,y € L be such that
z %y € ||flla. Using (5.2), we have || f]|(z * (y * (y*z))) = If]](z *y) < o and so

s (y* (y*2)) € ||f|la. Hence, by Lemma 5.10, ||f]|o is a commutative ideal of
L forall a € U. ]

Theorem 5.12. Let ||f]| and ||g|| be superiorideals on (L, f) and (£,§), respec-
tively, where L is a BCK-algebra such that || f]](0) = ||3||(0) and |g[I(x ) =< If11(x)
for all x(# 0) € L. If ||f]| is a commutative superiorideal on (L, f), then ||g|| is
a commutative superiorideal on (L, §).

Proof. For any =,y € L, let u = x *y. Using hypothesis, (5.2), (2.3) and (III),
we have

191102 % u) * (y * (y = (2 w)) < |FI((@*w) « (y = (y* (2 *)))
<A1+ w) * ) = || F11((x % y) * )
=[1£11(0) = 1[g1/(0),

and so [|g]|((z * u) * (y * (y * (x x u)))) = [|g]|(0). Note that

(@ (y* (yxx))) x (2 + (y * (y * (2 x u))))
(y* (y* (zxw))* (y* (y*x))
(y* @) * (y * (2 % u))
(x*xu)xz=0%u=0,

ININ IN 8B

and thus (z* (y* (yxx))) * (zx (y* (y* (x*u)))) = 0. It follows from (4.3), (4.2)
and (2.3) that

gl (z + (y * (y + 2))) = sup{][|g][((x * (y * (y * 2))) * (2 (y * (y * (x x0))))),
[1g1]( * (y * (y * (2 * w))))}

= sup{[|gl[(0), l|gl[(z * (y * (y * (= x w))))}

= lgll(z * (y * (y * (2 * w))))

= sup{[|g][((z * (y * (y * (x * u)))) * ), ||g][(u)}

sup{[[g][((z * u) * (y * (y * (z x w)))), ||g]| ()}

= sup{[|g[[(0), [|g][(u)}

= [l9ll(w) = [lgll(z * y).

Therefore ||g|| is a commutative superiorideal on (£, g) by Theorem 5.6. |
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