Discussiones Mathematicae
Differential Inclusions, Control and Optimization 33 (2013) 205-219
doi:10.7151/dmdico.1151

ON PERIODIC OSCILLATIONS FOR A CLASS OF
FEEDBACK CONTROL SYSTEMS IN HILBERT SPACES

NGUYEN VAN Lol

Faculty of Fundamental Science
PetroVietNam University, Viet Nam

e-mail: loinv@pvu.edu.vn

Abstract
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1. INTRODUCTION

The existence of periodic solutions for semilinear differential inclusions in Banach
spaces was studied by a number of researchers (see, e.g., [12] and the references
therein). The usual way for the investigation of this problem is to apply the
method of integral multivalued operators or the method of the translation mul-
tivalued operator.

In the present paper, by combining the topological method and the method
of guiding functions in Hilbert spaces (see [13, 14, 16]) we study the periodic
oscillations in control systems governed by semilinear differential inclusions in
Hilbert spaces. In comparison with the previous investigations, we consider the
control function subject to a differential inclusion whose right-hand side depends
on the state function, i.e., we consider the feedback control problem.

The paper is organized in the following way. In the next section we recall
some basic facts from the theory of multivalued maps and the theory of linear
Fredholm operators. The statement of the problem and the main result are given
in Section 3.
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2. PRELIMINARIES

2.1. Multimaps

Let (X,dy) and (Z,dz) be metric spaces. By the symbols P(Z) [K(Z)], we
denote the collections of all nonempty [resp., nonempty compact] subsets of Z.
If Z is a normed space, the symbols Kv(Z), Cv(Z) denote the collections of
nonempty compact convex and nonempty convex closed subsets of Z, respectively.

A multivalued map (multimap) ¥ : X — P (Z) is said to be upper semicontin-
uous (u.s.c.) if for every open set V C Z, theset ;' (V) = {z € X : X (2) C V}
is open in &X.

An u.s.c. multimap ¥ : X — K(Z) is said to be completely u.s.c. if its
restriction on each bounded subset @ C X is compact, i.e., the set 3(Q) is
relatively compact in Z.

Definition 1 (see, e.g., [3, 4, 8, 9, 15]). A set M € K(Z2) is said to be as-
pheric (or UV, or oo-proximally connected) if for every € > 0 there exists
0,0 < § < e, such that for each n = 0,1,2,... every continuous map g :
S" — Os(M) can be extended to a continuous map g : B"*' — O.(M), where
St ={z e R"™ :||z|| =1} and B"™ = {z e R"™! : [|z| < 1}.

Definition 2 (see [11]). A nonempty compact space A is said to be an Rs-set
if it can be represented as the intersection of a decreasing sequence of compact,
contractible spaces.

Definition 3 (see [8]). An u.s.c. multimap ¥ : X — K (Z) is said to be a
J-multimap (X € J (&, Z)) if every value X (z), z € X' is an aspheric set.

Let us recall (see, e.g., [5, 8]) that a metric space X is called the absolute neigh-
borhood retract (the ANR-space) if for each homeomorphism h taking it onto a
closed subset of a metric space X”, the set h(X) is a retract of its open neigh-
borhood in X”. If the set h(X) is a retract of the whole space X”, it is called the
absolute retract (the AR-space).

Notice that the collection of the ANR-spaces is broad enough. In fact, the
following assertion holds true (see [5]).

Proposition 4. A compact subset of a finite-dimensional space is the ANR-space
if and only if it is locally contractible.

Remark 5. By the known Whitney embedding theorem, the previous proposition
implies that each compact finite-dimensional manifold is the ANR-space.

Furthermore, the union of a finite number of convex closed subsets in a normed
space is the ANR-space.
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Proposition 6 (see [8]). Let Z be an AN R-space. In each of the following cases
a u.s.c. multimap ¥ : X — K (Z) is a J-multimap: for each v € X the value
Y(x) is

(al) a convex set;

(al) a contractible set;
(a3) an Rs-set;

(a4) an AR-space.

In particular, every continuous map o: X — Z is a J-multimap.

Definition 7. By J¢(&X, Z) we will denote the collection of all multimaps G: X —
K(Z) of the form G = X,0---0%y, ¢ > 1, where &; € J(Xi_1,X;), i =1,2,...,q,
Xy =&, X; = Z and A; for 1 < i < g are open subsets of normed spaces.

Let us recall (see, e.g., [1]) that if U is an open bounded subset of a Banach
space E and F: U — K(E) is a compact J°-multimap such that x ¢ F(z) for
all z € OU, then for the corresponding multifield ¢ — F, where ¢ denotes the
inclusion map, the topological degree deg(i — F,U) is well-defined and has all
usual properties.

2.2. Fredholm operators

Definition 8 (see, e.g., [7]). A linear operator L: domL C X — Y is called
Fredholm of index zero if

(1) ImL is closed in Y7
(2) KerL and CokerL have the finite dimension and

dimKerL = dimCokerL.

For Banach spaces X and Y let us denote by £(X,Y") the set of all linear bounded
operators from X to Y. If Y coincides with X, then instead of £(X,Y’) we use
the notation £(X).

Throughout this paper by H we denote a separable Hilbert space which is
compactly embedded in a separable Banach space F with the relation of norms

(2.1) lwllp < gllwlly, Ve e H,

where ¢ > 0. Let {e,}>2; be an orthonormal basis of H. For every n € N,
let H, be an n-dimensional subspace of H with the basis {e;}}_, and P, be a
projection of H onto H,,. By <~, >H we denote the inner product in H. In the
sequel everywhere the symbol I denotes the interval [0, T). By C(I, H) [L?(I, H)]
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we denote the spaces of all continuous [respectively, square summable| functions
u: I — H with usual norms

1
T 2
lulle = max [u(®)l and lull, = </ ||u(7f)||fth> :
el 0

By B¢(0, R) we denote the open ball of radius R centered at 0 in C(I, H). The
symbol <-, ->L2 denotes the inner product in L?(I, H).

Consider the space of all absolutely continuous functions w : I — H whose
generalized derivatives belong to L*(I, H). It is known (see, e.g., [2]) that this
space can be identified with the Sobolev space W12(I, H) endowed with the norm

9 9 1/2
el = (el + 113)

The embedding W12(I, H) < C(I, H) is continuous, and for every n > 1 the
space W12(I, H,,) is compactly embedded in C(I, H,,). The weak convergence in

WY2(I, H) [L*(I, H)] is denoted by w, W 2 [respectively, f, =R fol-

By W%Q(I, H) we denote the subspace of all functions x € W2(I, H) satis-
fying the boundary condition z(0) = z(T).

Let n € N, and ¢: W%’2(I, H,) — L*(I,H,), fx = 2’. Then / is a linear
Fredholm operator of index zero, and there exist the projections (see, e.g., [7]):

Cp: W (I, Hy) — Wp2(I, Hy,)

and
Qn: L*(I,H,) — L*(I,H,)

such that Im C,, = Ker{ = H,, and Ker @, = Im/{. If the operator
lc, : domlN KerCy — Im/{

is defined as the restriction of ¢ on dom ¢ N Ker Cy, then ¢¢, is a linear isomor-
phism and we can define the operator K¢, : Im{¢ — dom¥{, K¢, = EE}L Now, set
Coker{ = L*(I,H,)/Im{ = Hy,; and let II,,: L*(I, H,) — H,

1 (T
I, f = T/o f(s)ds,
and A, : Coker{ — Ker/ be the identity map. Then the equation
lx =y, ye L*I,H,)

is equivalent to
(i - Cn)m = (Hn + Kn)yy
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where K,,: L?(I, H,) — W%’2(I,Hn) is given as K,, = K¢, (1 — Qn).
The space L%(I, H,) can be decomposed as:

L2(1,H,) = £ & £V,

where £{" = H, and £ = Imd.
For every f € L?(I, H,) we denote its decomposition by

F=1"+ 1.

3. MAIN RESULT
Consider the following periodic problem for the feedback control system:

2'(t) € Ax(t) + F(t,z(t)) + By(t) for a.e. t € I,
(3.1) y'(t) € G(t,z(t),y(t)) for a.e. t € I,
2(0) = 2(T), y(0) =0,

where F': I x E — P(FE) and G: [ x E x E — Kv(H) are given multimaps;
Ae L(E)and Be L(E,H); yo € H.

(A) the restriction A, belongs to L(H) and it is positively definite, i.e.,there
exists a > 0 such that

<Aw, w>H > a<w, w>H

for all w € H and a.e. t € [;
(F1) for a.e. t € I multimap F(t,-): E — P(E) is u.s.c;

(F2) the restriction Fj,_, takes values in Kv(H) and is upper Carathéodory, i.e.,
for every w € H multimap F(-,w): I — Kv(H) is measurable and for a.e.
t € I multimap F(t,-): H — Kv(H) is u.s.c.;

(F'3) there is o > 0 such that
[E(tw)ly = max{lzll g+ = € F(t.w)} < a1 + ] )
for all w e H and a.e. t € 1.
(G1) for every (w,z) € E x E multimap G(-,w, z): I — Kv(H) is measurable;

(G2) for every t € I multimap G(t,-,-): E x E — Kv(H) is u.s.c.;
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(G3) there exists § > 0 such that
1G(t,w, 2)[ly < B+ |lwllg + ||zl ),
for all (t,w,z) € I x E x E.

By a solution to problem (3.1) we mean a pair of functions (z,y) € W%’2(I, H) x
WL2(I, H) satisfying (3.1), or equivalently, by a solution to (3.1) we mean a
function z € W%’2(I, H) for which there exists y € W2(I, H) such that the pair
(x,y) satisfies (3.1).

In the sequel, we need using the following statements.

Lemma 9 (see Theorem 5.2.5 [12]). Let £ be a separable Banach space, A a
metric space, and F: I x € x A — Kv(E) a multimap satisfying the following
conditions:

(F1) multimap F(-,w, \): I — Kv(E) has a measurable selection for every (w, ) €
EXA;

(F2) multimap F(t,-,-): E x A —= Kv(E) is u.s.c. for a.e. t €1;
(F3) there is k > 0 such that

[F(tw, Mg < kA + [lwllg + [[All4)

for all (w,\) € € x A and for a.e. t € I;

(F4) there ezists a function w € LY [0,T] such that

X(F(t,9Q,4)) < w(t)x(Q)

for every nonempty bounded subset Q) C £, where x denotes the Hausdoff
measuare of noncompactness.

For each A € A denote by Efo("")‘) the solution set of the Cauchy problem

{u’(t) € F(t,u(t),\) for a.e. t €1,

u(O) =ug € €.
Then the multimap A\ — Eufo('“’)‘) is u.s.c.

Lemma 10 (see Theorem 70.12 [8]). Let £ be a separable Banach space and
F:IxE&— Kv(€) be a multimap such that
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(F1) multimap F(-,w): I — Kv(E) has a measurable selection for every w € &;
(F2) multimap F(t,-): € — Kv(E) is completely u.s.c. for every t € I;

(F3) the set F() is compact for every compact subset Q C I x &;

(F4) there is b > 0 such that

[F(t, w)llg < b(1+ [lwllg)

for all (t,w) eI xE.

Then the solution set of the Cauchy problem

u'(t) € F(t,u(t)), for a.e. tel,
u(0) = up € €&,

is an Rs-set in C(I,€).

Now we are in position to present the main result of this paper.

Theorem 11. Let conditions (A), (F1)—(F3) and (G1)—(G3) hold. In addition,
assume that
a>a+ ¢ pTe?T|B).

Then problem (3.1) has a solution.

Proof. For a given function « € C(I, H) consider the following multimap
Gz I x E— Kv(E), Gg(t,z) = G(t,z(t), 2).

It is easy to verify that G, satisfies all conditions in Lemma 10. So we obtain
that for every x € C(I, H) the set ¥, of all solutions to the following problem

{ y'(t) € G(t, y(t), z(t)) for ae. t € I
y(0) =0

is an Rs-set in C(I, E).
Moreover, for a chosen number r > 0 let A = Bc(0,7), and consider the
multimap
II: I x ExA— Kv(E), II(t,w,z) = G(t,w, z(t)).
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It is clear that multimap II satisfies conditions (F1) — (F3) in Lemma 9 and

for every bounded subset Q@ C E the set II(¢, 2, A) is bounded in H, and hence,

it is a relatively compact subset in E. Therefore, II satisfies all conditions in

Lemma 9. By virtue of Lemma 9 the multimap z — W, is u.s.c. at all points

x € A. Since we can choose arbitrarily r > 0, so if we define the multimap

v:C(I,H)— K(C(I,E)), ¥(x) = V,, then it is upper semicontinuous, too.
Now define the following maps and multimaps

U: C(I,H) - K(C(I,H) x O(I,E)), ¥(z) = {z} x ¥(z),
B*: C(I,B) — L*(I,H), (B*y)(t) = By(1),
B: C(I1,H) x C(I,E) — C(I,H) x L*(I,H), B(z,y) = {2} x {B*y},
A: C(I,H) — L*(I, H), (Az)(t) = Ax(t),
Pr: O(I, H) x L*(I, H) — Cv(L*(I,H) x L*(I, H)),
Pr(z,y) = {Az + Pr(x)} x {y},
and o: L*(I,H) x L*(I,H) — L*(I, H),
o(z,y) =z +y.
Then problem (3.1) can be written in the form
(3.2) lz € 0 0PpoBol(x),
where /£: W%’Z(I, H) — L?(I, H) is the differentiation operator.
Let us show that the solutions of (3.2) are a priori bounded. In fact, assume
that z, € W%’2(I, H) is a solution to (3.2). Then there exist y. € ¥(z,) and
f« € Pp(x,) such that

T, (t) = Az, (t) + fo(t) + Bys(t) for a.e. t € I.

Therefore,
T T
/0 (Az,(t) + f(t) + By(t), x*(t)>Hdt = /0 <:E*(t),x*(t)>Hdt = 0.

On the other hand, for every z € W%’Q(I, H) and for all y € ¥(z), f € Pp(x) the
following estimation holds:
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T
[ (at0) + 50+ By(o),5(0)

T T
> alje? - /0 VO £ et — /0 ()2 By(0) | et

T

T
Zalleg—a/O Hw(t)!H(lJrHl’(t)HH)dt—/o 1Bl (@)1l g lly (8) | it

T
> (a— a)zll; — avTlz]l, — gl B /0 ()| g ly (O] gt

where ¢ is the constant from (2.1).
From y € W(x) it follows that there is g € L?(I, H) such that

g(t) € G(t,x(t),y(t)) for a.e. t € T

and

Hence,

Iyl < /0 gl dt < 5/0 A+ vyl g + 2@ g)dt

t
< AT +a8VTlall, +a8 [ Iyt te 1.
Applying the Gronwall Lemma (see, e.g., [10]) we obtain
(3.3) Iyl < BT + qVT)z|,)e?® for all t € I.
Consequently,
T
/0 (Az(t) + f(t) + By(t), z(t)) ,; dt

> (a—a — BT B|) )3 — (avT + 8| BITVT ) ], > 0

provided
VT + qB|| B|Tv/TesT
[[z]ly > -
27 4 a— AT B]
Therefore,
(3.4) 2., < oV'T + qB|| B||TVTe?T
. x|[g

a—a—qBTed (Bl -
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By virtue of (F'3) and (3.4) there is K > 0 such that ||z,||, < K. So, the solution
set of inclusion (3.2) is a priori bounded in W%’Q(I ,H). From the continuous
embedding W%’Q(I ,H) — C(I,H) it follows that there exists M > 0 such that
lzlle < M.

Now, let R > M. Then inclusion (3.2) has no solutions = provided ||z||, > R.

For each n € N denote by the same symbol £ the restriction ¢, | 20 and
W% (1, H,

consider the inclusion
(x € PpoooPpoBol(x),
or equivalently,
(3.5) z € Yn(w),
where ¥, C(I, H,) — P(C(I, Hy)),
Sn(z) = Cpz + (I, + Kp) o Pp 000 Pp o BoU(x).

Let us show that ¥, is a completely u.s.c. J°multimap. Towards this goal, we
define the following maps and multimaps
U: C(I,H,) — K(C(I, Hy,) x C(I,H) x C(I, E)),

U(x) = {2} x {z} x {¥(2)},
B: C(I,H,) x C(I,H) x C(I,E) — C(I, Hy,) x C(I, H) x L*(I, H),
B(z,u,v) = {z} x {u} x {B*v},
H:C(I,H,) x C(I,H) x L*(I, H) — P(C(I, Hy,) x C(I, Hy)),
H(z,u,v) = {2} x {{In + K,,)Py 0 0 0 Pr(u,v)},
o: C(I,H,) x C(I,H,) — C(I, Hy,),
o(z,y) =Chz+y.

It is clear that ¥ is a J-multimap, B and & are continuous maps and

~

Sn(z) =50 Ho BoW(z).

The multimap (II,, + K,)Py 0 o o Pp: C(I, H) x L2(I,H) — P(C(I,Hy)) is a
completely u.s.c. multimap with compact convex values, so it is a J-multimap.
Therefore, ¥, is a completely u.s.c. J°-multimap.
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Assume that there is =z € 8B(Cn)(0,R) satisfying (3.5), where B(Cn)(O,R) =
Bc(0,R)NC(1, Hy). Then there exist y € U(z) and f € Pp(x) such that

2! (t) = P (Az(t) + f(t) + By(t)), for ae. t € I.

Since x(t) € Hy, for all t € I we have
T
| (et + 10+ By0).a(0)
= /T<]P’nAx(t) + Pp f(t) + PuBy(t), z(t)) ,dt
0

T
:/0 (2 (t), x(t))  dt = 0.

Consequently, x satisfies relation (3.4), and hence, |||~ < R giving a contradic-
tion.

So, the topological degree v, = deg(i — Zn,Bgl)(O, R)) is well defined. To
evaluate this characteristic, we consider the following multimap

Gn: B0, R) % [0,1] — Kv(C(I, Hy)),
Gn(z,n) = Cpx + (I, + Ky) 0 p(PrQ(z), ),

where Q: BI(0, R) — L2(I, H),
Q=coPpoBoV,
and o: L?(I, Hy,) x [0,1] — L%(1, H,),
@(hyn) = ho +nhy, h=ho+hishg € L by € £V,

It is easy to verify that G, is a compact J°multimap. Assume that there is
(T4, m4) € 83(0”)(0,3) % [0,1] such that z. € G, (x4, n«). Then there exist f, €
Pr(xy) and y, € ¥(x,) such that

{x; = 77*95:11)

0= gt

where ¢\ (t) = P, Az, (t) + Pof.(t) + PuBys(t), t € I.
If n. # 0, then
1 T

T
/0 (@ (t), 2 (1)) pdt = o) (PoAzo(t) + Pofu(t) + PuBya(t), z.(t)) ,dt > 0,
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giving a contradiction.
If . = 0, then z,(t) = w € H, with ||w||; = Rforallt € I. Since ||w||; = R
we have

T
/0 (PoAw + P, f(t) + PyBy(t), w) . dt > 0,

for all f € Pp(w) and all y € ¥U(w).
or equivalently,

(3.6) <Hng(”),w>H > 0 for all ¢/ € P,Q(w).

In particular, <Hng£n), w> . > 0, giving the contradiction.

Hence, G, is a homo’gopy connecting the multifields G,,(-,1) = %, and
Gn(,0) = Cp + 11, o P,Q. From relation (3.6) and the fact that multimap
Gn(+,0) takes values in H,, we obtain

deg(i — £q, B& (0, R)) = deg(—1L,P,Q, By (0, R)) = (~1)",

where BY”(0, R) = B&(0, R) N H,.

Thus, for every n € N there is a solution z,, € B(C?) (0, R) to (3.5).
Now let us show that inclusion (3.2), and therefore problem (3.1), has a
solution. Towards this goal, let us mention that the set {z,}2° is bounded in

WTI,’2(I,H), and hence, it is weakly relatively compact in Wjﬁi(I,H). W.lo.g.

2
assume that z, LU xg. Therefore, ¢z, = lzy and z(t) A xo(t) for t € I. From
the compact embedding H < E we obtain

(3.7) 2a(t) 5 zo(t), t € I.
Let y, € ¥U(zy,) and f, € Pr(x,) be such that

The sequence { f,,}°°; is bounded in L?(I, H), and therefore it is weakly relatively
compact. W.l.o.g. assume that

o B fo € LA(1, H).

The sequence {y,}°°; is bounded in W12(I, H), and therefore it is weakly com-
pact. W.l.o.g. assume that y, W yo- Therefore,

r L2 E
(3.8) Yp = Yo and yu(t) = yo(t), for tel.
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From the compact embedding H < E it follows that the embedding W2(I, H) —
C(I,E) is compact. Consequently, y, — yo in C(I, F), and therefore, B*y,, —

2
B*yo in L*(I, H). Let us show that P,, f,, LN fo- Towards this goal, let us mention
that since

L*(1,H) = | ] L2(I, Hy),
n=1

for every element g € L%(I, H) we have:

Now for every g € L?(I, H) we obtain

(Pnfn—f0,9) 2 = (Pufu—Pufo,9) 2+ (Pufo— fo.9) s
= (fa— 0, Png) o + (Pufo — f0,9) 2
(fn = f0:9) 12+ (fn = f0,Pug — 9) 12 + (Pufo — fo,9) -
Thus,
Jim (P, fr = fo,9) . =0,

2
or equivalently, P, f,, LN fo-
From the diagram

2 ~ o N L2~ .
Emol_gmn:Pn(Axn'i'fn_FB yn) = Azo + fo+ B yo

it follows that fzg = gaco + fo+ B*yo.
Let us show that yg € ¥(x¢). Notice that from y, € ¥(x,) it follows that
there is {g,}2, C L?(I, H) such that g,(t) € G(t,z,(t),yn(t)) for ae. t € I,

/ 2 ’
and y,,(t) = gn(t) for a.e. t € I. So, gn = Yo- By the Mazur Lemma (see, e.g.,
[6]) there is a sequence of convex combinations {g, }

o0 o)
gm = Z )\mkgkv Amk > 0 and Z Amk = 1,
k=m k=m

which converges in L?(I,H) to y,. Applying Theorem 38 ([17]) we again can
assume w.l.o.g. that

(3.9) gm(t) = yo(?)

for a.e. t € I.
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From (3.7) and (3.8) it follows that for every ¢ € I and € > 0 there is ig = ig(e, t)
such that

G(t,2i(t), yi(1)) € OF (G(t,wo(t).yo(1)) ), For all i = io.

Then g;(t) € OF (G(t, xo(t), yo(t))> for all i > i, and hence, from the convexity
of the set O (G(t, xo(t), yo(t))> we have

Gm(t) € OF (G(t,mo(t),yo(t))>, for all m > iy.

Thus, y,(t) € G(t,zo(t), yo(t)) for a.e. t € I, ie., yo € ¥(zo).

2
To complete the proof we need to prove that fy € Pr(xg). Since f, =N fo,
then w.l.o.g. we can assume that there is a sequence of convex combinations

Tk i} i
?m = Z )\mkflﬁ )\mk 2 0 and Z )\mk = 17

k=m k=m
which converges to fy for a.e. t € I.
From (3.7) and (F2) it follows that for a.e. ¢t € I and for a given € > 0 there
is an integer ig = ig(e, t) such that

F(t,z;(t)) c OF (F(t,:no(t))> for all i > ip.

Therefore,
Fm(t) € OF (F(t, xg(t))>, for all m > ig.

Hence, fo € Pr(xo). [ ]
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