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Abstract

In this paper we consider controlled McKean-Vlasov stochastic evolution
equations on Hilbert spaces. We prove existence and uniqueness of solutions
and regularity properties thereof. We use relaxed controls, adapted to a
current of sub-sigma algebras generated by observable processes, and taking
values from a Polish space. We introduce an appropriate topology based
on weak star convergence. We prove continuous dependence of solutions on
controls with respect to appropriate topologies. Theses results are then used
to prove existence of optimal controls for Bolza problems. Then we develop
the necessary conditions of optimality based on semi-martingale represen-
tation theory on Hilbert spaces. Next we show that the adjoint processes
arising from the necessary conditions optimality can be constructed from
the solution of certain BSDE.
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1. INTRODUCTION

It is well known that stochastic differential equations of It6 type generate linear
diffusion. A more general class of stochastic systems is governed by McKean-
Vlasov equations in which the coefficients are not only functions of the state
but also of the probability measure induced by the state itself. This makes the
corresponding diffusion nonlinear. A special case of McKean-Vlasov equation is
the mean-field equation in which the coefficients depend not only on the state
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but also on its mean. This class of systems have been studied extensively in
the literature [13, 14, 17,] after McKean introduced this model in [18]. Control
problems involving this general model have been studied in [1, 2, 3, 4].

In recent years intensive research has been going on in the area of necessary
conditions of optimality for stochastic systems governed by It6 differential equa-
tions defined on finite as well as infinite dimensional spaces along the line of the
Pontryagin minimum principle [1, 2, 3, 4, 5, 6, 7, 9, 10, 16]. See also the extensive
references given therein. Control of McKean-Vlasov type stochastic differential
equations were studied in [1, 2, 3, 4, 19]. In [19] Shen and Siu consider maximum
principle for jump-diffusion mean-field model on finite dimensional spaces giving
some examples from finance. Here in this paper we wish to study the question
of existence of optimal controls as well as present necessary conditions of op-
timality for the general class of McKean-Vlasov evolution equations on infinite
dimensional Hilbert spaces.

Shen and Siu [19] presented maximum principle for a class of finite dimen-
sional jump-diffusion stochastic differential equations. The cost functional is of
Bolza type. In [16], Hu and Peng developed some fundamental results on the
question of existence and uniqueness of a class of backward stochastic evolution
equations (BSDE) on Hilbert spaces. In [2], we considered control of McKean-
Vlasov equations and presented existence of optimal controls. In [4], we consid-
ered McKean-Vlasov equations on finite dimensional spaces and developed HJB
equations. The author is not aware of any literature where the question of exis-
tence of optimal controls and necessary conditions of optimality for the general
McKean-Vlasov stochastic evolution equations on infinite dimensional Hilbert
spaces have been considered. This is what motivates us to consider optimal
control of these equations on infinite dimensional spaces and develop necessary
conditions of optimality thereof.

The paper is organized as follows. In Section 2, we present the mathemati-
cal model of the controlled system followed by some mathematical framework in
Section 3. In Section 4, after basic assumptions are introduced, we prove the exis-
tence and uniqueness of mild solutions and their regularity properties. Existence
of optimal control is proved in Section 5. In Section 6, we present the necessary
conditions of optimality. For illustration of the abstract results, in Section 7 we
consider some examples of linear quadratic regulator problems involving linear
McKean-Vlasov dynamics.

2. SYSTEM MODEL

Let X and H denote a pair of real separable Hilbert spaces and {Q, F, F;,t € I, P}
a complete filtered probability space with F; C F a family of nondecreasing com-
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plete sub-sigma algebras of the sigma algebra F and I = [0,7], T < oco. Let
W = {W(t),t € I}, denote an H-Wiener process with covariance operator R
in the sense that for any h € H, (W (t),h) is a real Brownian motion on I with
variance E(W (t), h)? = t(Rh, h). If the operator R = Iy, the identity operator in
H, we say that W is a cylindrical Brownian motion or cylindrical Wiener process;
and if R is nuclear we have the H-valued Wiener process. Since we are interested
in controlled evolution equation we must now introduce the class of feasible con-
trols. Let U be a compact Polish space and M(U) the space of Borel measures on
the sigma algebra B(U) on U. Let M;(U) C M(U) denote the space of probabil-
ity measures on U. Let G, C F; denote another current of nondecreasing family of
sub-sigma algebras of sigma-algebras F; and let L% (I, M;(U)) denote the class
of weak star measurable G;-adapted M (U) valued random processes. For any
Banach space Z, let C(U, Z) denote the Banach space of Z-valued continuous
functions defined on U furnished with the standard sup-norm topology, that is,
for any ¢ € C(U, Z), its norm is given by || ¢ ||= sup{|¢(&)|z,& € U}. For any
¢ € C(U,Z) and u € M1(U), the integral ®(u) = [;; ¢(&)u(df) is well defined as
Bochner integral with values in Z.

Now we are prepared to introduce the system considered in this paper. It is
governed by the following McKean-Vlasov controlled evolution equation on the
Hilbert space X driven by the H-Brownian motion W and the control measure u:

dx = Axdt + f(t,x, p,u)dt + o(t, x, p,u)dW, x(0) = xo,

(1)
and u(t) =P(x(t)), te I =10,T).

where A is the infinitesimal generator a Cpy-semigroup S(t), t € I, on X and f
is a Borel measurable map from I x X x M;(X) x M(U) to X and o is also
a Borel measurable map from I x X x M;(X) x M;(U) to L(H, X), the space
of bounded linear operators from H to X, and xg is the initial state. We have
denoted the probability law of any stochastic process {((t),t > 0} by P(¢(t)),
t>0.

The drift f and the diffusion o are not only dependent on the current state
x(t) but also its probability law pu(t) = P(x(t)), the measure induced by the X-
valued random variable z(t). We assume throughout the paper that both f and
o are given by

F(t 2 ) = /U F(t 2 1, ©)uldE), o (b, 1, u) = /U ot 1, € )u(de)

for any u € M;(U). In case both X and H are finite dimensional, this class
of models arise naturally in finance where the objective functional is of mean-
variance type maximizing terminal wealth while minimizing variance. Also such
models are known to arise in biological population process.
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3. MATHEMATICAL FRAMEWORK

Let B(X) denote the Borel o-algebra generated by closed (or open) subsets of
the Hilbert space X and M;(X) is the space of probability measures on B(X)
carrying the usual topology of weak convergence. Let C(X) denote the space of
continuous functions on X. We use the notation (i, ) = p(e) = [y p(z)u(dz)
whenever this integral makes sense. Throughout this paper we let v denote the
continuous function y(x) = 1+ |z|,z € X, and introduce the Banach space

€020 = { € 00 llon = sy 5 - sup P <o)

For p > 1, let M3,(X) denote the Banach space of signed measures m on X

satisfying |[u/|y» = ([ yp(m)]m|(dm))1/p < 00, where |m| = m*+m™ denotes the
total variation of the signed measure m, with m = m™ — m™ being the Jordan
decomposition of m. Let M,2(X) = Mz, (X) N M1(X) denote the class of
probability measures possessing second moments. We put on M.»(X) a topology
induced by the following metric:

p(p,v) = sup {(n—v)(p) = (g, —v) : p € Cy(X) and ||¢|c,x) < 1}

Then (M,2(X),p) = Ma,(X) forms a complete metric space. Note that this
is a closed bounded subset of the closed unit ball in the linear metric space

5.0(X) = (M3, p). Define I = [0, T] with " < co. We denote by C(1, M2,,(X))
the complete metric space of continuous functions from I to My ,(X) with the
metric:

D(p, v) = sup{p(u(t), v(t)), t € I}

for any p,v € C(I, M3 ,(X)). From now on all stochastic processes considered
in this paper are assumed to be based on the complete filtered probability space
(Q, F, Fi>0, P) with Fr C F. For convenience of notation we denote the space
Ly((92, F, P), X) by La(£2, X) and let C(I, L2(£2, X)) denote the Banach space of
continuous F-measurable functions defined on I and taking values from Ly (€2, X)
satisfying the condition sup,c; E|z(t)|% < 0o. Let Ay denote the closed subspace
of C(I; La(£2, X)) consisting of continuous Fi-adapted (progressively measurable)
X-valued random processes x = {z(t) : t € I = [0,T]}. Then, As is a Banach
space with respect to the norm topology given by |z|n, = (sup;e; Fla(t)[?)"/2,
We denote by LQfT(Q, X) the space of Fp measurable X valued random variables
having finite second moments. Similarly, we use L (I, X) = L (I x Q, X) to
denote the Banach space of Fy-adapted X-valued norm-square integrable random
processes defined on 1. Let L (H, X) denote the completion of the space of linear
operators from H to X with respect to the inner product < K, L >= Tr(KRL")
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and norm |K|gr = /Tr(KRK*). Clearly this is a Hilbert space. In the sequel
we also need the Hilbert space LJ (I, Lr(H, X)) which consists of F;-adapted
Lr(H,X) valued random processes having finite square integrable norms in the
sense that for any K € L] (I,Lr(H, X)) we have E [, |K|%dt < cc.

4. BASIC ASSUMPTIONS AND EXISTENCE OF SOLUTIONS

Now we are prepared to introduce the basic assumptions. In order to study
control problems involving the system (1) we must now state the basic properties
of the drift and the diffusion operators {f, o} including the semigroup generator.

Basic Assumptions:

(A1): The operator A is the infinitesimal generator of a Cpy-semigroup S(t),
t > 0, on the Hilbert space X satisfying

sup {|| S(t) llz(my, te€ T} <M < oc.

(A2): The function f : I x X x M (X) x U — X is measurable in the first
argument and continuous with respect to the rest of the arguments. Further,
there exists a constant K ## 0 such that

f (2, % < KL+ |2k + [pld b Vo e X6 €U
|f(t7$lalulag) - f(t,$2,ﬂ2,£)|%( < K2{|l’1 - ZL’Q’%{ =+ PQ(Mth)}a

for all x1,29 € X, p1, p2 € My ,(X) uniformly with respect tot € I, £ € U.

(A3): The incremental covariance of the Brownian motion W denoted by R €
LY (H) (symmetric, positive). The diffusion o : I x X x M (X)xU — L(H, X)
is measurable in the first argument and continuous with respect to the rest of the
variables and there exists a constant Kz # 0 such that

ot 2,1 OlR < Kg{l+ |2k +|nie, ) Voy € X pe M
‘U(t7x1),ulv€) - U(t73327/i275)|33 < K723{|1‘1 - x2’?X =+ PQ(MMMQ)}

for all x1,29 € X and pq, p2 € M ,(X) uniformly with respect to (¢,£) € I x U,
where |o|% = tr(cRo*).

For admissible controls, let G;,t > 0, denote a nondecreasing family of sub-
sigma algebras of the current of sigma algebras F;,t > 0. Let U be a compact
Polish space and M (U) the space of probability measures on U. For admissible
controls, we choose the set Uyg = LI (I, M1(U)) € LL (I, M(U)) which con-
sist of Gi-adapted M (U)-valued random processes, endowed with the weak star
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topology. This is the class of relaxed controls. It follows from Alaoglu’s theorem
that U,, is weak star compact. In contrast, let I/, denote the class of measur-
able functions on I with values in U, called regular controls. It is clear that the
following embedding U, — Uyq, through the mapping Uy > u(-) — dy() € Uaa,
is continuous. It follows from the well known Krien-Millman theorem that the
closed convex hull of the extremals of any weak star compact set is weak star
compact. The set of extremals of U, is given by U,., and hence U,y = clco(U,).
Thus any relaxed control from U,g can be approximated as closely as required by
regular controls from U,.. There are several reasons for choosing relaxed controls.
For example, it is well known from control theory of deterministic systems that
there are examples (time optimal control) where optimal control does not exist
in the regular class U, but does so in the relaxed class Uf,4. For relaxed controls,
the set U can be non-convex, discrete etc.

To prove the existence of solution of the stochastic evolution equation (1) we
need the following.

Lemma 4.1. Consider the system (1) and suppose the assumptions (A1)—(A3)
hold. Further, suppose that W = {W(t),t > 0} is an H-Brownian motion
with incremental covariance (operator) R € LF(H). Then, for every Fo mea-
surable X walued random variable xo € L{O(Q,X), and control uw € U,q, and
v e C(,Msz,(X)), the stochastic evolution equation given by

(2)  dr=Azxdt+ f(t,z,v,u)dt + o(t,z,v,u)dW, x(0) = xo, t € I =[0,T],

has a unique mild solution x = x,, € Ao in the sense that it satisfies the following
stochastic integral equation:

t
2(t) = S(t)zo + / S(t — ) (ry2p(r), v(r), ur)dr
3) t 0
+/ St —71)o(r,z,(1),v(7),u ) dW(T) t € I.
0

Further the solution has a continuous modification.

Proof. First we show that for every given v € C(I, M3 ,(X)), the solution
of the integral equation (3), if one exists, has an a-priori bound. Clearly, for
the given v € C(I, M2,(X)), there exists a finite positive number b such that
| v llew,ms,)x)= sup{ll v(¢) |l,2,t € I} <b. Then using equation (3) and com-
puting the expected value of the square of the norm of x,(¢) one can easily obtain
the following inequality,

t
(4) Elz,(t)% < C1 + Cg/ E|z,(s)%ds,
0
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where

Cr = 0P {Blafy + (K + K3) [ LUt (s) o))
Cy = 4AM?*(TK? + K3%).

Hence, it follows from Gronwall inequality applied to (4) that

(5) sup{E|z,(t)%,t € I} < Cyexp{CyT}.

Next we show that under the assumptions (A1)—(A3), the integral equation has
a unique solution x, € As. For the fixed v, define the operator F}, by

. (Fox)(t) = xo—i—/ St —71)f(r,z(r),v(7),ur;)dr
6
/ S(t — P)o(r, 2(r), v(r), u)dW () t € I.

It is clear from the a priori bound proved above that F,, : Ao — As. We prove
that it has unique fixed point in As. For any pair of z,y € As, it follows from the
Lipschitz property of f and o (see (A2)-(A3)) that

() sup El(F)(s) - (Foy)(s)l5x < a(t) sup {Elz(s) - y(s)[%}
where
alt) = 2M*{K?*t* + K&t}, t € I.

For s,t € I, s < t, let Ag[s,t] denote the restriction of the Banach space Ay over
the interval [s,t] C I. Clearly, it follows from the inequality (7) that

(8) I Fow = Fuy llasiog< Vo) |2 =y llaspg, t €1

Since « is a continuous and monotone increasing function of ¢ € I, with a(0) =
0, there exists t; € I = (0,7] such that a(¢;) < 1. Thus it follows from the
expression (8) that F), is a contraction on A3[0,t1] and therefore by Banach fixed
point theorem it has a unique fixed point ' € A3[0,¢;]. Further, it follows from
the well known factorization technique [12] that 2! has a continuous modification
which we continue to denote by z!. Clearly x!(#1) is F;, measurable and it belongs
to Lo(2, X). Using this 2'(#;) as the initial condition, we consider the integral
operator F,, over the interval [t1,T] giving

(Fyx)(t) =St —t)zi(t) + | St —71)f(r,2(7),v(T),ur)dr
(9) ‘ "
St —7)o(r,z(1),v(7),u; )dW(7) t € [t1,T).

t1
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Again it follows from the property of the function « that there exists to € (t1, 7]
such that a(ty —t1) < 1 and therefore the operator F), restricted to the Banach
space Asg[t1,t2] is a contraction and hence by the Banach fixed point theorem,
it has unique fixed point 22 € As[t;,t2] having continuous modification. We
continue this process starting with z(ty) = x2(ty) for the remaining interval
[to, T]. Since I is a compact interval, it can be covered by the union of a finite
number of compact subintervals {[t;, t;41]};= 0 , with tg = 0 and ¢,, = T Then the
solution of the integral equation (3) is given by the concatenation of the processes
{z',22 ..., 2"} defined on the intervals {I;,5 = 1,2...,n} proving that z, € Ay
is a unique fixed point of the operator F},. This proves that the integral equation
(3) has a unique solution and hence the evolution equation (2) has a unique mild
solution. This completes the proof. [ |

Now we are prepared to consider the question of existence of solution of the
McKean-Vlasov evolution equation (1). By a solution of this equation, we mean
the solution of the following integral equation

x(t) = S(t xo—l-/ S(t—s)f(s,x(s), u(s),us)ds

(10) / S(t — $)o(s, 5(s), u(s), us)dW (s), t € I,
with p(t) = P(x(t)), t € 1.

Theorem 4.2. Consider the system (1) and suppose the assumptions of Lemma
4.1 hold. Then the system (1) has a unique mild solution = € Ag satisfying the
integral equation (10) with probability law p € C(I, M3 ,(X)) such that P(x(t)) =
w(t) for allt e I.

Proof. For any given v € C(I, M3 ,(X)), consider the evolution equation (2).
By Lemma (4.1), we know that it has a unique mild solution z, € Ay having con-
tinuous modification. Define the operator ® : C'(I, My ,(X)) — C(I, M2 ,(X))
taking values

O(v)(t) = Plxu(t)), t €.

It is clear that if the operator ® has a fixed point in C(I, M3 ,(X)), that is
® (1) = p, then equation (1) has a unique mild solution and conversely, if equation
(1) has a mild solution = € Ay, then P(x(t)) = u(t), t € I, and p is the fixed
point of the operator ®. Thus it suffices to prove that ® has a unique fixed point
C(I, M3 ,(X)). For any fixed but arbitrary Fo-measurable initial condition g €
Ly(92, X') and control u € Uyq, consider the evolution equation (2) corresponding
to v = X and v = ¥ separately where A\, € C(I, M3 ,(X)). By Lemma 4.1,
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equation (2) has unique mild solutions z),xy € Ag corresponding to A\ and o
respectively. Clearly, these are solutions of the following integral equations

25(t) = S(t)zo + / S(t — 1) f(r, 27(7), A(T), ur)dr

(11) . 0

—I—/ St —7)o(r,2A(7), \(T),ur )dW (7) t € I.
0

xy(t) = S(t :U0+/ St —7)f(r,z9(7),0(7),ur)dr
(12)

/ S(t = P)o(r, 2(7), 0(r), un )W (7) t € I.

Subtracting equation (12) from equation (11) and following similar steps as in
the proof of Lemma 4.1, the reader can easily verify that

sup Elz(t) — 2o ()%
0<t<r

(13
< a(n)] s Bl - o0k + s P00}

Using the inequality (13) and choosing 7 = t; € (0, T, sufficiently small, so that
a(ty) < (1/3), we arrive at the following inequality

(14) sup Blaa(t) - (1) < (1/2) sup (N0, 9(1).

Recall that by definition of the operator ®, (PA)(t) = P(z(t)) and (PI)(t) =
P(xy(t)) for t € I. Then computing the distance between the measures (®N)(t)
and (®J)(t), it follows from the definition of the metric p that

p((@A)(2), (®V) (1))

= sup{< @, (PA)(t) — (PV)(t) >: 9 € Cp, || @ [lc, < 1}
= sup{E[p(za(t)) — ¢(zs(t))] : ¢ € Cp, || @ llc, < 1}
< Elza(t) —zo(t)]x.

Clearly, it follows from the above inequality that

(16) sup p((@A)(1), (@V)(1) < sup Elan(t) — (1) .
0<t<ty 0<t<ty

Therefore, it follows from the inequalities (14) and (16) that

sup p((@A) (1), (29)(1) < (1/2) sup p*(A(t), 9(1)).

0<t<ty 0<t<ty
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from which we arrive at the following inequality

(17) sup p((A)(t), (29)(1)) < (1/V2) sup p(A(1),9(t)).

0<t<t, 0<t<t;
This shows that @ is a contraction on the restriction C([0,¢1], M2 ,(X)) of the
metric space C([0, 7], M2 ,(X)) and hence by Banach fixed point theorem, it has
a unique fixed point, say, u! € C([0,t1], M2 ,(X)), that is, (Pu')(t) = ul(t),
t € [0,t1]. Next, choosing t2 € (t1,T] such that a(ta —t1) < (1/3) and carrying
out similar analysis, we arrive at the following inequality,

(18) s p(@N)(0: (@)(0) < (1/V2) sip oD, 0(0).
11 <t<to t1<t<tz

Thus @, restricted to the metric space C([t1,t2], M2 ,(X)), is again a contraction
and hence it has a unique fixed point p? € C([t1,t2], M2 (X)) giving ®p® = u?
for t € [t1,ts] with p?(t1) = p'(t1). Continuing this process we can exhaust the
interval in a finite number steps and obtain a finite sequence of measure valued
functions {u’ € C([ti—1,ti], Ma,(X)),i=1,2,...,n} with ty = 0,¢, = T. Again,
by concatenation of these measure valued functions, we obtain p which coincides
with z¢ on the interval [t;_1,t;] for i € {1,2,...,n} satisfying (®u)(t) = u(t),
t € I proving that ® has a unique fixed point in C(I, M3 ,(X)). Hence the
McKean-Vlasov evolution equation (1) has unique mild solution x € Ay with
probability law p € C'(I, M2 ,(X)). This completes the proof. [ ]

Corollary 4.3. Suppose the assumptions of Theorem 4.2 hold with the admissible
controls Uyqg = LY. (I, M1(U)). Then the solution set Z = {x(u),u € Uag} is a
bounded subset of Ao and the corresponding set of measure valued functions lies

in a bounded subset of C'(I, Mz ,(X)).

Proof. We present a brief outline. Let z(u) € Ay denote the solution of the
integral equation (10) corresponding to any control u € U,y and let p* €
C(I, M3 ,(X)) denote the associated measure valued function. It follows from
the first part of the assumptions (A2)-(A3) that, for any given x € X and
p € M,2(X), both f and o are uniformly bounded with respect to controls.
Hence, using the integral equation (10), and the fact that

O = [ P s)do)
(19) :
= [ 0t lelut (o) < 201+ Bla* (9.

it is easy to verify that, for every u € U,4, we have

(20) E|z(u)(t)|% < C1(T) + CQ(T)/O E|z(u)(s)|%ds, t € I,
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where
C1(T) = 4AM?*{E|zo|% + 3K*T? + 3K%T}and Co(T) = 12M?*(K*T + K3).

The constants C7 and C5 are independent of control. Thus the first conclusion
follows from Gronwall inequality applied to the expression (20) and the second
conclusion follows from the first and the inequality (19). This completes the
proof. [ |

Remark 4.4. In Theorem 4.1, we assumed that {f, o} satisfy uniform Lipschitz
condition. In fact this uniform Lipschitz condition is not essential. By using
stopping time arguments this can be relaxed to local Lipschitz condition.

5. EXISTENCE OF OPTIMAL CONTROL

For the proof of existence of optimal controls we use lower semicontinuity and
compactness arguments. For this we prove the continuity of the map u — =z,
that is, the control to solution map. Since continuity is critically dependent on
the topology, we must mention the topologies used for the control space and the
solution space. For the solution space we have already the norm topology on
Ay (see Section 3). So we consider an admissible topology for the control space.
In a recent paper [1], we introduced a topology on the control space which is
weaker than the one we introduce here. The reason for this shift is to remove the
compactness assumption on the semigroup S(t),t > 0, used in [1]. Let U be a
compact Polish space and C'(U) the Banach space of continuous functions with
the usual sup-norm topology. Let M(U) denote the space of finite Borel measures
on U (more precisely on B(U) the class of Borel subsets of U). Equipped with the
norm topology induced by the total variation, this is a Banach space. It is well
known that M(U) is the topological dual of C'(U) and hence for any continuous
linear functional ¢ € (C'(U))*, there exists a unique u € M(U) such that

() = /U H(E)ulde).

Since U is a compact Polish space, the space C(U) with the usual sup-norm
topology is a separable Banach space. We are interested in partially observed
relaxed controls. Let G, t > 0, denote a nondecreasing family of complete sub-
sigma algebras of the current of sigma algebras F;, ¢ > 0. Let A denote the
Lebesgue measure on I and P the probability measure on €2 and A x P the
product measure on I x ). Let P, denote the sigma algebra generated by G-
predictable subsets of the set I x 2 and p the restriction of the product measure
A X P onto P,. We assume that (I x Q,P,, ) is a complete separable measure
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space. Let Lq(u,C(U)) denote the Lebegue-Bochner space. Since M(U) does
not satisfy RNP (Radon-Nikodym property), it follows from the theory of lifting
that its topological dual is given by L% (u, M(U)) which consists of weak star p-
measurable essentially bounded random processes with values in M(U). In other
words

(La(p, C(U)))" = L (1, M(U)).

Thus for any continuous linear functional ¢ € L;(u, C(U)))* there exists a unique
u € LS (1, M(U)) such that

Up) = /U (e (d)du = /I unaler )i

For the set of admissible controls our natural choice is the set U = L% (u, M1 (U)) C
L& (u, M(U)). Since the measure space (I x Q,P,, u) is complete separable, the
Banach space L (p, C(U)) is separable and hence, it follows from [see Dunford &
Schwartz [15], Theorem V.5.1, p. 426] that the set LY (i, M1 (U)) is metrizable
with the metric § given by,
> u ro) — vew(git, td
5(u, v) = Z(l/Qn) |f[xQ{ t,w(gt,wr)b t,w(gt,wn} m ’
n=1 1+ | fIXQ{ut:W(gt,w) - vt,w(gt,w}du|

where the set {¢g"} is dense in L;(u, C(U)). With respect to this metric topology,
(U,5) = Us is a compact metric space. This topology is rather weak. We use
slightly stronger topology. For the space U we introduce the following metric
topology. Let D = {g,} be a dense subset of La(u, C(U)) and define the function
d:UxU—[0,1] by

o0

d(u,v) = 3 (1/27) min{l, (/mz [ttt,00(gn) = vt,w(gn)PdM) 1/2}

n=1

for u,v € U where us,(9) = [1; 9r,w(€)urw(dE). The reader can easily verify that
d defines a metric on Y. We denote this metric space by Uy and show that it
is complete. Let {u*} C Uy be a Cauchy sequence. Then it follows from the
expression for d that, for each g € La(u, C(U)), {u*(g)} is a Cauchy sequence
in Ly(p) = Lo(I x Q, Py, ) and therefore it has a unique limit, say hy € La(pu).
On the other hand, it follows from Alaoglu’s theorem that L% (u, M1(U)) is
weak star compact and since this space is Hausdorf, there exists a unique u° €
LS (u, M1 (U)) such that for every g € Li(u, C(U)) we have

lim uF(g)dp — u’(g)dp.
k—=oo JIx0 IxQ
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Equivalently, u*(g) — u°(g) in Ly(u) for every g € Ly(u,C(U)). Since (I x
Q, Py, 1) is a finite measure space it is clear that La(p, C(U)) C Li(p, C(U)) and
therefore u*(g) — u°(g) in La(u) for every g € La(u, C(U)). Clearly, hy—u°(g) €
La(p) and it follows from Hahn-Banach theorem that there exists an e € La(u)
with || e [|1,(u= 1 such that || hy — u°(g) [|1,u= (e,hy —u°(g)). The reader
can easily verify from this that hy = u°(g) for every g € La(p, C(U)). Hence we
conclude that
d(uk,uo) — 0, as k — oo,

and therefore U; is a complete metric space. Let V be a closed and totally
bounded subset of Uy. Then it follows from well known Borel-Lebesgue theorem
that V; = (V,d) is a compact metric space. For admissible controls, we choose
Upg = (V,d) = V.

To prove the existence of optimal controls we use the following result on contin-
uous dependence of solutions on controls.

Theorem 5.1. Consider the control system (1) with the admissible controls
Uug = Vg. Suppose the assumptions of Theorem 4.2 hold. Then, the control to
solution map uw — x is continuous with respect to the metric topology d on Uyq
and the norm topology on As.

Proof. Let {u",u’} € U,q be a sequence and suppose u" &y w0, Let {z", z°} €
Ay, with 2"(0) = 2°(0) = =z, denote the solutions of the integral equation
(11) corresponding to the controls {u",u®} respectively and let {u",pu°} €
C(I, M3 ,(X)) denote the corresponding measure valued functions with p™(0) =
11°(0) = P(x0). We show that 2™ —5 2° in Ay and p" —= p° in C(I, M2 ,(X)).
Using the integral equation (10) corresponding to controls {u"} and u° respec-
tively we have

" (t) = S(t xo—i-/ S(t—s)f(s,x"(s), " (s),us)ds
(21)

/St—s 5, 27(s), 1" (), u) AW (s), t € T,

x2°(t) = S(t)xo +/ S(t—s)f(s,z°(s), u’(s),ud)ds
(22) 0

+/ S(t—s)o(s,z%(s), u°(s),ug)dWi(s), t € I.
0

Subtracting equation (22) from (21) and rearranging terms suitably we arrive at
the following expression,
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t
a”(t) — 2°(t) = /0 S(t—s)[f(s,a"(s), 1" (5),ug) — f(s,2°(s), u°(s), ug)] ds
(23) +/0 S(t —s)[o(s,a"(s), 1" (5), uy) — o (s,2°(s), u(s), ug) ] dW (s)

+ el (t) +e5(t), tel,

where the processes {e[', eh} are given by
t
(24) e(t) = /0 S(t—s) [f(s,xo(s),uo(s),ug) - f(s,xo(s),uo(s),u;’)]ds

t
(25) 6”(75)2/0 S(t = s)[o(s,2°(s), u°(s), ug) — o (s,2°(s), u°(s), ug) | dW (s).

Using the assumptions (A2)—(A3) and computing the expected value of the square
of the X-norm, it follows from the expression (23) that

E|a"(t) — 2°(t)[%

(26) < 2M?*(K*t + K) /Ot{Elw"(S) —2°(s)[% + p* (" (5), n°(s)) }ds
+ 2*(Ele} ()% + Ele5 (t)[%), t € 1.

,From the definition of the metric p, the reader can easily verify that

(27) P2("(s), 1°(s)) < Bla"(s) — 2°(s)%, ¥ s € 1.

Then using this inequality in (26) we obtain

g B0 Ok <2020 ) [ (B 6) - () s
+ 23 (Ele} ()% + Ele5 (t)[%), t € 1.
For each n € N, define the function 7, as follows
(29) (1) = 2°(Elef ()% + Ele3 (t)[%), t € 1,
and a function C given by C(t) = 24M?*(K?t + K%), t € I. Then, by virtue of
Gronwall inequality, it follows from the inequality (28) that

B0 B0 - 2Ok < mlt)+ 00 | exp{ / c<s>ds}nn<0>d0.
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Considering the processes e} and e, it is easy to verify that, for each t € I, we
have

(31) Ele} ()% < M2tE/O [f(s,2%(s), p°(s), uf) = f(s,2%(5), n(5), u?) 5 ds

t
(32) Eles ()% < M2E/0 I (o (s, 2%(s), 1°(s), ug) — o (s, 2°(s), u”(s), uf)) | ds

where we have used the notation ||o[|% = Tr(cRo*). Using the elementary
properties of conditional expectations and the fact that Gy C F; for all ¢ > 0, it
follows from the above inequalities that

T
sup Elef (1)[% < (M2T)E/ |f(s,2°(s), 1%(5), ug) — f(s,2°(s), u°(s), u?) [ ds
tel 0

(33) = (M2T)/ E{|f(s,2°(s), n°(s), u) — f(s,2°(s), u(s),u)|X |Gs} dps
IxQ
and

T
S;lelyEleél(t)I%( < MQE/O I (o(s,2°(s), 1°(5), u) — os,2°(s), u(s),u?)) |7 ds

(34) = MQ/]XQE{II (0(s,2%(s), n°(s), uf) — o (s,2°(s), u°(s), u?)) % |Gs pedpe

It follows from the assumptions (A1)—(A3), particularly the growth properties,
that along the process {z°, u°} the integrands in the expressions (33) and (34)
belong to Li(u,C(U)) and by Corollary 4.3 they are dominated by integrable
functions (processes). Thus, by Lebesgue dominated convergence theorem, as

LN u?, the integrals on the righthand side of the above expressions converge
to zero. Consequently, it follows from (29) that the function 7, (¢) — 0 uniformly
on I as n — oco. Using this fact in the inequality (30) we conclude that

(35) 1i_>m sup{E|z"(t) — z°(t)|%, t € I} =0,

and hence 2" —= 2° in Ay. This proves the continuity as stated in the theorem.
|
Remark 5.2. As a corollary of the above theorem, we observe that as u” 4, u°,
the probability measure valued process " — p° in C(I, Mas ,(X)). This follows
readily from Theorem 5.1 and the inequality (27).
Now we are prepared to consider the question of existence of optimal control.
The objective functional (cost) is given by

T
(36) J(u) = E{ /0 0t 2(8), (), ue)dt + B(a(T), u(T))},
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where z is the mild solution of the McKean-Vlasov evolution (1) corresponding to
control u € U,q. Our objective is to find a control that minimizes this functional.

Theorem 5.3. Consider the system (1) with the cost functional (36) and ad-
missible controls Uy,q = Vy. Suppose £ and ® are Borel measurable in all the
arguments, and lower semicontinuous in (x, ) on X x Mo ,(X) and continuous
on U satisfying the following properties:

(C1): There exist an oq € LT (I) and a nonnegative number ag < 0o so that

|£(t,33,,u,§)| < al(t) +a2{1 + ‘I‘g( + |:U’|3\/lﬂ/2} v (t,x,,u,f) €IxXx M'yQ x U.

(C2): There exists a nonnegative constant 5 < oo so that
(O, 1)] < BLL+ [al% + [} ¥ (2a) € X x M.
Y
Then there exists an optimal control u® minimizing the functional (36).

Proof. Since U,y is compact in the metric topology d, it suffices to verify that
the functional v — J(u) is lower semicontinuous in this topology. Let {u"} €

Uqq and suppose u" %, 4. Let {z", u"} denote the mild solutions of equation
(1) corresponding to the sequence of controls {u"}, and {z°,u°} the solution

corresponding to control u°. Then it follows from Theorem 5.1 that, as u”" A,
u®, " — z° in Ay and the corresponding sequence of measures pu” — pu°
in C(I, M3 ,(X)). Further, recall that {z",2°} have continuous (modifications)
versions. Thus, it follows from lower semicontinuity of ¢ and ® that, along a
subsequence if necessary,

(37) 0t 2°(t), p°(t), uy) < HmL(t, 2" (¢), p" (1), uf)
(38) ®(@®(T), 1°(T)) < lim & (@™ (T), u"(T))
pa.e. in I x €. Since the norm topology of As is stronger than the norm topology

of L (I,X) it is easy to verify that the subsequence referred to above can be
chosen independently of (t,w) € I x Q. Clearly, it follows from (37) and (38) that

Eq [ Ut 2°(t), p°(t), uf)dt + @(2°(T), p°(T))
oy )

T
<B{ [ im0, 0.+ lim e (1),6(T) |
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Since ¢ and ® satisfy the assumptions (C1) and (C2), it follows from generalized
Fatou’s Lemma that

T
E{/ nme(t,x"(t),m(t),ug)dt+1imq>(xn<T),m(T))}
(40) "

T
<timB{ [ a0 0 )it + 2 (D), 0T

Thus it follows from the definition of the cost functional J and the inequalities
(39) and (40) that

(41) J(u?) < Tim J (u")

proving that .J is lower semicontinuous on U4 in the metric topology d. Since
U,q is compact in this metric topology, J attains its minimum at some point
u* € Uyq. This completes the proof. [ |

Remark 5.4. The metric topology d on the space of admissible controls can
be replaced by the natural weak star topology on L% (u, M1(U)) provided the
semigroup generated by the unbounded operator A is compact [1].

6. NECESSARY CONDITIONS OF OPTIMALITY

Given that optimal control exists, we can proceed to develop the necessary con-
ditions of optimality which can be used to determine the optimal policy. To
develop the necessary conditions one requires more regularity properties for the
drift and the diffusion operators including the cost integrands. For this reason
we introduce the following additional assumptions:

(A4): The drift f = f(t,z,p,u) and the diffusion operator o = o(t,x, u,u)
are Borel measurable in all the arguments and once continuously Fréchet dif-
ferentiable in their second and third argument, and the Fréchet derivatives are
uniformly bounded on I x X x M,2(X) x U and measurable in the uniform
operator topology.

(A5): The cost integrands ¢ = ¢(t,z, u,u) and & = ®(z, u) are Borel measurable
in all the variables and once continuously Gateaux differentiable with respect to
the arguments z, u € X x M,2(X), and there exist constants C1,Cs > 0 so that
their Gateaux derivatives satisfy the following growth conditions:

alty e, ©)lx < OLL+ Jalx + it 00) ¥ (2,0,6) € T x X x Mo (X) x U;
10t 2 1. 0) |y ) < Co (1 felx Hlitlan p00) ¥ (2, 1,6) € Tx X x Mo (X) XU
(e, wlx < Coll+ |2l + lilan o) ¥ (@) € X x Ma(X)

B )|, x) < Cal+ ol + il o) Viw, 1) € X x Ma(X).
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In the sequel we will be required to use the properties of semimartingales.
Let SMS$(1,X) denote the space of continuous, norm-square integrable F;
semi-martingales with values in the Hilbert space X starting from zero. Ev-
ery such semimartingale has the following integral representation. For each M €
SMS(I,X) C L3 (I, X), there exists a unique pair of intensity (¢, Q) € L3 (I, X)x
L (I, Lr(H, X)) such that

Mt:/o <Z>(s)ds—i—/0 Q(s)dW (s), t e I.

For M, M? € SM5(I, X), with the intensities (¢1, Q1) and (¢2, Q2) respectively,
one introduces the scalar product

T

T
(M1, M2)spms(r,x) = E {/0 (¢1(s), d2(s))xds +/0 TT(Ql(S)RQE(S))dS}-

Completion of SMS(I, X) with respect to the above inner product turns it into
a Hilbert space which we continue to denote by the same symbol. The associated
norm is given by || - [[spg(r,x) where

T T
10 BB [ 10(6)Bts + [ TrQoRer(s)as},

Now we return to the control problem. To develop the necessary conditions of
optimality we need the so-called variational equation. This equation characterizes
the Gateaux differential of the solution of the state equation (1) with respect to
controls u € U,q. We present this in the following lemma.

Lemma 6.1. Suppose the assumptions (A1l)—(A4) including those of Theorem
5.3 hold, and let {z°, u°,u°} be the optimal state-control process with p°(t) =
P(z°(t)), t € I. Then, for any u € Uyq, there exists a unique pair (z,v) €
AaxC(I, Mz, (X)) which is the mild solution of the following variational equation

dz = Azdt + fo(t,2°(t), uo(t), ud)zdt + fu(t, 2°(t), uo(t), ud)v(t)dt

(42) o (b, 20(8), pO (), uds 2(8))dW (t) 4 o, (t, 20(t), u° (1), ud; v(t))dW (1)
+ dAY (1), 2(0)=0, tel,

where A € SMS(I, X) is the semi-martingale given by

(43) AN (t) = f(t,2°(t), uO(t), ue — uf)dt + o (t, 2°(t), u(t), ue — uf)dW (1),

starting from A“~%"(0) = 0. The solution {z,v} is the strong limit of (1/¢)(z® —
x°) and (1/e)(u® — p°) in A2 and C(I,Mf/Q (X)) respectively where {x°, 2°} € Ay
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and {p®,p°} € C(I, M3 ,(X)) are the solutions of the integral equation (10)
corresponding to the controls {u®, u®} € U,y respectively. Further, for any fized
U € Uyg, A" — 2 is a continuous linear map from SMS(I, X) to As.

Proof. Let u® € U,q denote the optimal control and v € U,y any other control.
Since the admissible set U,q consists of relaxed controls, it is evident that u® =
u+e(u—u®) € Uyq for all e € (0,1). Let {2°, u°} and {z°, u°} denote the solutions
of the integral equation (10) corresponding to the controls {u®, u®} respectively.
Define

2(t) = (/e)(a"(t) —2°(t)), vo(t) = (1/e)(u () — p°(t)), t € 1.

Considering the integral equation (10) corresponding to the controls u® and u°
respectively and subtracting one from the other and dividing by e, we obtain

Z5(t) = /0 St —s)(1/e)[f(s,2°(s), (), u) — f(s,2°(s), n°(s), ug)lds
+/0 S(t —s)(1/e)[o(s,2°(s), u°(s),u’) — o (s,2°(s), u°(s), ug)|dW (s)
(44) —f—/o St —s)f(s,z°(s), u°(s), us — ul)ds

+/ S(t—s)o(s,z°(s), u°(s), us —u2)dW(s), t € I.
0

Using the Lipschitz properties (A2) and (A3) and computing the expected value
of the norm square it follows from (44) that

Bl < 16M2(K% + K2) /tEyzf(s)&ds
0
(45) 16022+ KB) [ (1602050 5
0

+ EVA ()%, tel,

where the process VE“_UO is given by the convolution integral of the semimartingale
AV € SMS(I, X) with respect to the semigroup S(t),t > 0, that is,

VIT(t) = /0 S(t —s)dAL™ (s) = /0 St —s)f(s,2%(s), u°(s), us — ug)ds
(46) +/0 S(t—s)o(s,z°(s), u(s),us — u2)dW(s), t € I.

Clearly, the semimartingale A%~%" is given by the It6 differential,

dATT(t) = f(t (), 17 (1), e — )t + o (t,25(2), 17 (1), we — ug)dW (1), t € 1,
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with A¥~%*(0) = 0. Using the definition of the metric p the reader can easily
verify that

(47) (1/€2)p* (= (1), (1)) < Bl“(t)[%, t € 1.

Considering the process V=%’ it follows from the growth properties in the as-
sumptions (A2)—(A3), that

T
(48) StlelgElVS‘*“ O < 2M2(K2T+K123)/0 {1+E[2(s) X +11(s) [, (x) Hs

for all € € (0,1). By virtue of Corollary 4.3, it follows from the above inequality
that there exists a finite positive number §(7T'), dependent on T, such that

(49) sup{E[V2 ()%, t € I,e € (0,1)} < 0(T), ¥V u € Uyg.

Defining 3(T) = 32M?(K?T + K?%) and using the estimates (47) and (49) in the
inequality (45) we arrive at the following inequality,

t

(50) El*()% < B(T)/ E|2%(s)[k ds + o(T).
0

Hence it follows from Gronwall inequality that

sup sup B|=*(1)[% < 8(T) exp{TB(T)} < oo,
0<e<1 tel

and consequently it follows from (47) that
sup{[v°(t)|3 .t € 1,0 < e <1} < §(T) exp{TB(T)} < oo.
Y
In view of the above analysis, it is clear that the following limits are well defined

z=s—limz"=s— 111101(1/5)(566 —2%) in Ay
[

el0
vV=15— laiﬁ)lyE =s5— 18%1(1/6)(#5 —p°) in C(I, M2:(X))
AV =5 —lim AV in SMS(T, X).
el

Thus, letting € | 0 in the identities (44) and (46), it follows from assumption (A4)
including ((A2), (A3)) and dominated convergence theorem and strong conver-
gence of semimartingales with the strong convergence of their intensities, that
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_ /0 S(t — 5) fuls, 2°(s), n(s), u2)2(s)ds
+/0 S(t—s)fuls,z°(s), u°(s), ug)v(s)ds

(51) .
+ /0 S(t — 8)oa(5,2°(s), 1°(5), 4 2(5))dW (5)
+ /0 S(t — 8)o(5,2°(5), 1°(s), u%; w(s))dW (s) + V=", t € T,
where
- /0 S(t — 5)f(5,2%(5), 5°(5), g — u0)ds
t
(52) +/0 S(t—s)o(s,z%(s), u°(s), us — u2)dW(s)

t
:i/sﬁ—sMN“M@LteL
0

It follows from our assumptions (A2) and (A3) that {A“~%(t),t € I} is an X-
valued (norm) square integrable continuous semi-martingale. For simplicity of
notation, we introduce the following abbreviations:

Fl(t) = fx(tal'o(t)aﬂo(t)aug)aFQ(t) = f“(t,xo(t),uo(t),u§)7
Y1(t;2(1) = ou(t, 2°(), p(t), ugs; 2(1)), Ba(t; v(t)) = ou(t, 2°(t), u°(t), uf; v(1)).

These operators are all evaluated along the optimal path {z°, u°, u°}. It follows
from assumption (A4) that they are all bounded in operator norm uniformly on

I and therefore, for all ¢ € I, Fi(t) € L(X), Fa(t) € L(M5(X), X), E1(t;-) €
L(X,Lr(H, X)) and 5s(t;-) € L(M:2(X), Lr(H, X)) respectlvely. Using these
notations in the integral equation (51) we obtain

:/ S(t—s)Fl(s)z(s)ds—l—/ S(t — s)Fa(s)v(s)ds
(53) / S(t—s)21(s;2(s))dW (s) / S(t— s)Xa(s;v(s))dW(s)

/‘St—sdA““(),teL
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Clearly, this is the integral equation corresponding to the following stochastic
evolution equation,

dz = Azdt + Fy(t)zdt + Fy(t)v(t)dt + Sy (£ 2(£))dW (1)
54
oY + Dot v(8)dW (1) + dAYY, 2(0) =0, te,

which is the compact form of equation (42). We note that v(t) is not the prob-
ability law of z(¢) and v(t)(X) = 0 for all t € I. However, for each t € I, the
signed measure v(t) is linearly related to z(t). Indeed, for any ¥ € C,(X),

< ‘I/,V(t) >CP(X),M::2(X): E < Dz\I/(.iUO(t)),Z(t) >x .

Thus equation (54) is in fact a linear integral equation in z driven by the semi-
martingale A¥~% € SMS(I, X). It follows from assumption (A4) that, along
the process {z°, u°, u°}, the operator valued functions {F;, F»} and {31, X5} are
all uniformly bounded. Thus it follows, as a special case of Theorem 4.2, that
the integral equation (54) has a unique solution. In other words, the variational
equation (54), equivalently (42), driven by the semimartingale A“~%’(¢), t € I,
has a unique mild solution z € Ag with v € C(I, ./\/lf;2 (X)). For the second part of
the Lemma, first note that |V(t)’3\437p(x) < E|z(t)|% for all t € I. For convenience

of notation, define

fo(t) = fg_uu(t)
oo(t) = aj;‘“" (t)

f(tal'o(t)uuo(t)a Ut — U?), and
ot 2°(8), 1 (), ug — uf), tE L.

Then it follows from the expression (54) and the above inequality and the uniform
boundedness of the operators {F1, Fa, X1, Y2} that there exist constants ai,as
> 0, dependent on the bounds of the operators {Fy, F», X1, X5} and {M, T'}, such
that

¢
55 BROK <o [ Bledstar | A Bugy te
where
o T o T o
H AU H%ME(LX)E E/ |f;i*U ‘%(ds + E/ TT(gg*u 'R,(O'g*u )*)ds
0 0

By virtue of Gronwall inequality, it follows from (55) that
(56) I 2 |3,= sup{E|z(t)[%.t € I} < (azexparT) | A 351, x) -

Clearly, it follows from this inequality and the linearity of equation (54) that, the
map A“"% — z is a continuous linear operator from SMS(I, X) to As. This
completes the proof. [ |
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Now we are prepared to prove the necessary conditions of optimality.

Theorem 6.2. Consider the system (1) with the admissible controls U,q and the
cost functional (36), and suppose the assumption (A5) and those of Lemma 6.1
hold. Then, in order that u® € Uyq be optimal, with {x°, u°} being the correspond-
ing mild solutions of the evolution equation (1), it is necessary that there exists a
pair (1, Q) € Ay x L (I, Lr(H, X)) such that the following inequality holds,

E{/ﬂuﬁ@%W@%w—U9ﬁ+OMWf@fW%Mﬁ%w—UQMﬁ
(57) !

+/ﬁwaRfuw%mww»w—umw}zo,vueum
I

Proof. Let u® € Uyq be the optimal control with the pair {z° u°} € A X
C(I, M3 ,(X)) being the corresponding unique mild solution of the evolution
equation (1). Let u € Uyq and define u® = u® + e(u — u°) for € € (0,1). Clearly,
by convexity of Uyq, u® € U,q and by optimality of u®, J(u®) > J(u°) for all
e € (0,1) and u € U,y. Hence the Gateaux differential of J at u°, in the direction
(u — u®), denoted by dJ(u’;u — u°) satisfies

(58) dJ(u’,u—u®) >0 YV u € Uyg.

Again, for simplicity of notations, we denote
() = Lot 2°(t), po(t), uy), €5(8) = Lu(t, 2°(t), n°(t), uf)
Y(T) = Ou(2°(t), u*(T)), @5(T) = @u(2°(2), u*(T)).-

Under the assumption (A5), it follows from Corollary 4.3 that ¢5(t) € C,(X) C
C,2(X) P-as for all t € I, and ®§(T) € C,(X) P-a.s. Hence the Gateaux
differential of J, denoted by d.J, is well defined and it is given by

(59) dJ(u’,u—u° +E/ O(t, z°(t), p(t), up — ug)dt.

where

( ) {/{< EO >X + < EO( ) (t) >CW2(X),M§2(X)}dt
60

+ < (I)O ) (T) >x + < CI)O(T) (T) >CW2(X),Mj2(X)}~

Since, for each t € I, #5(t) € C,(X) P-a.s, and ®4(T) € C,(X) P-a.s, using La-
grange formula and Fubini’s theorem it is easy to verify that the above expression
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is equivalent to the following one

L@ZE{/K@®+D%®&@>ﬁﬁ
(61) !
+<¢%ﬂ+D@ﬂﬂ&@ﬁm}-

By virtue of the growth properties (C1)—(C2) of £ and ®, and the growth prop-
erty (A5) of their Gateaux differentials, we have ¢¢ + D ¢35 € L3 (I,X) and
Y(T) + D, ®Y(T) € LT (R, X). Thus it follows from (61) that z — L(2) is a
continuous linear functional on As. On the other hand, it follows from Lemma
6.1 that A% — 2z is a continuous linear operator from the Hilbert space
SM5(I, X) to the Banach space Ay. Hence the composition map

AT — 2 — L(2) = L(A*™)

is a continuous linear functional on SMS$(I, X). Thus, it follows from semi-
martingale representation theorem that there exists a unique pair (1, Q) € Ay X
Ly (I, Lr(H, X)) such that

~ ° T
L(z) = LA"™™™) = E {/ (&), £ 2®(8), p° (), us — ug)) x
(62) ’

T
+ATHMW%Ww%Mﬂmm—ﬁW*-

The necessary condition (57) then follows from (58), (59) and (62). This com-
pletes the proof. [ |

We note that Theorem 6.2 asserts the existence of the pair
(1, Q) € Ao x LI (I, Lr(H, X))

as the necessary condition for optimality. However, it does not say how one can
construct such a pair. Here we present a constructive procedure. The operators
appearing in the following theorem are defined in the body of its proof.

Theorem 6.3. Suppose the assumptions of Theorem 6.2 hold and further o is
uniformly bounded on I x X x M1(X) x U. Then the pair (1, Q) is given by the
Fi-adapted mild solution of the following adjoint evolution equation (backward
stochastic evolution equation),

—dp = A*@dt + Fy (t)edt + B (t)edt + Y (t)edt + [1(t; )

(63) -
+ Ba(t; @)dW + (65(t) + Dot3(0))dt
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satisfying the terminal condition,
(64) o(T) = ¢°(T) = D7(T) + D 5(T)

giving Y(t) = p(t) and Q(t) = Xo(t) = B1(t; @) + Ba(t; ) for t € I; where the
operators are identified in the body of the proof. Further, the backward stochas-
tic evolution equation (63) with the terminal condition (64) has a unique mild
solution ¢ € Ay C L3 (I, X).

Proof. We prove that the necessary condition given by Theorem 6.2 leads to a

backward stochastic evolution equation of the form
(65) dp = —A*pdt + (BV terms)dt + X, (t)dW
o(T) = ¢°(T), te I

Using the notations presented above the inequality (55), we rewrite the variational
equation (54) as follows:

dz = Azdt + Fi(t)zdt + Fa(t)v(t)dt + fo(t)dt
(66) + X1 (t; 2(6)dW (t) + Lo (t; v(t))dW (t) + oo(t)dW,
2(0)=0, tel.

Keeping in mind that we are only interested in mild solutions, we can formally
compute the It6 differential of the scalar product (¢(t), z(t))x. This can be jus-
tified rigorously using Yosida approximation A, of A and taking limits using the
fact that the corresponding semigroups Sy, (t),t > 0, converge in the strong op-
erator topology to S(t),t > 0, uniformly on compact intervals [8, Theorem 4.5.4,
p. 133]. Thus we have

(67) d(p,z) = (dp,z) + (p,dz)+ << dp,dz >>

where << -,- >> denotes the quadratic variation. Integrating this over the
interval [0, 7] we have

T T T
(68) E(p(T),2(T)) —E/O (dcp,z)—i—E/O (go,dz)—i—E/O << dp,dz>>.

Considering the second term on the righthand side and using equation (66) and
necessary adjoint operations, we have

T T

E / (p.d2) = B / (A*gdt + F (1) pdt, )
0 0

T

T T
(69) +E/0 (o, El(t;z)dW)+E/0 (¢,F2(t)u)dt+E/0 (p, Xa(t;v)dW)

T T
+E [ o)t +B [ (poo(naw)
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By virtue of assumption (A4), F, and Y9 are uniformly bounded (and uniformly
measurable) linear operator valued functions with values Fy(t) € L(M 2 (X),X)
and Xa(t;-) € ﬁ(MWS2 (X),Lr(H, X)) respectively. Recall that the signed measure

v is linearly related to the process z. In particular, we have (with a slight abuse
of notation)

Fy(t)w(t) = /X Fy(8)(€)w(t) (d€)

(70) - Eizl(l/g){ /X Fy(t)() (1 (£) () —,u,o(t)(dg))}

= Elaifol(l/ﬁ)[Fz(t)(ws(t)) — F(t)(z°(t))]
= ED,F(t)(z°(t); 2(t)) = E(Dy Fa(t; 2(t))).

The reader can easily verify this using Lagrange formula, Fubini’s theorem and
dominated convergence theorem. Similarly, we have ¥s(t; v(t)) = ED;3a(t, 2°(t);
2(t)) = ED,Y5(t; 2(t)); and both are linear in z. Thus the middle three terms of
equation (69), denoted by M3(69), can be written as

T T
My(09) =B [ (o Zi(t52)aW) + B [ (0. BD,Fa(t 2(0))de
(71) 0 0

T

2B [ (B0, 20,
0

Define the following multi linear forms:

bo(t, z,0,h) = (p, X1(t; 2)h)
(72) bi(t, ¢, 2) = (0, E(DaFa(t; (1))
b2(ta P52, h) = (Qpa E(DIEQ(t; Z(t)))h)v h € H;.

Since the operators { F, F, Y1, Y9} are bounded and linear, these forms are also
bounded. For each ¢t € I, let A} (H:) denote the space of all Fi-measurable X
valued (H-valued) norm-square integrable random variables. Clearly, for each
t € I, by is a trilinear form on X x A} X H;, and therefore by Riesz representation
theorem on Hilbert spaces there exists a unique operator valued function % such
that by has an equivalent representation given by

bO(tv Z5 P h) = (90’ El(t; Z)h)Xt = (27 El(t; (,D)h))(t.

Similarly, by is a bilinear form on X} x X; and therefore, again by Riesz represen-
tation theorem, there exists a unique F;-adapted bounded linear operator valued
function Bj(t) € L(X;) such that bi(t,, z) = (p, Bi(t)z)x,. Again by the same
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representation theorem, the trilinear form b, admits two equivalent representa-
tions

bQ(t7 22 h) = (803 By (t; Z)h)Xt = (Zv BQ (t; Qp)h)Xt

where By(t;-) € L(X;, L(Hy, Xp)) and By(t;-) € L(Xy, L(Hy, X;)). Based on these
representations, we conclude that the expression (71) is equivalent to the following
one,

T 3 T
M;(69) = E / (2(8), 1 (5 )dW) + B / (=(8), B{ () o(t))dt
(73) 0 0

T
. /0 (2(8), Ba(t: 0)dWV).

Thus the first two terms on the right hand side of equation (68) can be rewritten
as follows:

E/OT(chp, 2+ E/OT(% dz)

T
(74) = E/ (do + A%pdt + FY (t)pdt 4 By (t)edt + [X1(t; ) + Ba(t; ¢)|dW, z)
0

T
+ E/O (¢, fo)dt + (p,00(t)dW).

At this point we observe that the diffusion operator ¥, of equation (65) can be
identified as follows,

So(t) = —(Z1(t; @) + Ba(t; 9)),

which is linear in ¢. Now considering the quadratic variation term E fOT < dy,
dz > and recalling the representation of the trilinear form by we have

T T
E/ < dp,dz >= E/ Tr(Zo(H)R(S1(t; 2) + EDyXa(t; 2) + oo(t))*)dt
0 0
T
(75) —E /0 Tr(—[S1(t:0) + Bolt; ©)|RE1 (£ 2) + Balt; 2)]")dt

+E / (S, (1)Ro? (1)
0

Considering the second line in the above expression, it follows from linearity and
boundedness of the operators {¥1, Bo, X1, By} that the integrand is a (bounded)
bilinear form on X; uniformly in ¢t € I, and therefore there exists an uniformly
bounded operator valued function Y, with values Y(¢) € £(&}), such that

(76)  Tr(=[S1(t9) + Ba(t; )IRIT1(t; 2) + Ba(t: 2)]) = (T(t)p(1), 2(1)).
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Using (74)—(75) and (76) in the expression (68) we obtain

E(p(T),2(T)) = E{/T(dgo + A%pdt + FY (t)edt + B (t)edt + Y (t)edt
0

() + B1(tp) + Balt ). 5) |

T T
+E{AIﬂ&wwmmﬁ+AK%mﬁ+WJﬁMM}

Now requiring that ¢ is a mild solution of the following backward stochastic
evolution equation,

—dp = A*@dt + Fi(t)edt + Bi(t)edt + Y (t)edt + [1(t; )

(78) N
T Bo(t:@)ldW + (65(2) + Dat5(0))dt,

with the terminal condition, p(T") = ®9(T')+D,P4(T), it follows from the identity
(77) that

E/T < B(t) + Dpl3(t), 2(t) > dt + B ¢(®(T) + D, ®Y(T), 2(T))
(79) 0

T T
—E /0 Tr(S,(t)Ro’(t))dt + E /0 (0, fo)dt + (0, 0odW).

Since, by our assumption, ¢ is uniformly bounded, it is clear that E fUT(a;go, dW) =
0. Thus it follows from the above expression that

E / ' () + Dyl5(t), 2(t) > dt + E(%(T) + D, ®S(T), 2(T))
(80) 0

T T
_E /0 Tr(Sy(t)Ro? (1)) dt + E /0 (0, f,)dt.

The expression on the left hand side of the above identity coincides with the
functional L(z) given by the expression (60). Thus, if we identify 3,(t) with
Q(t) and o(t) with t(¢) then the expression (80) coincides with the identity
(62). Since, by assumption (A4), the Fréchet derivatives of f and o are uni-
formly bounded, it is evident that the operator valued function 3,, given by
Yo(t) = —(21(t; ) + Ba(t, ¢)), belongs to L] (I, Lr(H, X)) satisfying the neces-
sary condition of Theorem 6.2. Thus the pair (¢, @), whose existence was guaran-
teed by the semimartingale representation theorem (see Theorem 6.2), can be ac-
tually computed by solving the backward stochastic evolution equation (63)—(64)
provided this equation has an F;-adapted solution. Under the given assumptions,
in particular (A4)-(A5), the operators { Fy(t), Bi(t), Y (t)} and [Z1(t; )+ Ba(t; )]
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are all Fi-adapted and uniformly bounded. Considering the system (78), the
process 1 given by n(t) = (£9(t) + D ¢5(t)) is an element of LJ (I, X). Thus, it
follows from a result of Hu and Peng, [16, Theorem 3.1] on BSDE that the system
(63)—(64) has a unique F-adapted mild solution ¢ € L (I, X). This completes
the proof. [ |

Under certain convexity assumptions, it is easy to verify that the necessary con-
ditions are also sufficient. This is stated in the following corollary.

Corollary 6.4. Suppose the assumptions of Theorem 6.3 hold and consider the
real valued functional H given by

%(t? x?#? ¢7 Q?u) = g(t7 x?u?“)_‘_ < w? f(t7x?/’(" u) >H

(81)

+ Tr(QRo*(t, z, p,u))
defined on I x X x M.2(X) x X x Lr(H, X) x M1(U). Suppose H is Borel mea-
surable in all the variables and, for eacht € I, it is continuous on X x M. 2(X) x
X X Lr(H,X) x U and convex in the second and third argument. The terminal
cost functional ® is Borel measurable and convex in all its arguments. Then the
necessary conditions of optimality given by Theorem 6.2 are also sufficient.

Proof. Since the proof involves straightforward computation we present only a
brief outline. Compute the It6 differential of the scalar product (i (t),z(t) —
x°(t))x where 1 is the mild solution of the BSDE (63)—(64) and {z°,z} are
the mild solutions of the state equation (1) corresponding to controls {u®, u}
respectively with u € U,q being arbitrary. Then taking the expected value
of the integral over the interval I = [0,7] and using the necessary condition
(inequality) (57) and the convexity assumptions one arrives at the inequality
J(u) — J(u®) > 0. This ends the outline. For rigorous justification of the steps
one must use the Yosida approximation A, of A, and use the It6 differential of
the scalar product (¢, z, — %) instead of (¢, x — x°) where now ), is the strong
solutions of the BSDE (63)—(64) with A* replaced by A and ¢°(T") replaced by
0o (T) = Ju(e?(T)) with J, = nR(n, A) where R(n,A) denotes the resolvent of
A corresponding to n € p(A). Similarly {9, z,} are the strong solutions of the
state equation (1), corresponding to controls {u®, u} respectively, with A replaced
by A, and initial condition xg replaced by J,xq. By use of a well known result
from semigroup theory [8, Theorem 4.5.4], one can easily verify that as n — oo,
(Yn, Ty — x8) —> (1, & — 2°). This completes the outline of our proof. ]

Remark 6.5. Theorems 6.2 and 6.3 provide the necessary conditions of opti-
mality whereby one can compute the optimal controls.
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