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SEMIGROUPS DEFINED BY AUTOMATONEXTENSION MAPPINGSMiros law OsysSilesian University of Te
hnologyInstitute of Mathemati
s,Kaszubska 23, 44�100 Gliwi
e, Polande-mail: Miroslaw.Osys�polsl.plAbstra
tWe study semigroups generated by the restri
tions of automatonextension (see, e.g., [3℄) and give a 
hara
terization of automatonextensions that generate �nite semigroups.Keywords: automaton mapping, Mealy automaton, semigroup.2000 Mathemati
s Subje
t Classi�
ation: 68Q70, 68Q45,20M35. Introdu
tionIn the set of all transformations of the set of �nite words over given alpha-bet we distinguish a subset of the automaton mappings, i.e. transformationsindu
ed by (�nite or in�nite) Mealy automata . Although both sets are un-
ountable, not every fun
tion f : X∗ → X∗ is de�ned by 
ertain automaton.In sixties of the XX 
entury has been indi
ated (e.g., in [3℄) that afteraddition a new symbol to the alphabet, arbitrary transformation 
an beextended to an automaton mapping, that uniquely determines the initialtransformation. Moreover, an e�e
tive method for su
h 
onstru
tions hasbeen established (see [3℄ and [1℄).Sin
e mentioned extension is not unique, we de�ne three di�erentpossibilities of the 
onstru
tion. The main result of this paper is



104 M. OsysTheorem 1 . Let Sg(f̂) be a semigroup generated by the restri
tions ofthe automaton extension mapping f̂ . The semigroup Sg(f̂) is �nite i� f̂ is�nite-state and nilpotent.The 
ontents are organized as follows. In Se
tion 1 we list the basi
 notationsand re
all a notions of a Mealy automaton and a Rabin-S
ott automaton. InSe
tion 2 we de�ne a notion of an automaton extension of the transforma-tion. In Se
tion 3 we introdu
e semigroups generated by extension mappings.Se
tion 4 
ontains proof of the theorem.1. PreliminariesLet X be an alphabet, and X∗ be the free monoid over X with an emptyword ε as a neutral element. We shall write uv for the produ
t of u, v ∈ X∗and uk for k︷ ︸︸ ︷
u . . . u. The length of the word u is denoted by |u|. The word uis a pre�x of the word v (denoted by u ≤ v) if v = uw for the 
ertain word

w. The word v is a segment of u if there exist words u1, u2 ∈ X∗ su
h that
u = u1vu2.An initial Mealy-type automaton (see, e.g., [4℄, [5℄) over the alphabet Xis a tuple

A = (Q, q0,X, δ, λ)whi
h 
onsists of the following data:
⊲ a set Q of the internal states, Q 6= ∅;

⊲ a distinguished state q0 ∈ Q 
alled initial state;
⊲ an alphabet of the automaton, X 6= ∅;

⊲ a next-state fun
tion δ : Q × X → Q;

⊲ an output fun
tion λ : Q × X → X.A tuple A = (Q, q0,X, δ, λ) is a partial Mealy automaton if either δ or λ is apartial fun
tion. The automaton A is �nite if the sets Q and X are �nite.



Semigroups defined by automaton extension mappings 105We often use a notation
qi

x/y
7−→ qjinstead of

δ(qi, x) = qj , λ(qi, x) = y .The next-state fun
tion and the output fun
tion of the automaton A =
(Q, q0,X, δ, λ) 
an be extended to the set Q×X∗ by the following re
urrentequalities:

δ(q, ε) = q , δ(q, ux) = δ(δ(q, u), x) ,

λ(q, ε) = ε , λ(q, ux) = λ(δ(q, u), x) ,where x ∈ X and u ∈ X∗. An initial automaton A de�nes the mapping
fA : X∗ → X∗ as follows:

fA(ε) = ε , fA(x1 . . . xk) = λ(q0, x1)λ(q0, x1x2) . . . λ(q0, x1 . . . xk) .If A is a partial automaton, then fA is a partial fun
tion.De�nition 1 ([8℄). A fun
tion f : X∗ → X∗ is 
alled an (�nite-state)automaton mapping if there exists an (�nite) initial automaton A su
h that
f = fA.De�nition 2 . A fun
tion f : X∗ → X∗ is 
alled a partial automatonmapping if there exists a partial initial automaton A su
h that f = fA.A Rabin-S
ott automaton is a tuple

A = (Q, q0, T,X, δ) ,whi
h is just as the Mealy automaton, ex
ept that the output fun
tion λ isrepla
ed by the set T ⊂ Q whi
h is set of terminal nodes (or a

ept states).A set of the words
L(A) = {u ∈ X∗ : δ(q0, u) ∈ T}is known as the language re
ognizable by the automaton A.



106 M. OsysThe language L ⊂ X∗ is said to be regular if there exists a �nite automatonre
ognizing L. For more information refer to [9℄ and [2℄.2. Automaton extension of mappingLet f : X∗ → X∗ be a fun
tion that satis�es f(ε) = ε. Let Xα = X ∪ {α},
α 6∈ X be the extended alphabet. Let t : X∗

α → X∗ be a homomorphismgiven by
t(α) = ε, t(x) = x, x ∈ X .De�nition 3 . An automaton mapping f̂ : X∗

α → X∗
α is 
alled an automatonextension mapping (or simply an extension) of f : X∗ → X∗ if there exists anembedding µf : X∗ → X∗

α su
h that the following diagram is 
ommutative:
u ∈ X∗ f

7−→ f(u) ∈ X∗

µf ↓ ↑ t

u′ ∈ X∗
α

f̂
7−→ f̂(u′) ∈ X∗

α .The extension f̂ of an arbitrary fun
tion f : X∗ → X∗ will be de�ned in twosteps:1. a partial extension X∗
α→X∗

α is de�ned on a 
ertain �xed subset M ⊂X∗
α;2. the domain of the obtained fun
tion is extended to the monoid X∗

α.For the 
onstru
tion related to the �rst step we will apply a method des
ribedin [3℄, p. 19.De�nition 4 . For every u ∈ X∗, we de�ne
µf (u) = uα|f(u)|and we introdu
e the set

M = {v′ ∈ X∗
α : v′ ≤ µf (u), u ∈ X∗} .



Semigroups defined by automaton extension mappings 107The mapping f̂ : M → X∗
α is de�ned as follows:a) if u′ = uα|f(u)|, u ∈ X∗, then̂

f(u′) = α|u|f(u) ,b) if u′ ≤ uα|f(u)|, then
f̂(u′) = w′ ,where w′ is 
hosen to satisfy

w′ ≤ α|u|f(u) and |w′| = |u′| .For u′ = µf (u), the properties t(u′) = u and t(f̂(u′)) = f(u) hold. Thus,the diagram from the De�nition 3 is 
ommutative.Proposition 1 . The extension f̂ : X∗
α → X∗

α is a partial automaton map-ping over the alphabet Xα.
P roof. See [6℄.Example 1 . Consider a fun
tion f : X∗ → X∗, X = {0, 1} de�ned by

f(u) =






ε, if u = ε,

0, if |u| is even, |u| > 0,

11, if |u| is odd.We see that f is not an automaton mapping sin
e it does not preserve eitherlengths nor has the 
ommon pre�x property (see [4℄). Sin
e f(01) = 0 and
f(101) = 11, for the extension mapping we have

f̂(01α) = αα0 and f̂(101αα) = ααα11 .



108 M. OsysIt 
an be seen that for the arguments of the extension the letter α is utilizedto terminate a sequen
e of letters from the set X, whereas for the values itplays role of an �empty� symbol while the automaton waits for 
ompletingthe input word.We introdu
e three di�erent methods for extending f̂ on the set X∗
α,whi
h will be referred to as `simple', `plain' and `
y
li
'.De�nition 5 . A simple extension of the transformation f : X∗ → X∗ isthe mapping f̂0 : X∗

α → X∗
α de�ned by:(i) f̂0|M = f̂ , where f̂ is the automaton extension of f and M is the setestablished in De�nition 4,(ii) f̂0(α

kv′) = αkα|v′|,(iii) f̂0(uα|f(u)|v′) = α|u|f(u)α|v′|,(iv) if m + |v′| ≥ |f(u)|, then̂
f0(uαmv′) = α|u|f(u)αnand n is 
hosen to satisfy
m + |v′| = |f(u)| + n ,(v) if m + |v′| < |f(u)|, then

f̂0(uαmv′) = α|u|vand v is 
hosen to satisfy
v ≤ f(u), |v| = m + |v′| ,where u, v ∈ X∗ and v′ ∈ X∗
α.De�nition 6 . A plain extension of the transformation f : X∗ → X∗ is themapping f̂1 : X∗

α → X∗
α de�ned similarly to the simple extension, only with
ondition (ii) 
hanged to

f̂1(α
kv′) = αkf̂1(v

′) .



Semigroups defined by automaton extension mappings 109The automaton mappings f̂0 and f̂1 translate only the �rst segment u ∈ X∗from the input word and ignore appended word v′ by treating it as a sequen
eof �empty� symbols. Extension f̂0 performes this translation only if u is apre�x of the input word.For the next de�nition re
all that arbitrary word v′ ∈ X∗
α 
an be uniquelywritten as

v′ = αk0u1α
k1u2α

k2 . . . unαkn , ui ∈ X∗,where k0, kn ≥ 0 and k1, . . . , kn−1 ≥ 1.De�nition 7 . A 
y
li
 extension of the transformation f : X∗ → X∗ is themapping f̂2 : X∗
α → X∗

α de�ned by:(i) f̂2|M = f̂ , where f̂ is the automaton extension of f and M is the setestablished in De�nition 4,(ii) f̂2(α
k) = αk,(iii) f̂2(uα|f(u)|αk) = α|u|f(u)αk,(iv) if m < |f(u)|, then

f̂2(uαm) = α|u|v ,where v is 
hosen to satisfy
v ≤ f(u), |v| = m ,(v) f̂2(v

′) = αk0 f̂2(u1α
k1)f̂2(u2α

k2) . . . f̂2(unαkn) ,where v′ = αk0u1α
k1u2α

k2 . . . unαkn .The mapping obtained in this way translates independently every segmentof the form uiα
ki .



110 M. OsysProposition 2 .1. For every fun
tion f : X∗ → X∗, f(ε) = ε the following 
onditionshold:a) f̂0, f̂1, f̂2 are full de�ned automaton mappings over the alphabet
X∗

α,b) f̂0, f̂1, f̂2 are pairwise distin
t unless f is trivial (i.e., f(u) = ε forall u ∈ X∗).2. For every f, g : X∗ → X∗, su
h that f 6= g, we have
f̂0 6= ĝ0 , ĝ1 6= f̂1 , ĝ2 6= f̂2 .

P roof. See [6℄.From now on, we 
onsider extensions f̂ de�ned on in�nite words as follows
f̂ : X∗

ααω → X∗
ααω,

µf (u) = uα|f(u)|αω = uαω,

f̂(u′) = α|u|f(u)αω, u′ = µf (u) .In this 
ase we see that a sequen
e αω = αα . . . is the only �xed point.Example 2 . Let X = {1} and
f(u) =






ε, if u = ε,

1, if |u| is even, and |u| > 0,

11, if |u| is odd.Extensions f̂0, f̂1, f̂2 are depi
ted respe
tively on Figure 1, 2 and 3.In 
ase of f̂2, state fε on the left side is not removed in order to showsimilarity between extensions. States fε, f1, f2 are related to the Rabin-S
ottpart of the automaton as it is indi
ated in the proof of Lemma 8.
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112 M. Osys2.1. Nilpotent extensionsFix X and 
onsider the monoid Tε(X
∗) of all mappings f : X∗ → X∗satisfying f(ε) = ε. A mapping 0 : X∗ → X∗ de�ned by

0(u) = ε , for u ∈ X∗,is a zero of the monoid.Similarly, the monoid generated by all extensions f̂ : X∗
ααω → X∗

ααω,
f ∈ Tε(X

∗) 
ontains a mapping 0̂ de�ned by
0̂(u) = αω , for u ∈ X∗

ααω,whi
h is a zero of the monoid. This follows from the fa
t that αω is the�xed point of every f̂ (see [7℄). Thus, the question whether the extension f̂is nilpotent 
an be asked.For any nilpotent element x of the semigroup with zero, the smallestnumber k su
h that xk = 0 will be denoted by nil(x).Proposition 3 . For every mapping f : X∗ → X∗ with f(ε) = ε, theextension f̂0 is nilpotent and nil(f̂0) ≤ 2.
P roof. Any value of the mapping f̂0 is of the form αv′, where v′ ∈ X∗

ααωand by de�nition we have f̂(αv′) = αω. Therefore, for f̂0 6= 0̂, we have
nil(f̂0) = 2.Proposition 4 . The extension f̂1 is nilpotent if and only if the mapping fis nilpotent. If f is nilpotent, then

nil(f̂1) = nil(f) .

P roof. See [7℄.Proposition 5 . The extension f̂2 is nilpotent if and only if1. f is nilpotentand2. the lengths of the sequen
es
u1, u2, . . . , um, where uk ≤ f(uk−1) for k = 2, ...,m,have a 
ommon upper bound.If f̂2 is nilpotent, then

nil(f̂2) ≥ nil(f) .

P roof. See [7℄.



Semigroups defined by automaton extension mappings 1133. Semigroup de�ned by an automaton extensionmappingRe
all that an automaton mapping f : Y ∗ → Y ∗ de�nes its restri
tions fu,
u ∈ Y ∗ (see [4℄, [8℄) a

ording to the equality

f(uv) = f(u)fu(v), v ∈ Y ∗ .De�nition 8 . For an automaton mapping f : Y ∗ → Y ∗, we de�ne a trans-formation semigroup generated by its restri
tions
Sg(f) = 〈fu : u ∈ Y ∗〉 .Another equivalent de�nition 
an be established in terms of the fun
tionsrelated to states of the minimal initial automaton A(f) de�ning f . Therefore,in order to simplify notation, we shall not distinguish between state δ(q0, u)of the automaton A(f) and the restri
tion fu.We introdu
e the following notations. For a subset F of the semigroup,we de�ne

F 1 = F, Fn = Fn−1Fand
Fn+ = Fn ∪ Fn+1 ∪ . . . .The semigroup generated by F will be denoted as 〈F 〉. We also use thefollowing notation (fifj)(x) = fj(fi(x)).Lemma 6 . Let f1, . . . , fk be partial or full de�ned transformations of someset A. If there exists a number n su
h that every 
omposition f ∈ {f1, . . . , fk}

nhas �nite image f(A), then the semigroup 〈f1, . . . , fk〉 is �nite.
P roof. Let F = {f1, . . . , fk} and

B =
⋃

{f(A) : f ∈ Fn}From assumptions of the lemma, the sets f(A) are �nite and therefore so is
B. Furthermore, every element g ∈ Fn+ admits a de
omposition

g = fh, f ∈ Fn, h ∈ 〈F 〉 ∪ {Id} ,

g : A
f

−→ B
h

−→ Band there are �nite number of possibilities for h sin
e it is a mapping on a�nite set. Therefore, Fn+ and 〈f1, . . . , fk〉 are �nite sets.



114 M. Osys4. Proof of the main theoremSin
e we need to dis
uss the problem whether the semigroup Sg(f̂) is �nite,we assume X is a �nite set and we will use the 
riterion for f̂ to be a �nite-state automaton mapping.Proposition 7 . Let f̂ : X∗
α → X∗

α be the extension of the transformation
f : X∗ → X∗. The extension f̂ is a �nite-state automaton mapping if andonly if the following 
onditions are satis�ed:1. f(X∗) is a �nite setand2. the inverse image f−1(u) is a regular language for ea
h u ∈ f(X∗).

P roof. See [6℄.Lemma 8 . Let f : X∗ → X∗ be a mapping satisfying f(ε) = ε. Thesemigroup Sg(f̂0) is �nite i� f̂0 is �nite-state.
P roof.(⇒) Obviously, a �nite number of generators is obtained i� f̂0 is�nite-state.(⇐) We may divide the set of the states of automaton A(f̂0) (that isgenerators of Sg(f̂0)) in the following way:
f0 is the state that satis�es a 
ondition

f0(v
′) = αωfor every v′ ∈ Xααω,

{fε, f1, . . . , fk} are states related to the Rabin-S
ott part of A(f̂0), i.e.,satisfying
fi(x) = αfor all x ∈ X and fε is an initial state whi
h 
orresponds to theextension f̂0.Moreover, {g1, . . . , gm} are remaining states of the automaton. It 
anbe seen that they are right zeros of the semigroup Sg(f̂0).



Semigroups defined by automaton extension mappings 115It follows that:1. the fun
tions f0, g1, . . . , gm (and 
onsequently all 
ompositions 
ontain-ing one or more of them) have �nite images;2. the fun
tions fε, f1, . . . , fk may not have �nite images, however from
fε(w) =





αω, if w = αnuαω, u ∈ X∗, n ≥ 1,

α|u|f(u)αω, if w = uαω, u ∈ X∗, u 6= ε;

fi(w) =






vαω , if w = αnuαω, u ∈ X∗, n ≥ 1,

α|u|vαω, if w = uαω, u ∈ X∗, u 6= ε,where all o

uren
es of v denote 
ertain words from f(X∗) that dependon u and the parti
ular generator fi.It 
an be seen that images of fεfε, fεfj, fifε and fifj are words of the formeither αω or
αnvαω , with n ≤ max {|f(u)| : u ∈ X∗},where v is either a word from f(X∗) or a pre�x of su
h a word. Therefore,images of the mappings are �nite.Using the Lemma 6 with n = 2 we obtain Sg(f̂0) is �nite.Lemma 9 . Let f : X∗ → X∗ be a mapping satisfying f(ε) = ε. Thesemigroup Sg(f̂1) is �nite i� f̂1 is �nite-state and nilpotent.

P roof.(⇒) A �nite number of generators is obtained i� f̂0 is a �nite-state. Also
f̂1 is nilpotent, for otherwise a semigroup 〈f̂1〉 is in�nite.(⇐) We 
an divide states of A(f̂1) similarly as in the proof of Lemma 8.Our situation di�ers only with

δ(fε, α) = fεinstead of
δ(fε, α) = f0 .



116 M. OsysTherefore, possible images of the generators are
fε(α

nuαω) = αn+|u|f(u)αω, n ≥ 0;

fi(w) =






vαω, if w = αnuαω, u ∈ X∗, n ≥ 1,

α|u|vαω , if w = uαω, u ∈ X∗, u 6= ε,where o

uren
es of v represent 
ertain words from f(X∗) that depend on
u and the parti
ular generator fi. Omitted generators gi have images of theform vαω, where v ≤ w for 
ertain w ∈ f(X∗).Let S = Sg(f̂1), M = max {|f(u)| : u ∈ X∗} and K = nil(f̂1). Fromabove s
heme it follows that values of the fun
tions h ∈ S are of the form

αnvαω , for n ≥ 0,where v is either a word from f(X∗) or a pre�x of su
h a word.In 
ase of h ∈ Sfi, we have n ≤ M , thus, all 
ompositions 
ontaining fihave �nite images.In 
ase of h ∈ Sgi, we have n = 0 and |v| ≤ M , thus, all 
ompositions
ontaining gi have �nite images.The remaining 
ases are h = fk
ε for k = 1, 2, . . .. From assumption

fK
ε = 0̂, it is understood that the mappings fk

ε , k ≥ K have �nite images.We proved that every mapping h ∈ SK+ has �nite image, therefore,using the Lemma 6 with n = K, we obtain that the semigroup Sg(f̂1) is�nite.Lemma 10 . Let f : X∗ → X∗ be a mapping satisfying f(ε) = ε. Thesemigroup Sg(f̂2) is �nite i� f̂2 is a �nite-state and nilpotent.
P roof.(⇒) A �nite number of generators is obtained i� f̂0 is a �nite-state. Also
f̂2 is nilpotent, for otherwise a semigroup 〈f̂2〉 is in�nite.(⇐) From De�nition 7, every segment uiα

ki is translated to α|ui|viα
ni ,where v ≤ f(ui) and |vi| + ni = ki. This property 
on
erns not only f̂2 butalso every its restri
tion.Let S = Sg(f̂2), M = max {|f(u)| : u ∈ X∗}, K = nil(f̂2) and u′ ∈

X∗
ααω. Denoting the set of the restri
tions of f̂2 by F, mapping h ∈ S is a
omposition

h = h1h2 . . . hm, where hk ∈ F .



Semigroups defined by automaton extension mappings 117Every segment ui of u′ produ
es the o

uren
e of u
(1)
i in h1(u

′), then theo

uren
e of u
(2)
i in h2(h1(u

′)), and so on. We obtain a sequen
e
u

(1)
i , u

(2)
i , . . . , where u

(k)
i ≤ f

(
u

(k−1)
i

)whi
h satis�es u
(k)
i = ε starting from k = K, sin
e f̂2 is nilpotent.Therefore, for every h ∈ SK+ the value h(u′) does not depend onsegments ui of the word u′. It is easy to see that h(u′) depends only onthe length of the pre�x αn of the word u′. It follows that in a word h(u′)the positions starting from K · M are o

upied by the symbol α and, thus,

h has a �nite image.Using Lemma 6 with n = K, we obtain Sg(f̂2) is �nite.Proof of the main theorem.Desired results are established in Lemmas 8�10. The ne
essary properties ofthe nilpotent extensions are given in Propositions 3�5.Referen
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