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Abstract

This paper is devoted to singular calculus of variations problems
with constraint functional not regular at the solution point in the sense
that the first derivative is not surjective. In the first part of the paper
we pursue an approach based on the constructions of the p-regularity
theory. For p-regular calculus of variations problem we formulate and
prove necessary and sufficient conditions for optimality in singular case
and illustrate our results by classical example of calculus of variations
problem.
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1. INTRODUCTION

In the paper we consider the following problem

to
(1) Jo(z) = F(t,z,2")dt — min
t1
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subject to the subsidiary condition
to

(2) Ji(z) = G(t,x,z")dt = 0,

t1
:c(tl) =, .’E(tg) =T, IE Cl[tl,tz].

If TmJ{(z*) # 0, where x*(¢) is a solution to (1)—(2), then necessary condi-
tion of Euler-Lagrange

(3) %(Fz/ FAGY) = Fy +AGa

holds.

In singular (nonregular or degenerate) case when Ji(z*) = 0, we can only
guarantee that the following equation

d
(4) 7 MoFy +2Gar) = MoFy + AC,

holds, where )\% + A2 =1, i.e., it may happen that \g = 0.

This work is devoted to the investigation of the case mentioned above
with necessary and sufficient conditions of optimality.

Let us present an example which illustrate the subject under consider-
ation.

Example 1. Consider the problem

(5) Jo(z) = /07r x%(t)dt — min

subject to
(6) Ji(z) = /0 " (m22() — (@ (1)) dt = 0

z(0) =z(7) =0, m?>1.

Here we have F(t,x,2') = 2%, G(t,x,2') = m?2? — (2/)? and z* = 0 is the
solution to (5)—(6) of Jy, i.e., J|(z*) = 0. If we write down the corresponding
Euler-Lagrange equation (4) we obtain



P-ORDER NECESSARY AND SUFFICIENT CONDITIONS FOR ... 271

2" = Nz + Im’z
or Mz —+ Imlx+ A" =0
and we have the following set of solutions:

o if \g =0 (Ao # 0) then z*(t) = 0 is a solution to (4),
e if A # 0 then 2" + ()‘0*‘4;\7”2) x = 0, and for M = m? the function

x*(t) = asinmt is a solution to (4) with a # 0, m € N.

Hence, the optimality conditions provide a series of spurious solutions x*(t) =
asinmt, a # 0, m € N.

Now we remind the p-order necessary and sufficient optimality conditions
for degenerate optimization problems (see [2]-[5]).

(7) min p(z)

(8) subject to  f(x) =0,

where f: X — Y, and X,Y are Banach spaces, o : X — R!, f € CPT}(X),
¢ € C*(X) and at the solution point * to the problem (7)—(8) we have:

9) Imf'(z") #Y,

ie., f/(z*) is singular.

2. ELEMENTS OF p-REGULARITY THEORY

Let us remain the basic constructions of p-regularity theory to be used in
investigating singular problems in the paper.

The construction of the p-factor operator (see also in [2]-[5]).
Suppose that the space Y is decomposed into the direct sum

(10) Y=Y1¢...8Y,

where Y7 = cl ImF’(x*), Z; =Y. Let Z3 be a closed complementary subspace
to Y7 (we assume that such closed complement exists), and let Pz, : Y — Z,
be the projection operator onto Z5 along Y;. By Y5 we mean the closed linear
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span of the image of the quadratic map Py, f® (z*)[]2. More generally,
define inductively,
Y = linPg, fO @) CZ, i=2,...,p—1,

where Z; is a chosen closed complementary subspace for (Y1®...®Y;_1) with
respect to Y, i =2,...,p and Pz, : Y — Z; is the projection operator onto
Z; along (Y1 & ... ® Y;_1) with respect to Y, i =2,...,p. Finally, Y, = Z,,.
The order p is chosen as the minimum number for which (10) holds. Now,
define the following mappings

fz(m) = Pylf(x), fZ X — Y;‘, 7= 1,...,p,

where Py, : Y — Y; is the projection operator onto Y; along
WMe..eYi10Yi@®...8Y),) with respect to Y, i =1,...,p.

Definition 1. Linear operator ¥,,(h) € L(X,Y1 @ ... ®Y,), h € X, h #0,
Uy (h) = fi(a) + f5 ()] + ...+ fiP (") [A)

is called p-factor operator.

Definition 2. We say that the mapping f is p-regular at * along an element

h, if

ImW,(h) =Y.

Definition 3. We say that the mapping f is p-regular at «* if it is p-regular
along any h from the set

H,(z") = {ﬁ Ker® ,ik)(m*)} \ 0.
k=1

Here the k-kernel of the k-order mapping f,ik)(x*) is

Ker f{P(2*) = {¢ € X« ;P @")[g =0}
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3. CHWHMALHW’CONDHHONSFOR]%REGULAR,OPTMHZATKHJPROBLEMS

We define p-factor Lagrange function

Ly(w, A\, h) = (Zf,f Y (@)[n)F 1,A>,

where A € Y* and

Ly(z,\ h) (Zk mytl FED )[h]’“l,)\>.

1

Definition 4. The mapping F' is called strongly p-regular at the point =*
if there exists v > 0 such that

sup [[{,(h)} || < oo,
heH.,

where
Hy={nex | fPa)mly, <, i=1 b =1
y= e X @R v < v i =1ps R =15
Let us remain the following basic theorem of the p-regularity theory ([2]-[5]).

Theorem 1 (Necessary and sufficient conditions for optimality). Let X
and Y be Banach spaces, p € C3(X), feCPYY(X), f: X =Y, p: X — RL
Suppose that h € Hy(z*) and f is p-regular along h at the point z*. If z* is a
local solution to the problem (7)—(8) then there exist multipliers \*(h) € Y*
such that

(11) Ly, (x*, X (h),h) = 0.

Moreover, if f is strongly p-regular at x*, there exist o > 0 and a multiplier
A*(h) such that (11) is fulfilled and

(12) Lo (™, N (R), D)[A]* = a||B]?

prI

for every h € Hy(x*), then z* is a strict local minimizer to the problem

(7)~(8).
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Now we are ready to apply this theorem to singular calculus of variations
problems. For the sake of simplicity consider the completely degenerate
case, namely

fBay=0, k=1,...,p—1
or
JP @) =0, k=1,....p—1

and introduce the so-called p-factor Euler-Lagrange function

H=F+Xx Y GGV RHY=F+AGP Ut

@’ (a')!
120,7}371,

i+j=p—1
where
G(pil)v _ G(pfl)
xi(z’)d x...xx ...z
=

; j
andi+j=p—1,¢1=0,...,p— L.
For p =2 we have H = F + A\(G,h + G, ).

Definition 5. We say that the problem (1)—(2) is p-regular at z* along
h € Ker? JP (z*) it JP (2%)hP=L £ 0.

The following theorem holds thrue:

Theorem 2. Let x*(t) be a solution of the problem (1)—~(2) and assume that

the problem is p-regqular at x* along h € Keerl(p) (x*). Then, there exists a
constant A such that the following p-factor Euler-Lagrange equation

F, + A Z _ x7,+1 )i h' (h/)
(13) z+] p 1
d 1 i i
— o | Fer 2 Z GE b By | =0
z+] p 1

holds.
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Remark 1. For p = 2 this equation transforms to

(14) e+ A (wah + Gm”/h’/) o % [Fx' + )‘(sz/h + Gx’z/h/)] =0.

Proof. Consider the case p = 2. For the first derivative Jj(x*) of Ji(x) at

the point z* we have

(15) J1 (z*)h(t) :/2 [Go(t, @, 2" Yh(t) + G (t,z, 2" )R (1)] dt.

t1
Let us define second derivative J{ (z*) :
Ji(z* + dz) — Ji(z*) = A(z*)dx + Y (2", 6x) - o,
where ||U(z*, dz)| — 0 for 0z — 0,
Ji(z* + 0x) - 6z — J](z*)6x = A(z*)[0z]* + U(z*, 6z) 6z

Here A(x*)[6x)? is a second variation of J; () at the point z* and J} (z*) =
A(x*).
For J{(z*) we have

16 Hnor=[ [Glah®(2) + 2 (O (1) + Gure ( (1)?] dt = .

Hence h € Ker?J}(z*) is such a function that (16) holds.
The 2-factor operator for the problem (1)—(2) has the following form:

J!'(z*)h(t) = / . [Grah(t) + Guarh(t) + Guw W (t) + G b ()] dt

t1

to d
= h/(t)Gm’x’()ﬁf + / () |:G:v:vh + Gmm’h/ - E [Gz’mh + Gm’z’h/] dt.
t1

For the nonregular case of our problem we have J{(z*) =0,Y; =0, Y2 = R,
fi(z) =0, fa(x) = Ji(x), Ya(h)z = J{ (2*)[h]z and 2-factor Euler-Lagrange
function is as follows

Loz, A h) = Jo(x) + A Ji(2)[(t)].
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Applying Theorem 1 we obtain
(17) Joo (&) + M JY (") [(t)] = 0.

Substituting J{'(z*)[h(t)] to the explicit form we have

[Fz/(-) 2+ /:2(-) [Fx — %Fz/} dt] +

1

t2
A1 |:Gz/x’h,(') ij +/ () <Gmmh + Ga::c’h, - % [sz/h + Ga:’z/h/]) dt:| = 0.
tl

Since the functional on the right hand side of the equation is defined for
such elements 7(t) that n(t1) = n(t2) = 0, we obtain

t2 d d
/ n(t) [(Fx — —Fm/> + M\ (Gmh + Goprh' —— [Gporh + Gx/x/h’]>] =0
" dt dt

From du Bois-Reymond lemma the equation (13) for p = 2 follows.
The case p > 2 can be proved analogously using the explicit form of
p-factor operator Jl(p) (x*)[h(t)]P~L. |

Consider the previous Example 1. We can see that
h(t) = e'tsint € Ker®J} (z*), x*(t) =0
for some v = y(m) > 0 and J{(z*)h(t) # 0. It means that the problem

(1)—(2) is 2-regular at x* = 0 along h(t). Hence all conditions of Theorem 2
are fulfilled and equation (13) takes the form:

2z + A (2m*e" sint + 2¢7* (y?*sint + 2y cost —sint)) =0

or

z =\ (sint — 2ycost — 72 sint — m? sint)

and z(0) = z(m) = 0. The last condition implies that A = 0 and z*(t) = 0.



P-ORDER NECESSARY AND SUFFICIENT CONDITIONS FOR ... 277

4. p-ORDER SUFFICIENT CONDITIONS FOR OPTIMALITY IN SINGULAR
CALCULUS OF VARIATIONS PROBLEMS

For the completely degenerate case sufficient conditions for the problem
(1)—(2) have the following form.

Definition 6. We say the problem (1)—(2) is strongly p-regular at z* if there
exists 7 > 0 such that

1
< 00

{7}

for every h € H, = {h e X : |JP (@) [hP| < v, |IB] = 1} .

Theorem 3 (p-order sufficient conditions for optimality). If the problem
(1)=(2) is strongly p-regular at feasible point x* and there exist o > 0 and
multipliers A(h) such that (13) holds and

1"yox 2 (p+1) 2 VP 2> 4 2
(50 + 2 AW ) 2 2

for every h € Keerl(p) (x*), then x* is a strict local minimizer to the problem

(1)~2).

The proof of this theorem is an application of Theorem 1 to the problem
(1)(2), where f(z) = Jy(x) and @(x) = Jo(a).
However there exists number of applications when strong p-regularity
conditions are not fulfilled. For example
min 1’%
subject to

(1 —22)2 =0, 2*=(0,0)T.

Moreover, in Example 1 with h(t) = sinmt € Ker?J}(0) we meet the same.
For such type of problems we introduce the following definitions.

Definition 7. We say that the mapping f(z) is p-regular by Cauchy at the
point xz* if for every € > 0 there exists § > 0 such that

o(h, Hy(z*)) < e for every h e Hs.
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Remark 2. It is obvious that strong p-regularity implies p-regularity by
Cauchy of the mapping f(x) but not conversely.

Theorem 4. If the problem (1)—(2) is J1(x)-p-regular by Cauchy at feasible
point * and there exist o > 0 and multiplier A(h) such that (13) is fulfilled

and
2

p(p+1)

Vhe Keerl(p) (x*),

(Jé’(x*) n A(h)pr“)(x*)hp—l) B2 > aflh)?

then x* is strict local minimizer to (1)—(2).

The proof is analogous to the proof of Theorem 1, where condition of a
strong p-regularity is replaced by the condition of p-regularity by Cauchy.

In Example 1 we have

but
J/(0)h(t) = /0 (m*sinmt(-) — mcosmt(-)’) dt = 0.

Hence
T O)h(D)z(t) = /0 (ma(t) cos mt)' dt = 0.

It means that the problem (5)—(6) is not 2-regular along h(t). But all con-
ditions of Theorem 3 are fulfilled and

(50 + 22017000 ) B -
T , 1 ~
:/0 (sinmt)dt > oo sinmt|* = s A
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Therefore 2*(t) = 0 is a strict local minimizer to (5)—(6).

This work was supported by the Russian Foundation for Basic Research
(project # 08-01-00619) and by the Programm ”Leading Scientific Schools”
(project # NSh-4096.2010.1).

[1]

2]

REFERENCES

V.M. Alexeev, V.M. Tihomirov and S.V. Fomin, Optimal Control, (Consul-
tants Bureau, New York, 1987). Translated from Russian by V.M. Volosov.

O.A. Brezhneva and A.A. Tret’yakov, Optimality conditions for degenerate ex-
tremum problems with equality constraints, STAM J. Contr. Optim. 42 (2003),
729-745.

A F. Izmailov and A.A. Tret‘yakov, Factor-Analysis of Non-Linear Mapping
(Nauka, Moscow, Fizmatlit Publishing Company, 1994).

K.N. Belash and A.A. Tret’yakov, Methods for solving degenerate problems,
USSR Comput. Math. and Math. Phys. 28 (1988), 90-94.

A A. Tret’yakov, Necessary and Sufficient Conditions for Optimality of p-th
Order, USSR Comput. Math. and Math. Phys. 24 (1984), 123-127.

J. Glazunov, Variational methods for solving differential equations,
Wydawnictwo Politechniki Gdanskiej, Gdarisk 2000 (in Polish)

Received 6 October 2009



