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Abstract

The goal of this paper is to study nonlinear anisotropic problems with
Fourier boundary conditions. We first prove, by using the technic of mono-
tone operators in Banach spaces, the existence of weak solutions, and by
approximation methods, we prove a result of existence and uniqueness of
entropy solution.
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1. INTRODUCTION

We consider in this paper the following nonlinear anisotropic elliptic Fourier
boundary value problem:
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(1.1)

where (2 is an open bounded domain of RV (N > 3) with smooth boundary and
meas(Q) > 0, f € LYQ), g € LY(0N), n = (m,...,nn) is the unit outward
normal on 02 and A > 0 is a constant.

The problem (1.1) is the anisotropic case of the nonlinear isotropic problem

(1.2) { b(u) = div a(z,Vu) = f in

a(z, Vu)n+ Au=g on 01,

studied in [14] by Nyanquini and Ouaro. The authors use the minimization tech-
nic used in [12] (see also [6, 10, 15]) to prove the existence of weak solution when
f and g are bounded, namely f € L*®(Q), g € L*(99) and by approximation
methods they obtain the entropy solution when f € L'(Q2), g € L*(09).

The study of problems involving variable exponents has received considerable
attention (see [10]-[15]) due to the fact that they can model various phenomena
(see [1, 7, 13]).

All papers concerned by problems like (1.1) considered particular cases of
function b. Indeed, in [3], Bonzi et al. adopted the technic used in [14] to study
the following anisotropic problem:

N
_ E iai (a:, 8“) +|ufr@=2y = f in Q
i1 8:75@ 8.732

N ou
Z%’(% )m—kAuzg on 0f),
Oxi

=1

where f € L'(Q) and g € L'(9Q). In the present paper, as the function b is
more general, it is not possible to use minimization technic to get the existence of
entropy solution. Therefore, we used the technic of monotone operators in Banach
spaces (see [16]) to obtain the existence of entropy solutions of problem (1.1).
Indeed, we define an approximation problem, and we prove that this problem has
a solution u,, which converges to u, an entropy solution of (1.1).

For presenting our main result, we first have to describe the data involved
in our problem. Let € be a bounded domain in RY (N > 3) with smooth
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boundary domain 9 and () = (pi(-),...,pn()) such that forany i = 1,..., N,
pi(-) : Q@ — [2; N) is a continuous function with

(1.4) 1 <p; :=essinf p;(z) < esssupp;(z) :=p; < +o0.
€ xeN

Foranyi=1,...,N, let a; : 2 x R — R be a Carathéodory function satisfying:

e there exists a positive constant C'; such that

(L5) ai(, )] < C1 (ji() + g,

for almost every z € Q and for every £ € R, where j; is a nonnegative function

.. ') ith —L— 1+ 1 1.
lying in LP (Q)> with pi(z) + pi(x) L

o for every £, 1 € R with £ # 7 and for almost every x € (2, there exists a positive
constant C9 such that
Colé =™ if |¢ —n| =1
(16) (al(xvg) - az(%’?))(ﬁ*n) > _ )
Col§ =l if |§—n| <1;
e there exists a positive constant C3 such that
(1.7) ai(z,€) - € > C3l¢P@ | for € € R, for almost every x € €.
The function b is such that

(1.8)  b:R — R is continuous, surjective, nondecreasing with b(0) = 0.

Throughout the paper, for any ¢ = 1,..., N, we assume that

p(N — 1 p(N — 1 F-pr -1 p— N
(1.9) p(i )<Pf<p( 7)7 P =P P
N(p—1) N-—p D; p(N —1)
and
N
1
(1.10) > —>1,
i—1 Pi

where & =SV L

We put for all xz € Q,

py () = max{pl(x),...,pN(:n)} and  pp(z) = min{pl(m),...,pN(:L‘)}
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and for all x € 00,

- | Ny @ <N
+oo if p(z) > N.

The hypotheses on a; are classical in the study of nonlinear problems (see
[4, 6]). A prototype example that is covered by our assumptions is the following

pi(z)—2 ou
(22

anisotropic p(-)-harmonic system
8.1‘1'
which, in the particular case when p; = p for any i = 1,..., N, is a generalization

N
0 ou
1.11 —
(1.11) > o
=1
of the classical p-Laplace equation

6.%1'

fdiv(]Vu|p_2Vu) = f.

The rest of the paper is organized as follows. We first present some basic prelim-
inary results including the variable exponent in Section 2. In Section 3, we study
the existence and uniqueness of entropy solution.

2. PRELIMINARIES

We recall in this section some definitions and basic properties of anisotropic
Lebesgue and Sobolev spaces with variable exponent, which will be used in the
next Section. Set

Ci(Q) = {p € C(Q) such that minp(z) > 1}.

e

For any p € C4(2), the variable exponent Lebesgue space is defined by
LPO(Q) = {u : @ — R, measurable such that / lufP@de < oo},
Q

endowed with the so-called Luxemburg norm

p(z)

|ulpy = inf {B >0 such that / “
Q

dz < 1}.

The p(-)-modular of the LP()(Q) space is the mapping Pp() rO@Q) — R
defined by

o= [ s
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For any u € LP)(Q), the following inequality (see [8, 9]) will be used later.

, - + - +
(2.1) min {\u|z(.); |u]£(_)} < pp(y(u) < max{|u\§(.); ]u|z(.)}.

For any u € LPO)(Q) and v € LF'()(Q) with Wlm) + p,%x) = 11in Q, we have the
Hoélder type inequality:

1 1
(2.2) ‘/qudx < (2?_+(]9,)_>\u|p(‘)]v|p/(.).

If Q is bounded and p,q € C4(Q) such that p(x) < q(x) for any = € €, then the
embedding L10)(Q) < LP)(Q) is continuous (see [11], Theorem 2.8).

Herein, we need the following anisotropic Sobolev space with variable exponent.

ou

WP (Q) = {u e LPU)(Q) such that e LPO(Q), i=1,... ,N}.

T

WP (Q) is a separable and reflexive Banach space (see [12]) under the norm

ou
8951-

N
llpey = [ty + Y

i=1

pi(*)
We need the following embedding and trace results.

Theorem 2.1 ([8], Corollary 2.1). Let @ C RY (N > 3) be a bounded open
set and for alli =1,...,N, p; € L®(Q), pi(x) > 1 a.e. in Q. Then, for any
q € L>(Q) with q(z) > 1 a.e. in Q such that

ess inf (par(z) - q(x)) >0,

we have the compact embedding

(2.3) WP (Q) — L£I0(Q).

Theorem 2.2 ([6], Theorem 6). Let @ C RN (N > 2) be a bounded open set with
smooth boundary and let p(-) € (C4 (ﬁ))N, r € C(Q) satisfy the condition

(2.4) 1 <r(x) < min {p?(m), e ,p‘?\,(x)}, vV x e 0.
Then, there is a compact boundary trace embedding

WhPO(Q) — LT0)(59).



128 I. IBRANGO AND S. OUARO

In particular case ~
WP (Q) — LY(8Q).

We introduce the numbers
_N(-1)

N -1

and ¢ =

The following result is due to Troisi (see [17]).

Theorem 2.3. Let pi,...,pN € [1, +00); g € WHPLPN)(Q) and
q= )" if () <N
gel,4o00) if (p)*>N.

Then, there exists a constant Cqy > 0 depending on N,p1,...,pn if p < N and
also on q and meas(Y) if p > N such that

Jg
8.%'2'

:|1/N

N
(2.5) mm@<aﬂhmmmw\

i=1 LPi(82)

In this paper, we will use the weak Lebesgue (Marcinkiewicz) space M?(Q) (1 <
q < +00) as the set of measurable functions h :  — R for which the distribution
function

(2.6) (k) =meas({z € Q: |h(z)| > k}), k>0
satisfies an estimate of the form

(2.7) An(k) < Ck™9, for some finite constant C' > 0.
We will use the following pseudo norm in M?():

(2.8) [[hl|pmaqy = Inf{C > 0: A\p(k) < Ck™9, V k> 0}.
For any k£ > 0, the truncation function T} is defined on R by
(2.9) Ti(s) = max{—k; min{k; s} }.

It is clear that limg_, 4o Tk (s) = s and |T(s)| = min{|s|; k}. In order to simplify
the notation, for any v € W#()(Q), we use v instead of V), for the trace of v
on 0f).

Set 7170)(Q) as the set of the measurable functions u : & —s R such that for any

k>0, Ti(u) € WHP0)(Q). We define the space 7;,{”?(')(9) as the set of functions
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u € THP0)(Q) such that there exists a sequence (uy), C WP0)(Q) satisfying

(2.10) U, —u a.e. in €
0 0 . 1
(2.11) T%Tk(un) — axiTk(u) in L(Q), V k>0

and there exists a measurable function v on 02 such that
(2.12) up, — v ae. on ON.

We need the following lemma proved in [5].

Lemma 2.1. Let h be a nonnegative function in WP0)(Q). Assume p < N and
there exists a constant C' > 0 such that

Then, there exists a constant D, depending on C, such that

dx§0(1+k:), V k> 0.

(2.14) [Pl pa () < D

where ¢* = N(p—1)/(N — p).

3.  ENTROPY SOLUTION
The notion of entropy solution to problem (1.1) is the following.

Definition 3.1. A measurable function u € ﬁi’ﬁ (')(Q) is an entropy solution of
problem (1.1) if b(u) € LY(Q2), u € L*(9£) and

Z/az< 895,) ZTk(u—go)daH—/Qb(u)Tk(u—go)dx

o [ utiu- o < [ fiu— o+ [ gTitu-p)io
o0 Q 15)9)

(3.1)

for every ¢ € WHP0)(Q) N L>®(Q) and for every k > 0.

Remark that as we have in the definition ¢ € WHP0)(Q) N L>() then (u — ¢) €
’7;71310(')(9), hence Ti(u — ) € WHPO)(Q) N L>(Q). Consequently the first, the
second, the third and the fifth integrals in (3.1) are well defined.
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The existence result is the following theorem.

Theorem 3.1. Assume (1.4)—(1.10). There ezists at least one entropy solution
of the problem (1.1).

Proof. The proof is done in three steps.
Step 1. The approximate problem.

We define the reflexive space
E = WO (Q) x LPMO) ().
Let Xy be the subspace of E defined by
={(w,v) e E:v=r1(u)},

where 7(u) is the trace of u € 7;71}1?(')(9) in the usual sense, since u € W70)(Q).
In the sequel, we will identify an element (u,v) € Xy with its representative
u e WP (Q).

For any n € N and € > 0, we consider the sequence of approximate problems

N
1 Q (3.’BZ 81‘Z Q

+/ T, (b(un))vdx + )\/ T (up)vdo = / favdx + / gnudo,
Q a0 0 a0
where fn, = T,(f) and g5, = Tn(g).

(3.2)

Remark that (f,), and (gn)n are sequences of bounded functions which converge
strongly to f € L'(Q) and to g € L'(09), respectively. Moreover,

[ fullor) < fllev@), gnlloio) < llgllzieq) for all n € N

and

HfHL 9l 21 a0

nlloo = v gnlleo < ——=~ for all N.
il < ey ol < T forall e

We define operators A, by

T (b(w))vdz + )\/ T, (uw)vdo ¥V u,v € X,
o0N

(An(),v) = (A(u),0) + /

Q

Z/az< )8U daz+8/ |u|PM @) =20 d,
61'1 Xg
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Assertion 1. The operator A is of type M.

e The operator A is monotone. Indeed, for u,v € WP()(Q), we have

(A(u) — A(v),u —v) = (A(u),u —v) + (A(v),v — u)

N
:/ ai<$’8u> de+5/ [PV @) =2y (4 — )da

Q= Ox; Ox; Q

N
ov\ (v —u) _
; ~v d ()2 —u)d

—|—/Q;a (x, 3213i> oz, 93—}—8/Q|v| v(v —u)dz

N

/ v du  Ov d

Q i 81‘1 A 8:& aml 8561 v

+ 8/ (\u]pM(x)_Qu - |U‘pM(I)_2U) (u—wv)dz.
Q

Therefore,

(3.3) (A(u) — A(v),u —v) >0,

since for i = 1,..., N, for almost every = € Q, a;(x,-) and t — |t[PM@)=2¢ are
monotone.

e The operator A is hemicontinuous. Indeed, for every u, v in Wl’ﬁ(')(Q)7 let
p:teR— o(t) = (A(u+tv),v)
and let £, tg € R such that ¢ — t3. We have w = u + tv — wy = u + tgv in

WLPH)(Q). Using the Hélder type inequality, there exists ig € {1,..., N} such
that

p(t) = ¢(to)| = [(A(u + tv),v) = (A(u + tov), v)|

<3 [ oo ) o 52)

+ e/ “w|pM(w)—2w _ |w0’PM($)_2wO“/U|d:L»
Q

ov

dx
ox;

<N(1+ 1 > ( 8w) ( aw0> oy
>~ p— a; x, — a; Z,
Pig (p ;0)7 ’ 9z, ’ Izi P, () O, pig ()
1 |
il pu(z)—=2,, _ () —2
e (o + gy I ]l
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Let’s denote ;) (2, w) = aj, (z, 88;9 ). Using assumption (1.5) and ([11], Theorems
%0

4.1 and 4.2) we have ¢, (z,w) — ¥, (z,wp) in Lpgo(')(Q). Then, we deduce that
 is continuous, namely the operator A is hemicontinuous.

Since the operator A is monotone and hemicontinuous, then according to the
Lemma 2.1 in [16], A is of type M.

Assertion 2. Operators A,, are of type M. Indeed, let (ug)ren be a sequence in
X such that

Up — U weakly in X,

(3.4) Apup — x  weakly in X,
lim sup (A4, (ug), ug) < (x,u).
k—+o0

Since
T (b(u))u >0 and T (u)u > 0,

by the Fatou’s lemma, we obtain

liminf</Tn(b(uk))ukdx+/ )\Tn(uk)ukdo>
k——+o0 Q 0]

> /Q T (b(w) yudee + / N (u)udo

o0N

(3.5)

and thanks to the Lebesgue dominated convergence theorem, we get

lim ( /Q T (b(uy,))vdz + 8QATn(uk)vda>

k——+o0

(3.6)
Q o0

for all v in Xy. Consequently,
T (b(ug)) + AT (ug) — Tr(b(u)) + AT, (u) weakly in X).
Therefore, we deduce that
Aug = x — (Ta(b(w)) + AT (u)) weakly in X
As in Assertion 1 we prove that the operator A is of type M, so we have

Au = x — (Tn(b(u)) + ATy (u)).
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Thus, it follows that
Apu=x.
Hence A, is of type M.
Assertion 3. Operators A,, are coercive. Indeed, since
T (b(u))u + ATy, (u)u > 0,
then
(3.7) (An(u),u) > (A(u),u).
According to (1.7), we have
pi(@)
(3.9) (A(u),u) > C N / (P @ .
Q
Denote
I= {z‘e {1,...,N}: 'g“ < 1} and J = {ie{l,...,N} : ‘g“ > 1}.
Lilp() Lilp()
We have
pi(2) u [Pi(@) w [Pi(@) ou
dn :Z/Q " dm+Z/ o 2|
1€ pi(+)
ou P ou P ou [P
DI e B DI e =D DI -
icJ Tilpi(- e Lilpi(- ieJ Li | py (-
N -~ N o
ou |Pm ou ou |Pm
> -> >Y ~N.
= 10%i |, ieT 0%i|p, ) — =7 10%ilp,(
Using the convexity of the application t € RT — tP» p— > 1, we obtain
N pi(z) 1 N Pm
[ |e] > (Z Ou ) N
Q= ox; NPm—1 ox; pi()
Then
. _
03 ou Pm
: A, > P (@) dy; — C3N.
(3.9 {Au(w),w) Npm-1<z ax@p()) +e [ v @de - cy
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e Assume |ul,, ) > 1. Then, (2.1) gives [, [u[P¥®dz > ]u\?]—&(.).
So, combining (3.7) and (3.9) we get

N

(An(u),u) > o[(z

i=1

ou
8.291'

Pm _

Pm
) | - o
pi(*)

Pm—1

_ o
opm—1 Hqu{n) — C3N, where C = min{ 3 ;E}'

e Assume |ul,, .y < 1. Then, combining (3.7) and (3.9) we get

(An(u),u) > CKZ

=1

ou
895,-

Pm _
) + ‘U’ﬁ;(.)] —1-C3N + &7/ Ju|PM (@) dg
pi(°) Q

ZLHUHQ’; —1— C3N, where C' = min 613 1o,
Ppm—1 (") Npm—1

Consequently, since p,, > 1, the operator A, is coercive.

Besides, the operators A,, are bounded and hemicontinuous.
Then for any F, = (T,(f),Tn(g)) € E' C X{,, we can deduce the existence
of functions u,, € X such that

(Ap(up),v) = (Fy,v) forall ve Xj.
Namely, every u,, is a weak solution of the approximate problem (3.2). [

Now we are going to prove that these approximated solutions u,, tend, as n goes
to infinity, to a measurable function v which is an entropy solution of the problem
(1.1). To start with, we establish some a priori estimates.

Step 2. A priori estimates.

Assume (1.4)—(1.10) and let w, be a solution of problem (3.2). We have the
following results.

Lemma 3.1. There exists a constant Cs > 0 such that

N
(3.10) /Q\Tk(un)]pde + Z/{
i=1

Proof. Let us take Tj(uy) as test function in (3.2). Since

ouy,

P
< 1).
8a:i dx =~ C5(k‘ + )

un|<k}

/ T (b(tun)) T (un ) da + € / |t [P ) =200, T () + / AT, () T () do > 0,
Q Q o0
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using relation (1.7), we obtain

N

(3.11) 032/

i—1 ¥ {lun|<k}

pi(z)

ouy,
do < k(|f]l 22 + 9llL1@00))-

O;

Then, we have

N

p; N
der =
i=1

Py

Oup,
Y dzr

8:@

ouy,
8xi

/ 9
{unl ks 1222]>1)

Oun dx

+ 6.%'1

=1

N
<> /
i—1 /1

k
< a(HfHLl(Q) +lgll100)) + N - meas(Q).

/ o
{lun|<k; |22 |<1}

pi(z)

Oun dx + N - meas(2)

8:3@-

fun |<k}

Moreover, we have

/|Tk(un)‘Pde :/ ’Tk(un>‘mfdx_|_/ |Tk(un)‘p1;fdx
Q {I T (un)[<1} T (un)[>1}

< meas(Q) —+ / k‘p&dm < meas(Q)(l + kp];[).
{|T% (un)|>1}

Therefore, we get

/| \Tk<un>|pz‘wdx+il /{

— 1
< meas(Q)(1 + N + kPv) + ka(HfHLl(Q) +ll9llL100)) < Cs5(1+F),

p;

ouy, I

aﬂfi

un|<k}

where C5 = max {meas(Q)(l + N + kPum); C%(HfHLl(Q) + HgHL1(3Q))}. n

Lemma 3.2. For any k > 0, there exists two constants C7 > 0 and Cs > 0 such
that

(i) HUHHMQ*(Q) < Cr;

ouy,
8%2‘

<Gy, Vi=1,...,N.
MPi Q/E(Q)

o
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Proof. (i) is a consequence of Lemmas 2.1 and 3.1.

(ii) @ Let o > 1. For any k > 1, we have

ouy,
>a}> :meas<{’ > o |ug)| Sk})
aﬂfi

> o |ug)| >k:}) §/ dx + Ay, (k)
{l%uT?ba; \un|§k}

Dy _ .
> dr + My, (k) <a™Pi Ok + Ck™9 .

| Oup

ouy,
Bx,-

[
S —
{lun|<k} \&

Then, there exists a positive constant Cg such that

(3.12) Aou, (@) < C(ka™ + k7).

Ox;

Let us consider the function

+t 7,

g:[l,+oo[— R, t— g(t) =

abi

| —\
We have ¢'(t) = 0 for ¢ = (¢*aPi )7+, Thus, if we take k = (¢*aPi )7+ > 1 in
(3.12) we get

Aouy () < Cok

oz, -

<q*+1 1

- -0/
— ) < Cga~ TP < Cha P 9P,
a abi

V a > 1, where Cf is a positive constant.

o If 0 < a < 1, we have

Ouy
)\%uT?(oz) = meas({‘ azi

> a}) < meas(Q) < meas(Q)a P VP,

Then -
Xoun (@) < (Ch +meas(Q))a™Pi P Y o > 0.
Ox;

Therefore, we deduce that there exists a positive constant Cy such that

Ouy,
8.21%

) <Cs, Vi=1,...,N.
MPi q/ﬁ(Q) [

Step 3. Existence of entropy solution.

Using Lemma 3.2, we have the following useful lemma (see [5]).
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Lemma 3.3. Fori=1,...,N, as n — +00, we have
0 0
(3.13) a; <:U, 81;?) — a; <£L', 8;) in LYQ) ae z€.

In order to pass to the limit in relation (3.2), we also need the following conver-
gence results which can be proved as in [2] (see also [4, 5]).

Proposition 3.1. Assume (1.4)-(1.10). If u, € WHP0)(Q) is a weak solution
of (3.2) then the sequence (un)nen+ s Cauchy in measure. In particular, there
exists a measurable function u and a sub-sequence still denoted by w, such that
Up, — U TN Mmeasure.

Proposition 3.2. Assume (1.4)-(1.10). If u, € W'"0)(Q) is a weak solution of
(3.2) then

(i) there exists s > 1 such that u, — u a.e. in Q and u, — u in W5H(Q),

(ii) foralli=1,...,N, 8“7? converges strongly in L'(Q). /Moreover, a; (a;, %“7?)
converges to ai(x, g—;) in LY(Q) strongly and in LPiC)(Q) weakly for all
i=1,...,N,

(iii) wuy converges to some measurable function v a.e. on OS2.

We can now pass to the limit in relation (3.2).
Let p € WHPO) (Q)NL>®(Q) and choosing T}, (u, — @) as test function in (3.2),
we get

al ou o
i ,J T, n — Tn n T L
;/ﬂa <x 3331')8% kl SO)dJUjL/Q (0(un)) T (un — @)dx

(3.14) + s/ ]un|pM(x)_2unTk(un —@)dr + )\/ T (un) Tk (up, — p)do
o0

Q
= / fnTk(un - (P)dx + / gnTk(un - (p)dO’.
Q o0

For the right-hand side of (3.14) we have

/ fnTk(un - (P)dx + / gnTk(un - (P>d0
(3.15) @ o6

— /Qka(u — @)dzr + /asz 9Tk (u — p)do,

because f, and g, converges strongly respectly to f in L'(2) and g in L'(9Q)
and Ty (u, — ¢) converges weakly-* to Ti(u — ) in L>®(Q2) and a.e. in Q.
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For the first term of (3.14) we have (see [5]):

N ou,\ 0
l,iﬂli{.‘f;/ a; (l‘, 8;:) a:BiTk(Un — p)dx

(3.16)

We now focus our attention on the second and the fourth terms of (3.14). We
have

(3.17) T (b(up)) Tk (un, — @) — b(u)Tk(u — ) ae. x €Q
and
(3.18) T (b(un)) T (un — @) < K[b(un)|-

We will show that
1
|b(un)| < ||fullo a.e. on  and |u,| < XHQnHoo a.e. on Of.

Indeed, recall that for any § > 0,

st 1if s>0
5(8) = min < 5 ) and  signg (s) { 0 if 5<o0.

If v is a maximal monotone operator defined on R, we denote by 7y the main
section of v i.e.,

minimal absolute value of v(s) if ~(s) # 0
Yo(s) = +o0 if [s,4+00)ND(y)
—00 if (—o0,s]ND(7)

0
0.

Remark that as § goes to 0, Hs(s) goes to signg (s).
We take ¢ = Hgs(u, — M) as a test function in (3.2) for the weak solution u,,
and M > 0 (a constant to be chosen later), to get

(3.19)
al ou o
; /ﬂ " <$’ 695?) Oz Hi{un = M)dz + 8/Q |t [P )20, H (1 — M)dx

+ / T,y (b(un)) Hy(up — M)dz + A /8 T () H(, = Mo

Q
= [ foHs(up, — M)dzx + / gnHs(u, — M)do.
Q o0
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We have

N
oup,\ O
Z/Qaz(x, 83:) 8x~H5(un — M)dzx
i=1 ¢ ¢
N
_ 1 (. Oup\ O At
B 5;/{W<1}a’<m’ 8%)8% i = M)

= 1%/ a-(x 8un) iu dx > 0 according to (1.7)
51:1 {0<un—M<6} ! 781’]3@' axz n - .

and
/ |un|pM($)_2unH5(un — M)dx
Q

— P (w)—2
/{(unéM)Jr <1} |un Un

_ +
(un — M) dr + / ‘un‘pM(x)_Qundl‘
(5 {(Un*(sfw)jL 21}

|t |PM @) =20, (uy, — M)da > 0.

>1 /
O J{M<un<rats}

Then, (3.19) gives

/ T (b(un)) Hs(up — M)dz + /\/ T (up)Hs(up, — M)do
Q oN

< / fuHs(u, — M)dx +/ gnHs(u, — M)do,
Q i)

which is equivalent to

(72 0t0m)) = 500 ) it~ 30

+ A [ (Tn(un) — Tn(M))Hs(un, — M)do
o

(3.20)
< /Q (fn — Tn(b(M))>H5(un — M)dz

+/ (gn - )‘Tn(M))Hé(Un — M)do.
0N

We obtain the same inequality as in [14] (see (3.4) p. 210). Thus, we get

1
[b(un)] < [|fulloe ae.in Q@ and  |un| < lgnlloc ae. in OO
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We use the Lebesgue dominated convergence theorem to get

(3.21) lim T (b(un)) Tk (upn, — p)dx = / b(u)Ty(u — @)dz

and

(3.22) lim T (un) Tk (up, — p)do = / uTy(u — @)do.
=0 Joq 09

For the third term of (3.14), we prove that

lim infs/ |ty [P O =2 0, Ty (uy, — @)da > 0 for & — 0.
Q

n—-+o0o

We have

/Q fan |2 T (1, — p) i = /Q (unlpMWun - |¢|pM<x>-z¢) Ti(un — @) dz

T /Q PO 25T (un — o)

Since the quantity (|un\pM(‘”)_2un - |<p\pM(m)_2g0)Tk(un — () is nonnegative and
for all z in Q, the application & — |£[PM(*)=2¢ is continuous, then we get

(un|pM<x>—2un—|so|pM<x>-%) T (un—g) <|u|pM<x>—2u—|¢|W<w>—2so) T (u—p)

a.e. in . It follows by Fatou’s lemma that

lim inf/ <’un|PM(x)2un _ ’90|pM(x)2(p) Ty (up, — @)dx

n—+400 Q

(3.23)
> / <|u|PM(93)2u _ |@‘pM($)2¢> Ti(u — @)dz.
Q

We have

pu(z)—1
/ P2 | dr = / plPH )1 da < / <\|so||oo) dz
QO Q 0
par(x)—1 oy (z)—1
<[ (|so|oo> i [ (|so|oo) dx
{llelleo<1} {llelloo>1}

pi—1
< meas(Q) + (||¢lloo)”™ meas(Q) < +oo.
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Hence, |p|P7(®)=24 ¢ LY(Q). Since Tj(u, — @) converges weakly-* to Tj,(u — )
in L®(Q) and |o|[PM®)~2p € L1(2), then we obtain

(3.24) nEToo/ [P 2T (u, @)dm—/Qlw\pM(r)_QwTk(u—w)dx-

By adding (3.23) and (3.24), we get

(3.25) liI_I}l_‘i_Ilf/ |ty [PM @ =20, T (w0, — @)d > / u[PM @ =20 (0 — @)da.

Since
/ |u[PM @) =2 T (u — @)da < k‘/ |ulPM (@~ 1dy < 400,
Q Q
thus we get
(3.26) lim infs/ |t |PM @) =200, Ty (w, — @)daz > 0 for e — 0.
n—-+o0o Q

Thus, combining (3.15), (3.16), (3.21), (3.22) and (3.26) we have

Z/az< ax) sz(u—go)dx—k/ﬁb(u)Tk(u—go)da:

—i—/aQ Ty (u — @)do < /Qka(u—go)da:—k/mng(U—SO)dU-

(3.27)

It means that, u is an entropy solution of problem (1.1). [

Now we state the uniqueness result of entropy solution.

Theorem 3.2. Assume that (1.4)—(1.10) hold and let u be an entropy solution
of (1.1). Then, u is unique.

Proof. The proof is done in two steps.
Step 1. A priori estimates.
Assume (1.4)—(1.10), f € L}(Q2) and g € L1(99).

Lemma 3.4. Let u be an entropy solution of (1.1). Then

(3.28) Z / it

k
8562 < ?S(HfHLl(Q) +1lgllzr00))
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and there exists a positive constant Co such that

(3.29) b(u)[lr < Cy - meas(€) + [ f[| 1) + 9l L2 90)-

Proof. Let us take ¢ = 0 in the entropy inequality (3.1).

o Since [, b(u)Tj(w)dr + X [, uTi(u)do > 0, by (1.7), then we get (3.28).
e Also, using the fact that

>
Z/ a;(x 83:1 8% (u)dm—i-)\/80 uTy(u)do > 0,

the relation (3.1) gives

(3.30) /Qb(u)Tk(u)dxS/Qka(u)dx—l—/mng(u)da.

Then
/ b(u) Ty (u)de: + / b(w) T (w)dz < KI[]]2:) + Ellgl o),
{lu|<k} {|u|>k}

which imply that

/ ()T (w)dz < KI| 1|1y + Ellgl s ooy
{lu|>k}

or
/ b(u)da + / b(u)dz < ||l + 19l o).
{u>k} {u<—k}
Therefore,

/ bz < |1£1]2 ) + 19121 00
{|u|>k}

So, we obtain

blu)lde = b(u)|dx b(u)|dz
/Q| ()] /{.ugk}’ (w) +/{u.>k}' (w)

< [ @lde 17l + gl on
{lu|<k}
Since the function b is nondecreasing, then

/ |b(u)|dz < max{b(k); |b(—k)|} - meas(Q).
{lul<k}
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Consequently, there exists a constant Co = max{b(k); |b(—k)|} such that

o(w)[[1 < Co - meas() + || fllL1(o) + 19|21 (60 - .

Lemma 3.5. If u is an entropy solution of (1.1), then there exists a constant D
which depends on f,g and Q and such that

D
(3.31) meas{|u| > k} < e ORIEGIE Vk>0

and a constant D' > 0 which depends on f,g and Q and such that

T

(3.32) meas{ Ou

D/
>k:}§ —, VEkE>1
L ®ap)

Proof. e For any k > 0, the relation (3.29) gives

/ mmw%xw—mwms/ Ib(u)|dzx < Comeas(Q)+]|f]] e+l 122 0e)-
{lu|>k} {|u|>k}

Therefore,
min(b(k), [b(=k)|) - meas{|u| > k} < Cy - meas(Q) + |[fll11 ) + llgllz100) = D;

that is

meastiil > B = e, RN

e See [2] for the proof of (3.32). 0

Lemma 3.6. If u is an entropy solution of (1.1), then

(3.33) lim /Q!f\X{uph—t}dx +, Ym - 91X {ju|>n—tydo = 0,

h—+oco
where h > 0 and t > 0.

Proof. Since the function b is surjective, according to (3.31), we have

lim meas{|u| > h—1t} =0.
h——00
As f € LY(Q) and g € L'(99Q), it follows by the Lebesgue dominated convergence
theorem that

hglfoo/ﬂ LFIX {luf>h—tyd +, lim - 91X {[u>h—tydo = 0.

O
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Lemma 3.7. If u is an entropy solution of (1.1), then there exists a positive
constant K such that

ou |P

1( )_1
— X%)gK,Vi:LHWN,
al’i

where F'={h < |u| <h+k}, h >0, k>0.

Proof. Let ¢ = Ty (u) as test function in the entropy inequality (3.1). We get

i::/ ( >6(39U1T (u—Th(u))dx +/ b(u)Ti(u — Th(u))dx

Q

+ /\/c’m uTy(u — Th(u))do < /Qka(u — T (u))dx + /89 9Tk (u — Ty (u))do.

Thus,

ou '\ Ou
. de <k k
Z/h<|u<h+k} <x’ axi)ﬁxi z < K|l + Ellgllron)

and using (1.7), we have

J

Consequently,

pi(w)

ou
8.%‘

k .
dr < @(HfHLl(Q) +1lgllr100)), Yi=1...,N.

ou |P®-1

690,-

ppi(-)(

Step 2. Uniqueness of entropy solution.

m)gK,W_L“wN

Let h > 0 and u,v be two entropy solutions of (1.1). We write the entropy
inequality corresponding to the solution u, with T, (v) as a test function, and to
the solution v, with T} (u) as a test function. We get

(3. 35)

Z/< ax@>

+ )\/8Q uT(u — Th(v))do < /Qka(u — Th(v))dz + /&)Q 9Tk (u — Ty (v))do

a%n““JMWW$+AfWHMu—nw»w
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and
(3.36)

Ej:/ < ax,Z)(;z,sz(U_Th( ))dx+/b(U)Tk(U—Th(u))dx

Q

+ )\/69 VT (v — Th(u))do < /Qka(v — Ty(u))dx + /89 9T (v — Th(u))do.

Upon addition, we get

(3.37) + /Q b(u) Tk (u — Th(v))de + /Q b(v)Ti (v — Ty (u))da

+ /\/89 uTy(u — Th(v))do + )\/BQ vTg (v — Th(u))do

< [ ST = Ta(w) + Tilo - Tolw))] o
Q

+ /899[Tk(u —Th(v)) + Tr(v — Th(u))]da.
Define the following sets
Ei={lu—v| <k; |v| <h}; Ey=FEiN{|ul <h} and E3 = E;N{|u| > h}.

We start with the first integral in (3.37). We have

ou\ 0
il x, — | =—Ti(u —Tp(v))dz
Z/m Th(v)|<k} < a$i>3$i k h()

ou\ 0

= a;| T, — Ti(u — Tx(v))dx

Z/m Th (v)| <k} {Jv|<h} ( 635,;)6951- kl w(w))
0

| ")

a;\ T, —

{lu=T ()| <IN {[o|>h} < Oz;

—Z/ ai(a;, 8u)8u—v)dx
= J{u—vl<k3n{lol<h} Ozi) O

—~
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Y/ (-
{Ju—hsign(v)|<k}n{|v|>h}

0
/ < 6951) oz, (u—v)dx

0
< 8@)8951 u—v dw+2/
Then, we obtain

> (s
{lu—Th(v)|<k}

S RICEAE

According to (1.

’ 8.%'1

v

||Mz||M2IIM2

(3.38)

Es ( > Ox; e

SOYACEE

U \p;(z
saZ(\mp( ‘\ pile)=
=1
where
'| Ou | p, (z)— H Ou | p, (z)—
Iz (), {h<lul<h+K} dai

ou \ Ou
> o7, dz

p,-(~)7{h<|u|<h+k:}> O

I. IBRANGO AND S. OUARO

() gt = v

ou\ 0
, 8@) oz, Ti(u — Th(v))dx

ov
u—0 dm—Z/ ( 8x1>8xid$'

5) and the Holder type inequality we have

ov

d
8.%'2' o

i(l‘)—l)

pi(-),{h—k<v|<h}’

axz

Lpé(')({h<\u|gh+k})

Thanks to relation (2.1) and Lemma 3.7, the quantity

pi(z)—1

0
(Uz’p o+ 15 () {h<|ul<h+k}
According to Lemma 3.6, the quantity | i

pi(){h—k<|v|<h}

) is finite for all ¢ = 1,..., N.

converges to zero

as h goes to infinity. Consequently, the last integral of (3.38) converges to zero

as h goes to infinity. Then

(3.39)

with limp_, oo I, = 0.
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We may adopt the same procedure to treat the second term in (3.37) to obtain

ov., O
Z/Iv T (u |<k} amz)ﬁszk(v — Th(u))dz
(3.40)

> Jp — _
Jh Z/ (936, 8$Z(u v)dz

with limy,_, o Jp = 0.

For the other terms in the left-hand side of (3.37), we denote

K, = /Qb(u)Tk(u — T (v))dx + /Q b(v) Ty (v — Th(u))dx

and
Ly = / uTy(u — Th(v))do +/ VT (v — Th(u))do.
oN [2/9]
We have
b(u)Ty(u — Th(v)) — b(u)Tk(u —v) a.e. in  since h — +oo
and

|6(u)Tio(u — Th(v))] < k[b(u)| € L'(Q).

Then, by the Lebesgue dominated convergence theorem, we obtain

lim b(w)Ti(u — Th(v))de = / b(u)Tk(u — v)dx

h—+oo Jq Q
and

hli)r_{loo ; b(v)Tk(v — Th(u))dr = /Q b(v)T(v — u)dz.
Then
(3.41) hEI—Poo Ky, = /Q (b(u) — b(v)) Ty (u — v)da.

In the same way, we get

(3.42) lim L= /89 (u —v)T(u — v)do.

h—4o00

Now, we consider the right-hand side of inequality (3.37). We have

lim f(Tk(u—Th( ))+Tk(v—Th(u))> =0 ae. in Q

h——4o00
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and
| f(Th(u — T (v) + Ti(v — Th(u))) | < 2k|f| € L1 (Q).

By the Lebesgue dominated convergence theorem, we get

(3.43) hlnf f <Tk (u—Th(v)) 4+ Ti (v — Th(u)))daz =0.
—+00 JO
Similarly, we have
(3.44) lim g <Tk (u—Th(v)) + Ti (v — Th(u))> do = 0.
h—+o0o Jg0

After passing to the limit as h goes to +oo in (3.37) we get

N

ou ol o
E ai(x,f) —a; x,)) (u—v)da
(3.45) =1 /{””Sk} < O ( Oz;’ ) Ox;

-l—/Q (b(u) — b(v)) Ti(u — v)dx + /89 (u —v)Ti(u — v)do < 0.

Since b, Tj(-) and a;(z,-) are monotone, then

(3.46) /Q (bu) — b)) Tl — v)de = 0,

(3.47) /89 (u—v)Ty(u—v)do =0

and

(3.48) / i(a(x 8—u)—a-(x 51})> 0 (u—wv)dr =0
' fuoj<ky S\ O YT Oy ) O o

According to (1.7), we deduce from (3.48) that
u—v=c a.e x € where cis a constant.

By (3.47), we deduce that for all & € N* there exists Cy C 92 with meas(Cy) = 0
and such that for all z € 9Q\ Cy,

(u(z) = v(z)) Tk (u(z) — v(z)) = 0.
Therefore,

(3.49) (u(z) — v(@)) Th (u(z) — v(x)) =0, for all €\ | Cr.
keN*
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So, we get

u—v=0 ae. on N

Finally as

u—v=c ae in @ and u—v=0 a.e on I,

it follows that

u=v ae. in €. -
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