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Abstract
We consider the system
Z η
Z
ẋ(t) −
dR̃(τ )ẋ(t − τ ) =
0

η

dR(τ )x(t − τ ) + [F x](t) + u(t)

0

(ẋ(t) ≡ dx(t)
dt ), where x(t) is the state, u(t) is the input, R(τ ), R̃(τ ) are
matrix-valued functions, and F is a causal (Volterra) mapping. Such equations enable us to consider various classes of systems from the unified point
of view. Explicit input-to-state stability conditions in terms of the L2 -norm
are derived. Our main tool is the norm estimates for the matrix resolvents,
as well as estimates for fundamental solutions of the linear parts of the
considered systems, and the Ostrowski inequality for determinants.
Keywords: neutral type systems, causal mappings, input-to-state stability.
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1.

Introduction and definitions

The present paper is devoted to vector equations with linear functional-differential
parts and nonlinear causal mappings (operators). These equations include various
traditional differential, functional differential and integro-differential equations.
For the details see the excellent book [2]. So the equations with causal mappings
enable us to consider various classes of systems from the unified point of view.
The stability theory of nonlinear equations with causal mappings is at an
early stage of development. The basic method for the stability analysis is the direct Liapunov method. But finding the Liapunov functionals for equations with
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causal mappings is a difficult mathematical problem. Below we establish explicit
conditions that provide the input-to-state stability for the considered systems.
The literature on the input-to-state stability of continuous systems is rather rich,
cf. [1, 15, 20] and references therein. The input-to-state and input-output stability of nonlinear retarded systems with causal mappings was investigated considerably less than the one for systems without delay. In papers [6] and [8], bounded
input-to-bounded output stability conditions for multivariable retarded systems
was derived via the Karlson inequality. In the paper [9], the author has derived a
criterion for the L2 -input-to-state stability of one-contour retarded systems with
causal mappings, that is, for systems governed by scalar functional differential
equations. At the same time, to the best of our knowledge the input-to-state
stability of nonlinear neutral type delay systems especially with causal mappings
was not investigated in the available literature. In this paper we improve and
generalize the main result from [9].
The paper is organized as follows. It consists of 6 sections. In this section
we present some definitions. In Section 2, we prove the existence results and
estimates for solutions. The main result is formulated in Section 3. Auxiliary
results on scalar equations are established in Section 4. In Section 5 we explore
systems with discrete delays. The illustrative example is presented in Section 6.
By Cn we denote a Euclidean space with the Euclidean norm k.kn and the
unit matrix I, L2 (a, b) = L2 ([a, b], Cn ) is the spaces of functions w defined on a
real segment [a, b] with values in Cn and equipped with the norms
Z
kwkL2 (a,b) =

b

1/2

kw(t)k2n dt

.

a

For a linear operator A in Cn (matrix), λk = λk (A) (k = 1, . . . , n) are the eigenvalues of A numerated in an arbitrary order with their multiplicities, kAkn =
supx∈Cn kAxkn /kxkn is the spectral norm, N2 (A) is the Hilbert-Schmidt (Frobenius) norm of A: N22 (A) = T race AA∗ .
For a positive η < ∞, and an input u ∈ L2 (0, ∞), consider in Cn the problem
Z η
Z η
(1.1)
ẋ(t) −
dR̃(τ )ẋ(t − τ ) =
dR(τ )x(t − τ ) + [F (x)](t) + u(t),
0

(1.2)

0

x(t) = 0 for − η ≤ t ≤ 0,

n
n
where x(t) is the state, ẋ(t) ≡ dx(t)
dt , R(s) = (rij (s))i,j=1 and R̃(s) = (r̃ij (s))i,j=1
are real n×n-matrix-valued functions defined on [0, η], whose entries have bounded
variations var(rij ) and var(r̃ij ). The integrals in (1.1) are understood in the sense
of the Lebesgue-Stieltjes integral, cf. [14]. In addition, u ∈ L2 (0, ∞) and F is a
causal (Volterra) mapping acting in L2 (−η, ∞) (see Definition below).
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We define the variation of R(.) as the matrix V ar(R) = (var(rij ))ni,j=1 and denote
var (R) := kV ar(R)kn . So var (R) is the spectral norm of matrix V ar (R).
Similarly var (R̃) is defined. It is assumed that
(1.3)

var(R̃) < 1.

Let us explain the definition of a causal mapping. For a positive T ≤ ∞, let
X(η, T ) be a space of vector-valued functions defined on [−η, T ]. For example,
X(−η, T ) = L2 (−η, T ). For all τ ∈ (−η, T ), let Pτ be the projections defined by
(
w(t) if −η ≤ t ≤ τ,
(Pτ w)(t) =
0
if τ < t ≤ T,
P−η w = 0; PT w = w (w ∈ X(−η, T )).
Definition. A mapping F̂ : X(−η, T ) → X(−η, T ), satisfying the conditions
F̂ 0 ≡ 0 and
Pτ F̂ Pτ = Pτ F̂ (τ ∈ [−η, T ]),

(1.4)

will be called a causal mapping (operator).
This definition is somewhat different from the definition of the causal operator
suggested in [2]. In the linear case our definition is similar to the one accepted
in [3]. About various examples of causal operators see for instance, [2]. See also
[8, 9] and Section 6 below.

2.

Preliminaries

Let F be a continuous causal mapping in L2 (−η, ∞) satisfying the following
condition: there is a constant q, such that
(2.1)

kF wkL2 (0,∞) ≤ qkwkL2 (−η,∞) (w ∈ L2 (−η, ∞)).

A (mild) solution of problem (1.1), (1.2) is a continuous function x(t) defined on
[0, ∞), such that
Z
(2.2)

t

G(t − t1 )([F x](t1 ) + u(t1 ))dt1 (t ≥ 0),

x(t) =
0

(2.3)

x(t) = 0 (t < 0),
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where G(t) is the fundamental solution of the linear equation
Z η
Z η
(2.4)
ẋ(t) −
dR̃(s)ẋ(t − s) −
dR(s)x(t − s) = 0 (t ≥ 0).
0

0

Use the operator Ĝ defined on L2 (0, ∞) by
Z
Ĝf (t) =

t

G(t − t1 )f (t1 )dt1 (f ∈ L2 (0, ∞)),

0

and assume that
1
kĜkL2 (0,∞) < .
q

(2.5)

Lemma 1. Let conditions (1.3), (2.1) and (2.5) hold. Then problem (1.1), (1.2)
has a unique solution x(t). Moreover
kxkL2 (0,∞) ≤

(2.6)

kĜkL2 (0,∞) kukL2 (0,∞)
1 − qkĜkL2 (0,∞)

.

Proof. Take a finite T > 0 and define the mapping Φ by
Z t
Φw(t) =
G(t − t1 )([F x](t1 ) + u(t1 ))dt1 (0 ≤ t ≤ T ; w ∈ L2 (0, T )),
0

and Φw(t) = 0 for −η ≤ t ≤ 0. Then by (2.1) and (1.4) we have
kΦwkL2 (−η,T ) ≤ kĜkL2 (0,∞) (qkwkL2 (−η,T ) + l),
where
l = kukL2 (0,∞) .
So Φ maps L2 (−η, T ) into itself. Taking into account that Φ is compact we prove
the existence of solutions. Furthermore,
kxkL2 (0,T ) = kΦxkL2 (0,T ) ≤ kĜkL2 (0,T ) (qkxkL2 (0,T ) + l).
Hence we obtain (2.5), which provides the uniqueness, as claimed.
The matrix-valued function
Z η
Z
(2.7)
K(z) = Iz − z
exp(−zs)dR̃(s) −
0

0

η

exp(−zs)dR(s) (z ∈ C)
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is the characteristic matrix-valued function to equation (2.4) and the zeros of
det K(λ) are the characteristic values of K(.); λ ∈ C is a regular value of K(.)
if det K(λ) 6= 0. Due to Theorem 3.1.1 from [14, p. 114], under conditions (1.3)
equation (1.1) is asymptotically stable and L2 -stable, if all the characteristic
values of K(.) are in the open left half-plane C− . So
Z ∞
1
G(t) :=
e−ist K −1 (is)ds.
2π −∞
As it is well-known, G(t) is a solution to (2.4) with the conditions
(2.8)

G(t) = 0 (t < 0) and G(0) = I.

Furthermore, put
v0 =

2 var(R)
and θ(K) := sup kK −1 (iω)kn .
1 − var(R̃)
−v0 ≤ω≤v0

Lemma 2. The equality sup−∞≤ω≤∞ kK −1 (iω)kn = θ(K) is valid.
For the proof see [12, Lemma 2].
By the Parseval equality and Lemma 2 we have kĜkL2 (0,∞) = θ(K). Now
Lemma 1 implies
Corollary 3. Let conditions (1.3) and (2.1) hold, and all the zeros of K be in
C− . If, in addition, qθ(K) < 1, then (1.1) has at least one solution. Moreover,
any solution x(t) of problem (1.1), (1.2) satisfies the inequality
kxkL2 (0,∞) ≤ (1 − qθ(K))−1 θ(K)l.
About other existence results for equations with causal mappings see [10]. Clearly,
Corollary 3 gives us the global stability condition for neutral type systems with
causal nonlinearities. Note that the interesting conditions for the global asymptotic stability for nonlinear neutral-type systems governed neural networks with
distributed time delays were suggested in [19]. In that paper the nonlinearity is
a vector-valued function continuously mapping Rn into itself.

3.

The main result

We will say that system (1.1) is input-to-state L2 -stable, if for any  > 0, there
is a δ > 0, such that kukL2 (0,∞) ≤ δ implies kxkL2 (R+ ) ≤  for any solution of
problem (1.1), (1.2).
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Furthermore, from [7, Theorem 2.11] it follows that
kA−1 det (A)kn ≤

(3.1)

N2n−1 (A)
(n − 1)(n−1)/2

for any invertible n × n-matrix A. Hence, for any regular point z of K(.), one has
kK −1 (z)kn ≤

N2n−1 (K(z))
,
(n − 1)(n−1)/2 |det (K(z))|

and thus
θ(K) ≤ θd (K) := sup
|ω|≤v0

N2n−1 (K(iω))
.
(n − 1)(n−1)/2 |det (K(iω))|

Now Corollary 3 implies our main result.
Theorem 4. Let the conditions (1.3), (2.1) and qθd (K) < 1 hold. Let all the
zeros of K be in C− . Then (1.1) is input-to-state L2 -stable.

4.

Lower estimates for quasi-polynomials

In this section we present some auxiliary results, which will be used in the next
sections. Consider the function
 Z η

Z η
−τ z
e−τ z dµ (z ∈ C),
e dµ̃ +
(4.1)
k(z) = z 1 −
0

0

where µ = µ(τ ) and µ̃ = µ̃(τ ) are nondecreasing functions defined on [0, η], and
satisfying the conditions
(4.2)

0 < var(µ̃) < 1, and var(µ) < ∞.

Put
v1 =

2 var(µ)
.
1 − var(µ̃)

The following two lemmas are proved in [11] (Lemmas 7 and 9).
Lemma 5. Under conditions (4.2) the equality
inf

−∞≤ω≤∞

is valid.

|k(iω)| =

inf

−v1 ≤ω≤v1

|k(iω)|
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Lemma 6. Let the conditions (4.2),
η

Z
(4.3)

Z
cos(v1 τ )dµ − v1

ηv1 < π/2 and d0 :=

η

sin(v1 τ )dµ̃ > 0
0

0

hold. Then all the zeros of k(.) are in C− and
inf

−∞≤ω≤∞

|k(iω)| ≥ d0 > 0.

For instance consider the function
k1 (z) = z(1 − ãe−h̃z ) + ae−hz + b
with a, b, h, h̃ = const ≥ 0, and 0 < ã < 1. Then
v1 =

2(a + b)
.
1 − ã

Now Lemma 6 implies
Corollary 7. Let hv1 < π/2, h̃v1 < π/2 and
d1 := a cos(v1 h) + b − v1 ã sin(v1 h̃) > 0.
Then all the zeros of k1 (.) are in C− and inf −∞≤ω≤∞ |k(iω)| ≥ d1 > 0.
Note that recently various interesting stability criteria for neutral type time delay
linear autonomous systems were suggested, cf. [4, 13, 16, 18] but the minimum
for k1 (iω) was not investigated.

5.

Systems with discrete delays in linear parts

Let Ã = (ãjk ), A = (ajk ) and C = (cjk ) be real n × n-matrices. In this section
we illustrate Theorem 4 in the case of the equation
(5.1)

ẏ(t) − Ãẏ(t − h̃) + Ay(t − h) + Cy(t) = [F y](t) + u(t) (t ≥ 0),

assuming that kÃkn < 1. So K(z) = z(I − Ãe−h̃z ) + Ae−hz + C. The entries of
K are
kjk (z) = z(1 − ãjk e−h̃z ) + ajk e−hz + cjk (j, k = 1, . . . , n).
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As it was shown by Ostrowski [17], the inequality
|det A| ≥

(5.2)

n
Y

n
X

(|ajj | −

j=1

|ajm |)

m=1,m6=j

is valid, provided
n
X

|ajj | >

|ajm | (j = 1, . . . , n).

m=1,m6=j

Hence,
(5.3)

|det K(z)| ≥

n
Y

(|kjj (z)| −

j=1

n
X

|kjm (z)|),

m=1,m6=j

provided the right-hand part is positive.
Furthermore, in the case (5.1) we have var(R̃) = kÃkn , var(R) = kAkn +
kCkn ,
2(kAkn + kCkn )
.
v0 =
1 − kÃkn
So
(5.4)

N2 (K(iω)) ≤ ζ(K) (|ω| ≤ v0 ),

√
where ζ(K) = v0 ( n + N2 (Ã)) + N2 (A) + N2 (C). For instance, consider the
system
(5.5)

n
X
ẏj (t) − ãjj ẏj (t − h̃) +
(ajk yk (t − h) + cjk yk (t)) = [Fj y](t) + u(t),
k=1

(j = 1, . . . , n; t ≥ 0), where Fj y are coordinates of F y, and suppose that
(5.6)

ãjj , ajj , cjj ≥ 0.

So Ã = diag (ãjj ). Note that ãjj ≤ kÃkn < 1, put
wj =

2(ajj + cjj )
1 − ãjj

Input-to-state stability of neutral type systems
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and assume that
(5.7)

wj max{h, h̃} <

π
, and dj := ajj cos(wj h) + cjj − wj ã sin(wj h̃) > 0
2

(j = 1, . . . , n). Then by Corollary 7 all the zeros of kjj (.) are in C− and
inf

−∞≤ω≤∞

|kjj (iω)| ≥ dj > 0.

In addition, let
(5.8)

n
X

ρj := dj −

(|ajm | + |cjm |) > 0 (j = 1, . . . , n).

m=1,m6=j

According to (5.3) and (5.4) we get
n
Y

|det K(iω)| ≥

ρj .

j=1

Thus by (5.4) and Theorem 4 we arrive at the following result.
Corollary 8. Let the conditions (2.1), (5.7), (5.8) and
qζ

n−1

(n−1)/2

(K) < (n − 1)

n
Y

ρj

j=1

be fulfilled. Then system (5.5) is input-to-state L2 -stable.

6.

Example

Consider the system
(6.1)

ẏj (t) − aẏj (t − h) +

2
X

cjk yk (t) = fj (y1 (t − h1 ), y2 (t − h2 )) + uj (t)

k=1

(j = 1, 2; t ≥ 0), where 0 < a < 1, cjk are real constants, 0 ≤ h1 , h2 ≤ h, fj are
scalar continuous functions defined on R2 with the property
|fj (z1 , z2 )| ≤ q̃j1 |z1 | + q̃j2 |z2 |
(q̃jk = const; zj ∈ R; j, k = 1, 2).
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Besides, by the Schwarz inequality
Z ∞
|fj (w1 (t − h1 ), w2 (t − h2 ))|2 ds
0
Z ∞
≤
(q̃j1 |w1 (t − h1 )| + q̃j2 |w2 (t − h1 )|)2 dt
0
Z ∞


2
2
2
2
|w1 (t − h1 )| + |w2 (t − h1 )| dt .
≤ q̃j1 + q̃j2
0

Thus condition (2.1) holds with n = 2 and
2

(6.2)

q =

2 X
2
X

2
q̃jk
.

j=1 k=1

Furthermore, we have K(z) = z(1 − ae−zh )I + C with C = (cjk ),
v0 = 2(1 − a)−1 kCk2
and

√
N2 (K(iω)) ≤ γK := v0 2(1 + a) + N2 (C) (|ω| ≤ v0 ).

Since Ã and C commute, the characteristic values of K are
λj (K(z)) = z − z ae−zh + λj (C).
Suppose λk (C) (k = 1, 2) are positive and put vk =
(6.3)

2λk (C)
1−a .

If

hvk < π/2 and dk := λk (C) − vk a sin (hvk ) > 0 (k = 1, 2),

then by Corollary 7, the characteristic values of K are in C− , and |λk (K(iω))| ≥
dk (ω ∈ R). So θd (K) ≤ dγ1Kd2 . Thanks to Theorem 4 we can assert that system
(6.1) is input-to-state L2 -stable, provided the conditions (6.3) and qγK < d1 d2
hold, where q is defined by (6.2).
Concluding remarks:
In this paper we have established the explicit input-to-state stability conditions
for a wide class of neutral systems. The notion of the causal mappings enables
us to consider various classes of systems from the unified point of view. As the
example shows, in appropriate situations we can avoid constructing the Liapunov
functionals.
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