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Abstract

Let A, B and C be matrices. We consider the matrix equations Y —
AY B =C and AX — X B = C. Sharp norm estimates for solutions of these
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invariant subspaces of matrices is obtained.
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1. INTRODUCTION AND NOTATION

Let A, B and C be n x n matrices. Consider the equations

(1.1) Y -AYB=C
and
(1.2) AX —XB=C.

Equations (1.1) and (1.2) have been widely studied in pure and applied mathe-
matics, especially in control problems, cf. [3, 6, 7, 17, 18, 19]. In particular, the
rank, image and kernel of solutions of (1.2) are important design parameters, and
the role controllability and observability in the existence of solutions of (1.2) has
been demonstrated in [15].
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Norm estimates for solutions of equations were established when the coefficients
are normal matrices [1] and diagonalizable ones [11]. Under the condition that the
convex hulls of spectra A and B are disjoint, the equations have been considered
in [10], but that condition is rather restrictive. Except the just pointed results,
to the best of our knowledge, no estimates were established for solutions of equa-
tions (1.1) and (1.2), although such estimates are very important, in particular,
for the stability analysis, as well as for linear and nonlinear perturbations, cf.
[4]. In the present paper we suggest new sharp solution estimates for equations
(1.1) and (1.2) with non-normal and non-diagonalizable coefficients. In Section
5 below we also consider equations whose coefficients have different dimensions
and discuss applications of our results to perturbations of invariant subspaces of
matrices. The importance of invariant subspaces for applications, in particular,
in the control theory, is very well explained in [13].

Introduce the notations. Let C™ be the Euclidean space with scalar product

(+,-), the Euclidean norm || - | = 4/(+,:) and the unit matrix I. For an n x n
matrix A, is A* is the adjoint one; A\i(A),k = 1,...,n, are the eigenvalues of

A, counted with their multiplicities; ||A| = suppecn [|AR||/]|R|| is the spectral
(operator) norm of A; r4(A) is the (upper) spectral radius; r;(A) = ming |Ax(A)]
is the lower spectral radius.

The following quantity (the departure from normality of A) plays a key role
hereafter:

n 1/2
o(4) = [|A|% By |Ak<A>|2} |
k=1

where |A|p = (Trace AA*)'/? is the Frobenius (Hilbert-Schmidt norm) of A.
The following relations are checked in [8, Section 2.1]:

A— A* 2
0°(4) < | A} (4) ~ [Trace A%| and g*(4) < A= 200 _ g,

where A; = (A — A*)/2i. If A is a normal matrix: AA* = A*A, then g(A) = 0.

If A; and Ay are commuting matrices, then g(A; + A2) < g(A1) 4+ g(Asz). By the
inequality between geometric and arithmetic mean values we have

1 n n n 2
(2 X ) = (TT )
k=1 k=1
So g?(A) < |A|% — n(det A)?/™. Tf A is invertible, then from (1.2) we have

(1.3) X-A'xB=A"'C

Taking in (1.3) A instead of A~! and C instead of A~1C, we get (1.1).
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2. STATEMENTS OF THE MAIN RESULTS

2.1. Equation (1.1)
Theorem 1. Let

(2.1) re(A)rs(B) < 1.

Then equation (1.1) has a unique solution Y which can be represented as

(2.2) Y =) A*CB*.
k=0
Moreover,
j > 2 m k m—j
9 A>7"s (B)
@23)  Ivi<lc| ;0 k,, ZO i
Js m=

This theorem is proved in the next section. Recall that 1/(m —k)! =0 if m < k.
If A is normal, then g(A) = 0 and

-1

S g (B) & mir(4) mf(B)
Iy <o)y el 3 .
j=0

G 22 (-
But
0 mlrT(A)rs I (B) i ~ m!(rs(A)rs(B))m=7
L e L T
(2.4) N
= A) Y = A1 2) T (@ = ra(A)ra(B)
m=0
Thus, we have
(A
¥ < Jc) Z e Lo

provided A is normal. If both A and B are normal, then

1

(2.5) Yl <1l mZ:O(T‘s(B)Ts(B))m = (A (B)’

The inequality (2.5) is attained, if A, B and C' are commuting normal matrices.
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According to (2.4) we obtain

0 m 0 Ts 5 t/2 0 B))m/Q

> - R T

~ (ra(A)r uszth%AVABW““” = ml(ry(A)ry(B)™
(ra(A)rs( B) —~ (t—k)! — (m —j)!

_ RN (rs(A)r(B)) /2
1= (rs(A)ra(B)) R4

Now inequality (2.3) implies

Corollary 2. Let condition (2.1) hold, rs(A) # 0 and r4(B) # 0. Then a unique
solution' Y of (1.1) satisfies the inequality

gF (A g (B) IV (B)
”YH : HCH]kZO \/T (1 - TS(A)TS(B)))]'JF’CJFQ.

Furthermore, Theorem 1 and simple calculations imply

Corollary 3. Let rs(A) < 1. Then the equation
(2.6) Y —AYA*=C

has a unique solution Yy, which satisfies the inequalities

o [n-! F(A)ymlr? ’
(2.7) 1YLl < 11C] Z (Z a (k) 3/2'm ]i)A)>

As it is well-known, equation (2.6) is an important tool in the theory of difference
equations, cf. [9]. From (2.7) it follows

) 1 i
HHJSWW<§:§: m;?; éﬁ)
0k

Now taking into account (2.4) we get

n—1 A 2
(28) D@n<wm<§jkum rlmwﬂ>

k:O
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2.2. Equation (1.2)

Let us consider (1.2), assuming that
(2.9) ri(A) > rg(B).

This inequality is equivalent the one rs(A~!)rs(B) < 1. Then according to (1.3)
and (2.2) a solution of (1.2) is represented by

(2.10) X=> A'"hCB.
k=1
This result is well-known, cf. [2].

Theorem 4. Let condition (2.9) hold. Then equation (1.2) has a unique solution
X, which can be represented by (2.10). Moreover,

s l(m+ DIr?7(B)
) C -
(2 11) HXH < H ||J;O k' | R Orlerl k(A)(m—j)!(m+1_k)!’
where n
e N
C(A) = kz:o lk+2(A)(k,!)1/2'

This theorem is also proved in the next section. If A is normal, then g(A) = 0
and therefore, ((A) = 0. Thus (2.11) implies

- m'rgnfj(B)
X< - —.
ZO 7 2 T =
But
mlri 7 (B) ,J I > m'am*j
™ : (0<a=rs(B)/m(A) <1)
S A)(m - ) n;)(m
and

Z mla™

m=

da] Z "=l -a) o

Consequently, if A is normal, then a solution of (1.2) under (2.9) satisfies the
inequality

— )

‘XH < HCH Z 1/2 (B)T (B))j—H'
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If both A and B are normal, then

(B) 1]l

(2.12) X < ||CHmZ:0 Zn+1(A) - ri(A) —rs(B)

Furthermore, by (1.3) and Corollary 2 with A~! instead of A, and A~'C instead
of C, applying Lemma 6 proved below we get

Corollary 5. Let condition (2.9) hold. Then a unique solution X of equation
(1.2) satisfies the inequality

g (B) _ (rn(A)rs(B))*9(B)

X < [|A™ ICHJ;O 1/2 [ — (rs(B) /ry(A)) /25 tk+2

Note that ||A~!|| can be estimated by inequality (3.6) presented below.

3. PROOFS OF THEOREMS 1 AND 4

Proof of Theorem 1. By Corollary 2.7.2 from [8] we can write

- m k A
(3.1) |A™ < z_: ) 3(/2) (m=1,2,...).
Thus
mepm © gk (A n_l g’ ( B
HZA cn"| <jer e D et
m Jj=
or

HZAmCBmH<ucngk.{ )y (A )

m=0

The series A
i e ’f(A)r?“J(B)
m—j)!

m=0

converges. Therefore, the series in (2.2) also converges. In addition, according
o (2.2)
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i Ao Bk — Ai AfCcB*B = C.
k=0 k=0

So (2.2) really solves (1.1). Now inequality (2.3) follows from (3.2). ]

To prove Theorem 4 we need to estimate the departure g(A~!) of normality of
A1, That is,

n 1/2
oA = A7 = S el
k=1

Lemma 6. Let rj(A) > 0. Then g(A~!) < ¢(A).

Proof. Due to the Schur theorem on the reduction of a matrix A to the triangular
form, we can write

(3.3) A=D+V (M(A)=Xe(D); k=1,...,n)

with a normal (diagonal) matrix D and a nilpotent (a strictly upper-triangular)
matrix V, having the same invariant subspaces. We will call equality (3.3) the
triangular representation of matrix A; D and V will be called the diagonal part
and the nilpotent part of A, respectively. It is not hard to check that

(3.4) 9(A) = V|,

cf. [8, Lemma 2.3.2]. Furthermore, making use (3.3), we have A=t = D=1 + W,
where

W=A"'1-D'1'=-A1A-D)D'=-4A"'vD!

is a nilpotent matrix, since A=!, V, D™! and W have the same invariant sub-
spaces. But D~! is normal, and therefore, W is the nilpotent part of A~!, and
according to (3.4)
(3.5)

gAY = [Wlp = |AVD e < AT VIR|D™H = A g(A) 7 (A).

Due to Corollary 2.1.2 from [8],

n—1 k
. g"(A)
(3.6) 1A IISkZOW-

This and (3.5) prove the result. |
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Inequality (3.1) and the previous lemma imply

Corollary 7. Let rj(A) > 0. Then

AT

n—1
ml
Am
[ H_kZO A (m— B I(R)2

m'C’“( )
Z A R (m=1,2,...).

Proof of Theorem 4. Due to (2.8), (3.1) and the previous corollary we can

write
o0
IXI =13 am-leBm| <
m=0
oo n—1 1 ) »
(m +1)I¢k(A) mlgd (B)r?" (B)
el _ I B)
;okzo A m+1—k>-<k!>3/2§ (m = NG
or
- ml(m + 1) (B
X1 <lcl B
4,k=0 m=0"1 (A)(m +1 = k)!(m — j)!
The series |
- ml(m + D) (B)

rR A (m o+ 1= E)(m — j)!

m=0

converges. Therefore, the series in (2.9) also converges. This proves the theorem.
[

4. ADDITIONAL ESTIMATES. LYAPUNOV’S EQUATION

Condition (2.7) does not allow us to consider equation (1.2) with B = —A*, since
rs(A*) = rs(A). Because of this we are going to derive estimates under other
conditions. To this end put a(A) = max Re \;(A), S(A) = min Re \;(A) and

A (k+j)gR(A)g (B
Z( i)'g"(A)g’(B)

(a4, B) = abHI 1 (Kl51)3/2

J,k=0

for a constant a > 0.
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First, we need the following
Lemma 8. Let the condition
(4.1) B(A) > a(B)

hold. Then -
/O le= 4Bt |dt < (1, A, B),

where 1 := f(A) — a(B).
Proof. Due to Example 1.10.3 from [8] we have

-1

3

s"g"(A)

As a(A)s
(4.2) el < e 2

k=0

(s >0).

For the brevity put b = «(B) and ¢ = /2. Then S(A) =b+2c and a(B — I(b+
¢)) = —c. Moreover, a(—(A—I(b+¢)) = a(-A)+b+c=—B(A)+b+c = —c.
In addition, e~ AteBt = = (A=(b+)Dto(BHI(b+A))t Take into account that, g(A) =
g(A—I(b+c¢)) and g(B) = g(B — I(b+ ¢)). From (4.2) we have,

n—1 r L n—1 p L
Hef(AfI(bJrc))s” < efcsz sTg (A) and ”e(Bfl(lH»c))sH < 67(:52 sYg (B) (S > 0)

1\3/2 1V3/2
= (k1)3/ — (k1)¥/
So
n—l gty k J
- sl —2sc N 579" (A)g’ (B)
(4.3) le= |1 €| < e : :
2w
But (k4 )
00 o +4)!
k+j _—2cs _
/0 s e " ds = (o)L
Thus (4.3) proves the lemma. |

Theorem 9. Let condition (4.1) hold. Then equation (1.2) has a unique solution,
which can be represented as

(4.4) X:/ e~ MoePlt.
0

Moreover,

(4.5) X1 < [ICliv(n, A, B).
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Proof. Again put ¢ = n/2. Equation (1.2) is equivalent to the following one:
(A= (a(B)+¢)[)X — X(B— (a(B)+¢)I) =C

As it was shown in the previous lemma a(B —I(b+¢)) = —c and a(—(A—I(b+
c)) = —c with b = B(B). Due to Theorem 9.2 from [2] a solution of (1.2) is
defined by the equality

¥ / ~(A-I(AB)+0))t (1 (Br— (o By+e) )t gy

Hence (4.4) follows. Now the previous lemma proves the theorem. |
If A is normal, then g(A) = 0 and therefore,
n—1 i
9’(B)
1A, B) =) s
jz:% UANCONG

If both A and B are normal, then v(n, A, B) = % It is not hard to check that in
(4.5) we have the equality, provided A, B and C are commuting normal matrices.
Consider the Lyapunov equation for differential equations

(4.6) AX + XA* = —C.

Taking in Theorem 4.1 — A instead of A and A* instead of B, since a(A*) = a(A)
and f(—A) = —a(A), we get

Corollary 10. Let a(A) < 0. Then equation (4.6) has a unique solution, which
satisfies the inequality

n—1 1
k+y )lg" I (A)
X1 < E : Y)EHL (k132

5. ESTIMATES viA KRONECKER’S SUMS OF MATRICES
In this section we consider the Sylvester equation
(5.1) A1 X + XA, =C,

whose coefficients have different dimensions. Namely A; are n; x n; (I = 1,2)
matrices, C' is an nj X no matrix. In this case the results are more complicated
than Theorems 4 and 9. Put

M=A®L+I®A,,
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where ® means the tensor product [16], [; is the unit n; x n; matrix (I = 1,2). The
eigenvalues of M are \jp(M) = Nj(A1) + Mp(A2) (F =1,...,n1; k=1,...,n2)
and

ny n2

PO0 = M- 3 DD = MB — 503 () + Ay(d)P

jk=1 j=1k=1

is the departure from normality of M. Let o(A) denote the spectrum of a matrix
A. Due to the classical Schur theorem, A; admits the triangular representation

(5.2) A =D +V, (O’(Al) = U(Dl), [l = 1,2),

where D is the diagonal (normal) part, and V; is the nilpotent (strictly upper
triangular) part of A;. So

M =11 ® (Da + Vo) 4 (D1 + V1) ® Iz = Dy + V.

Here Dy = [1 ® Do+ D1 ® 15 is the diagonal part of M, and Vyy = [1QVe+ V1R 1o
is the nilpotent part of M. With m = ny + ny — 1 we obtain

5.3 LI AT 0

(5.3) ;mk)'k:'(l(g)Z)(1®2) =0,

since (I1 ® Vo)™ = (V1 ® I)™ = 0, and either k > ng or m — k > n;. We thus
have proved

Lemma 11. One has Vﬁﬁm_l =0.
Put p(M,\) := minj; |\jp(M) — Al
Lemma 12. We have
ni+ng—2 k(M)
5.4 M—-X)7Y < — 27 (N o(M).
G4 I 3 iy O o)

Proof. Let Ry\(M) = (M — X)~' (A & o(M)) be the resolvent of M. Clearly,
(5.5)  RA(M)=(Dy +Vay —M)~" = (I + Ra(Dy)Var) ™ 'Ra(Dur)

for all A regular for M. Denote by |A|s, the matrix whose entries in its Schur
basis (the orthonormal basis of the triangular representation) are the absolute
values of A. Then |Rx(Dar)Vu|se < |[Rx(Dar)lsy|Varlse. The inequalities are
understood in the entry-wise sense. Since a normal operator is diagonal in its
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Schur basis, we can write |Ry(Dar)|sy < p~1(Das, A)I and thus |Ry (D) Varlsy <
p~1(Dar, N)|Var| sy This implies

[(RA(Dan)Van)* |56 < (0~ (D, A))* Vi [§,-

According to Lemma 11 [Vj/|§, = 0 with m = ny+no—1. Hence, (Rx(Dy) V)™ =
0. Now (5.5) implies

;_n

m—

(5.6) = > (RA(Dan)Var)* (—1)* Ra (D).
k=0

Due to Theorem 2.5.1 from [8], for any nilpotent n x n matrix V we have |V || <

% (k=1,...,n—1). Therefore

m—1
[BA(Dan) Vi [
IR < 3 7RI (Do)l

But ’R)\<DM)VM‘F S HR)\<DM)H’VM‘F7 HR)\(DM>H = pfl(DM,)\) and thanks to
Lemma 2.3.2 from [8], |Vas|r = g(M). Thus

m—
Ry( .
H )\ k.z DM? )\/H
Taking into account that (M) = o(Dyy), we get the required result. ]

Lemma 13. One has |M|% = |A1|%n2 + | A2|%n1 + 2Re (Trace Ay) (Trace A).
Proof. Obviously,
M*M = (Aj@ I+ 1 © A3)(A1 @ I + 1 @ A)

= AJAiI L+ AT® A+ 11 ® A5As + A2 @ AJ.

Take into account that Trace (A; @ Ag) = (Trace Ay)(Trace Az). Then
]M\% = Trace (M*M) = ngTrace AJA; + niTrace A5As;

+ (T'race Ay)(Trace As) + (Trace Ay) (Trace A%).

This proves the lemma. [ |

Since Vi and V4 are nilpotent, the previous lemma yields \VM@ = n2|V1]% +
n1|V2|%. But |[Vi|r = g(A)), |Vam|r = g(M).Thus we get
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Corollary 14. The equality g(M) = g(A1, Az), is valid, where g(Ay, As) =
(nag?(A1) + n1g®(Ag)) /2.

Moreover, the previous corollary and Lemma 12 imply

Corollary 15. One has

ni+ng—2
or sy A (o)

This corollary considerably improves inequality (6.2) from [12] (which is proved
in the case n; = ny). It is assumed that

(57) pO(Ah Ag) = j kr:nlln n ‘)\k(Al) + AJ(A2)’ > O

Put M' = Ay ® I — I; ® AL, where Al is the matrix transposed to As. As
it is well known, [16, p. 255], equation (3.1) is equivalent to the following one:
M' vec X = vec C, where vec X for an n; x ng matrix X = (i) is defined as

vec X = column (11,212, -+, Tlngs T2Ly -« s T2ngs -« - s Tngls -« - s Tnyng )-

Hence, vec X = (M')~! vee C. Obviously, |[vec X|| = |X|r and |Jvec C|| = |C|f.
So we get | X|p < ||(M,)_1|||C‘F But po(Al,Ag) = po(A4;, Az) and g(Al,Ag) =
g(Ai1, Az). Now Corollary 15 implies

Theorem 16. Let condition (5.7) hold. Then a solution X of (5.6) satisfies the
inequality

nit+ng—2
g*(Aq, As)
| X[r <|C|F :
Z VEIpET (A1, As)

Let us apply Theorem 16 to perturbations of invariant subspaces. Recall that a
subspace S of a Euclidean space is invariant for an operator A if AS C S.
For two n x n matrices A and B suppose that
o(A) =01(A)Uoz(A) and o(B) = 01(B) Uoa(B)
with o1(A) Nog(A) =0, o1(B) Noy(B) = 0, and

(5.8) § := dist(02(A), o1(B)) > 0.
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Denote by Q4 the orthogonal projection onto the invariant subspace of A, corre-
sponding to o1(A), and by @p the orthogonal projection onto the invariant sub-
space of B, corresponding to o1(B). That is, AQa = QaAQa, BQp = QpAQsB,
0(AQ4) = 01(A) and 0(BQp) = 01(B), and put Q4 =1 — Q4.

The gap or distance between these subspaces is defined as ||Q4 — Qgl|, cf.
[1, p. 202]. In the spectral norm, one has [1, Exercise VIL1.11] ||Q4 — Q5| =
1Q4Qz||. Therefore, to bound ||Q4 — Qz|| it is sufficient to bound ||QAQp]|.

The literature devoted to the quantity HQ AQp] is rather rich. Mainly, the
normal and Hermitian matrices are considered, cf. [1, 5, 14] and references
therein.

Put nqy = rank @ and no = rank QA.

Theorem 17. Let condition (5.8) hold. Then

ni+ng—1 k/Q
R (n19?(A) + n2g*(B))
(5.9) |QaQB|r < |A—Blp kZ:O VEIgk+T

If A is normal, then g(A) = 0 and

; UNR ket (B)
5.10 <|A-B ——.
(5.10) QaQslr < 1A-Blr 3. TS

If both A and B are normal, then (5.9) yields ]QAQB|F < %. This is the
well-known result of Davis and Kahan [5]. To prove Theorem 17 we need

Lemma 18. Let Q be an (orthogonal) projection onto an invariant subspace of

of A. Then g(AQ) < g(A) and g((I — Q)A) < g(A).

Proof. Recall that A = D4 + V4, where D4 is the diagonal part and Vjy is the
nilpotent part of A. We have AQ = DAQ + VaQ. It is not hard to check D4Q
is normal and V4@ is nilpotent, since A, D4 and V4 have the same invariant
subspaces. Consequently, g(AQ) = |VaQ|r < |Valr = g(A). Similarly the
second inequality can be proved. [ |

Proof of Theorem 17. Denote Ay = QAA, By = BQpg,Co1 = QA(A — B)Qp
and X21 = QAQB‘ Then

Co1 = QaAQaQE — QuQpBQp = QaAX2 — X21BQp,

and therefore,

(5.11) A Xo1 — X91B1 = Co.
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Clearly,

(5.12) |Co1|p = |Qa(A - B)Qg|r < |A - Blr||Qall|@Qsll = |A - Bl

Apply to (5.11) Theorem 16 with A; = —B;. Taking into account that
9*(B1, Az) = n1g*(A2) + nag®(B1) and po(Az, —Bi) =,

we have

ni+ns—1
| Xo1|p < |Cor|r li (mg"(42) +n292(31))k/2.

k
2 i
Due to the previous lemma, g(A4s) < g(A),g(B1) < g(B). This and equalities
X21 = QaQp and (5.12) prove the theorem. ]
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