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Abstract

This paper deals with the formulation of the necessary optimality
condition for a topology optimization problem of an elastic body in
unilateral contact with a rigid foundation. In the contact problem of
Tresca, a given friction is governed by an elliptic variational inequality
of the second order. The optimization problem consists in finding such
topology of the domain occupied by the body that the normal contact
stress along the contact boundary of the body is minimized. The topo-
logical derivative of the cost functional is calculated and a necessary
optimality condition is formulated. The calculated topological deriva-
tive is also used in the numerical algorithm to find a descent direction
by inserting voids in the domain occupied by the body. Numerical
examples are provided.
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1. Introduction

The aim of topology optimization is to find optimal material distribution
within the body resulting in its optimal shape [4, 11]. Unlike the case
of classical shape optimization [4, 13] based on domain boundary pertur-
bations only, the topology of the domain occupied by the structure may
change through inclusion of holes during the optimization process. The
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shape and/or topology optimization belongs to one of the most important
mathematical problems in structural mechanics.

Classical approach to topology optimization problems consists in using
relaxed formulations and the homogenization method [1]. The obtained op-
timal solution is a quasi-uniform distribution of composite materials rather
than a classical design. In recent years topological derivative methods
[3, 4, 9, 10, 11] motivated by the bubble method have emerged as an at-
tractive alternative to analyze and solve numerically topology optimization
problems, especially of elastic structures, without employing the homoge-
nization approach. The topology variations are defined by nucleation of
small holes or cavities or more generally small defects in geometrical do-
mains. A topological sensitivity framework using an adaptation of the ad-
joint method and a domain truncation technique for two and three dimen-
sional linear elasticity problems has been introduced in [4] in the case of
general functionals and arbitrary shape holes. The modern mathematical
background for evaluation of topological derivatives by the asymptotic anal-
ysis techniques of boundary value problems is established in [9]. Asymptotic
and topology sensitivity analysis of solutions to unilateral boundary value
problems is performed in [3, 12]. The main difficulty in topology sensitiv-
ity analysis of contact problems is associated with the nonlinearity of the
nonpenetration condition over the contact zone which makes this boundary
value problem nonsmooth.

This paper is concerned with the application of topological derivative
approach to formulate necessary optimality condition and to solve numeri-
cally a topology optimization problem for an elastic unilateral contact prob-
lems. The paper is confined to topology optimization only, i.e., the domain
occupied by the body is subject to topology variation only while the exter-
nal boundary of this domain is assumed not to be perturbed. Simultaneous
shape and topology optimization of structures where both boundary pertur-
bation and nucleation of holes inside the domain occur is considered among
others in [7, 11]. The paper extends the results contained in the previous
author’s papers [7, 8].

The contact with a given friction governed by Tresca model between an
elastic body and the rigid foundation is assumed to occur at a portion of
the boundary of the body. The displacement field of the body in unilateral
contact is governed by an elliptic variational inequality of the second order
[5, 6]. Formulated in Section 2 the structural optimization problem for the
elastic body in contact consists in finding such topology of the domain oc-
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cupied by the body that the normal contact stress along the boundary of
the body is minimized. The volume of the body is assumed to be bounded.
Topological derivative formula of the domain functional is calculated using
the material derivative [9, 13] and the asymptotic expansion [11] methods.
The calculated topological derivative is employed to formulate in Section 3
the necessary optimality condition. Moreover it is used in numerical algo-
rithm to find a descent direction. Section 4 provides numerical methods and
examples.

2. Problem formulation

Consider deformations of an elastic body occupying domain Ω ⊂ R2 with
Lipschitz continuous boundary Γ (see Figure 1). Let S ⊂ R2 and D ⊂ R2

denote a given bounded domains. So-called hold-all domain D is assumed
to possess piecewise smooth boundary. Domain Ω is assumed to satisfy:

Ol = {Ω ⊂ R2 : Ω is open, S ⊂ Ω ⊂ D, #Ωc ≤ l}(1)

where #Ωc denotes the number of connected components of complement Ωc

of Ω with respect to D and l is a given integer. Moreover all perturbations
δΩ of Ω are assumed to satisfy δΩ ∈ Ol.
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Figure 1. Initial domain Ω.

The body is subject to body forces f(x) = (f1(x), f2(x)), x ∈ Ω. Moreover
surface tractions p(x) = (p1(x), p2(x)), x ∈ Γ, are applied to a portion Γ1
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of the boundary Γ. Assume that the body is clamped along the portion Γ0

of the boundary Γ, and that the contact conditions are prescribed on the
portion Γ2, where Γi ∩ Γj = ∅, i 6= j, i, j = 0, 1, 2, Γ = Γ̄0 ∪ Γ̄1 ∪ Γ̄2.
Denote by u = (u1, u2), u = u(x), x ∈ Ω, the displacement of the body and
by σ(u(x)) = {σij(u(x))}, i, j = 1, 2, the stress field in the body. Consider
elastic bodies obeying Hooke’s law [5, 13]:

(2) σij(u(x)) = aijkl(x)ekl(u(x)), i, j, k, l = 1, 2, x ∈ Ω.

It is assumed, that elasticity coefficients aijkl(x), i, j, k, l = 1, 2, satisfy usual
symmetry, boundedness and ellipticity conditions, i.e.,

(3) aijkl(x) ∈ L∞(Ω), aijkl = ajikl = aklij,

(4) ∃α1 > 0, α0 > 0 : α0tijtij ≤ aijkl(x)tijtkl ≤ α1tijtkl,

for almost all x ∈ Ω, for all symmetric 2 × 2 matrices tij, i, j = 1, 2. We
use here and throughout the paper the summation convention over repeated
indices [5]. The strain ekl(u(x)), k, l = 1, 2, is defined by:

(5) ekl(u(x)) =
1

2
(uk,l(x) + ul,k(x)), uk,l(x) =

∂uk(x)

∂xl
.

The stress field σ(u(x)) satisfies the system of equations [5, 13]

(6) −σij(u(x)),j = fi(x) x ∈ Ω, i, j = 1, 2,

σij(u(x)),j =
∂σij(u(x))

∂xj
, i, j = 1, 2. The following boundary conditions are

imposed

ui(x) = 0 i = 1, 2, on Γ0,(7)

σij(x)nj = pi i, j = 1, 2, on Γ1,(8)

uN + v ≤ 0, σN ≤ 0, σN (uN + v) = 0 on Γ2,(9)

| σT |≤ g, uT σT + g | uT |= 0 on Γ2,(10)

where n = (n1, n2) is the unit outward versor to the boundary Γ. Here
uN = uini and σN = σijninj, i, j = 1, 2, represent the normal components
of displacement u and stress σ, respectively. The tangential components of
displacement u and stress σ are given by (uT )i = ui − uNni and (σT )i =
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σijnj − σNni, i, j = 1, 2, respectively. | uT | denotes the Euclidean norm in
R2 of the tangent vector uT . Recall from [5] that nonpenetration condition
(9) means either the body is in contact with a rigid foundation and the
reaction force appears or there is no contact and normal contact stress does
not occur. A function v given in (9), suitable regular, describes an initial
gap between the body and the rigid support. Tresca friction law with a
given friction bound g ∈ L2(Γ2), g ≥ 0 a.e. on Γ2, is used in condition (10)
to describe friction phenomenon (see also [5]). From now on without loss of
generality we set g = 1 in (10) ([13]).

For the sake of formulation of necessary optimality conditions as well
as approximation and numerical solution of contact problem (6)–(10) let us
formulate it in the variational form. Denote by Vsp and K the space and
the set of kinematically admissible displacements:

(11)
Vsp =

{

z ∈ H1(Ω; R2) : zi = 0 on Γ0, i = 1, 2
}

,

K = {z ∈ Vsp : zN + v ≤ 0 on Γ2} .

Denote also by Λ the set

(12) Λ = {ζ ∈ L2(Γ2) :| ζ | ≤ 1}.

Recall from [5], L2(Γ2) denotes the space of square integrable functions on
Γ2 and H1(Ω; R2) is Sobolev space of square integrable functions as well as
their first derivatives in domain Ω with values in R2. Assume f ∈ L2(Ω; R2)
and p ∈ L2(Γ; R2).

Variational formulation of contact problem (6)–(10) has the form: find

a pair (u, λ) ∈ K × Λ satisfying

(13)

∫

Ω
aijkleij(u)ekl(ϕ − u)dx −

∫

Ω
fi(ϕi − ui)dx

−

∫

Γ1

pi(ϕi − ui)ds +

∫

Γ2

λ(ϕT − uT )ds ≥ 0 ∀ϕ ∈ K,

(14)

∫

Γ2

(ζ − λ)uT ds ≤ 0 ∀ζ ∈ Λ,

where i, j, k, l = 1, 2. From [5, Theorem 5.44, p. 197] it results that under
the assumptions (3) and (4) problem (13)–(14) possesses a unique solution
(u, λ) ∈ K × Λ. Function λ is interpreted as a Lagrange multiplier and is
equal to tangent stress along the boundary Γ2, i.e., λ = σT|Γ2

[5, 13].
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Before formulating a structural optimization problem for system (13)–(14)
let us introduce the set Uad of admissible domains. Denote by V ol(Ω) the
volume of the domain Ω equal to

(15) V ol(Ω) =

∫

Ω
dx.

Domain Ω is assumed to satisfy the volume constraint of the form

(16) V ol(Ω) − const0 ≤ 0,

where the constant const0 > 0 is given. This constant usually is assumed to
be the volume of the initial domain Ω and (16) is satisfied [7] in the form

(17) V ol(Ω) = rfrconst0 with rfr ∈ (0, 1).

The set Uad of admissible domains has the following form

(18) Uad = {Ω ⊂ Ol : Ω satisfies (16), PD(Ω) ≤ const1},

Perimeter PD(Ω) of a domain Ω in D is defined by [13, p. 126] PD(Ω) =
∫

Γ dx. The constant const1 > 0 is assumed to exist. The set Uad is assumed
to be nonempty.

In order to formulate an optimization problem for contact system (13)–
(14) let us define the shape functional approximating the normal contact
stress on the contact boundary. This functional has the form [7]:

(19) Jφ(u(Ω)) =

∫

Γ2

σN (u)φN (x)ds.

This cost functional depends on the solution u to (13)–(14) and on the
auxiliary given bounded function φ(x) ∈ M st. The set M st of auxiliary
functions is as follow:

M st = {φ = (φ1, φ2) ∈ H1(D; R2) : φi ≤ 0 on D, i = 1, 2,

‖ φ ‖H1(D;R2)≤ 1},(20)

where the norm ‖ φ ‖H1(D;R2)= (
∑2

i=1 ‖ φi ‖
2
H1(D))

1/2 [5]. σN and φN are
the normal components of the stress field σ corresponding to a solution u

satisfying system (13)–(14) and the function φ, respectively.
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We shall consider the following topology optimization problem: for a given

function φ ∈ M st, find a domain Ω? ∈ Uad such that

(21) Jφ(u(Ω?)) = min
Ω∈Uad

Jφ(u(Ω)).

The aim of the topological optimization problem (21) is to find such topology
of the domain Ω occupied by the elastic body to minimize its normal contact
stress. For the sake of clarity let us remark the paper is confined to consider
topology perturbations of the domain Ω only. These topology perturbations
consists in nucleation or merging holes inside domain Ω, [3, 4, 8, 11], and
are performed without any a priori assumption about the domain’s topo-
logy. We do not consider a case of simultaneous boundary perturbations of
domain Ω as in classical shape optimization (see monograph [13]) and topo-
logy perturbations. These boundary perturbations consisting in moving the
domain boundary in the direction of suitable velocity field are performed
under assumption that the initial and final shape domains have the same
topology [4, 13].

Recall from [2] the class of domains Ol determined by (1) is endowed
with the complementary Hausdorff topology that guarantees the class itself
to be compact. The admissibility condition #Ωc ≤ l is crucial to provide
the necessary compactness property of Uad [2]. The existence of an optimal
domain Ω? ∈ Uad to the topology optimization problem (21) follows from
Šverák theorem and arguments provided in [2, Theorem 2].

3. Necessary optimality condition

Consider minimization of the the domain functional (19) and topology varia-
tions of the domain Ω. Topology variations of geometrical domains are based
on the creation of a small hole

B(x, ρ) = {z ∈ R2 :| x − z |< ρ} ⊂ Ω

of radius ρ, such that 0 < ρ < R, R > 0 given, at a point x ∈ Ω in the
interior of the domain Ω (see Figure 2). For the sake of simplicity it is
assumed that 0 ∈ Ω and we shall consider the case x = 0. The closure
and the measure of the hole B(x, ρ) are denoted by B(x, ρ) and | B(x, ρ) |,
respectively. The domain Ω perturbed by the hole B(x, ρ) we denote by
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Ωρ = Ω \ B(x, ρ). Moreover Γρ = ∂B(x, ρ) denotes the inner boundary of
the domain Ωρ.

−1 0 1 2 3 4 5 6 7 8 9
−1

0

1

2

3

4

5

initial shape
optimal shape

−1 0 1 2 3 4 5 6 7 8 9
−1

0

1

2

3

4

5

x
2

x
1

Γ
1ρ

Γ
0ρ

Γ
0ρ

Γ
2ρ

Ωρ

ρ

B(x
0
,ρ)

R

Figure 2. Perturbed domain Ωρ.

Denote by Vspρ and Kρ the space and the set of kinematically admissible
displacements defined by (11) in domain Ωρ rather than Ω. The contact
problem (13)–(14) reformulated in domain Ωρ has the form: find a pair

(uρ, λρ) ∈ Kρ × Λ satisfying

(22)

∫

Ωρ

aijkleij(uρ)ekl(ϕ − uρ)dx −

∫

Ωρ

fi(ϕi − uρi)dx

−

∫

Γ1

pi(ϕi − uρi)ds +

∫

Γ2

λρ(ϕT − uρT )ds ≥ 0 ∀ϕ ∈ Kρ,

(23)

∫

Γ2

(ζ − λρ)uρT ds ≤ 0 ∀ζ ∈ Λ,

where i, j, k, l = 1, 2. The restriction of test function ϕ to Ωρ is also denoted
by ϕ. uρ satisfies homogeneous Neumann boundary condition on the bound-
ary Γρ. The topology variations of geometrical domains may be defined as
functions of a small parameter ρ. Recall from [3, 9, 10, 11] the notion and
definition of the topological derivative of the domain functional.

Definition 1. The topological derivative TJφ(Ω, x) of the domain functional
Jφ(Ω) at Ω ⊂ R2 is a function depending on a center x of the small hole and
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is defined by

(24) TJφ(Ω, x) = lim
ρ→0+

Jφ(Ω \ B(x, ρ)) − Jφ(Ω)

| B(x, ρ) |
.

Since in the paper we confine to consider the creation of small holes of
circular shape only therefore in this case the measure of the hole equals its
volume, i.e., | B(x, ρ) |= πρ2.

Using the methodology from [10, 11] as well as the results of differentia-
bility of solutions to variational inequalities [13] let us calculate directly from
definition (24) the formulae of the topological derivative TJφ(Ω; x0) of the
cost functional (19) at a point x0 ∈ Ω. Denote Jφ(Ωρ) = Jφ(ρ). Assuming
the following expansion holds for Ω ⊂ R2:

(25) Jφ(ρ) = Jφ(0) +
ρ2

2
J ′′

φ(0+) + o(ρ2),

where J ′′
φ(ρ) denotes the second order derivative of Jφ(ρ) with respect to ρ,

then the topological derivative TJφ(Ω, x) equals, [11],

(26) TJφ(Ω, x) =
1

2π
J ′′

φ(0+).

Lemma 1. Assume, f and p are suitable regular. The topological derivative

TJφ(Ω, x0) of the domain functional (19) at a point x0 ∈ Ω has the form:

(27)

TJφ(Ω, x0) =

−
[

f(φ + wadt) +
1

E
(auawadt+φ + 2bubwadt+φ cos 2δ)

]

|x=x0

,

where

(28) au
def
= σI(u) + σII(u)), bu

def
= σI(u) − σII(u),

σI(u) and σII(u) denote principal stresses corresponding to displacement u

satisfying system (13)–(14) and stress tensor elements σij(u), i, j = 1, 2,
equal to

σI =
σ11 + σ22

2
+

√

σ11 − σ22

2
+ σ12,(29)

σII =
σ11 + σ22

2
−

√

σ11 − σ22

2
+ σ12.(30)
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δ is the angle between principal stresses directions determined by

(31) tan 2δ =
2σ12

σ11 − σ22
.

E denotes Young modulus. The adjoint state (wadt
ρ , sadt

ρ ) ∈ Kρ1×Λ1 satisfies

in domain Ωρ the following system

(32)

∫

Ωρ

aijkleij(φ + wadt
ρ )ekl(ϕ)dx +

∫

Γ2

sadt
ρ ϕT ds = 0 ∀ϕ ∈ Kρ1,

and

(33)

∫

Γ2

ζ(wadt
ρT + φT )ds = 0 ∀ζ ∈ Λ1.

Moreover, wadt
ρ |ρ=0

= wadt(x0). The sets Kρ1 and Λ1 are given by

(34) Kρ1 =
{

ξ ∈ Vspρ : ξN = 0 on Ast
}

,

(35) Λ1 =
{

ζ ∈ Λ : ζ(x) = 0 on B1 ∪ B2 ∪ B+
1 ∪ B+

2

}

,

while the coincidence set Ast = {x ∈ Γ2 : uN +v = 0}. Moreover, B1 = {x ∈
Γ2 : λ(x) = −1}, B2 = {x ∈ Γ2 : λ(x) = +1}, B̃i = {x ∈ Bi : uN (x) + v =
0}, i = 1, 2, B+

i = Bi \ B̃i, i = 1, 2.

Proof. The proof follows the ideas of shape sensitivity analysis [13] and
is based on direct application of definition (24), shape derivative approach
[13] and asymptotic expansion methods [11]. Here we sketch the main steps
only.

Consider the state system (22)–(23). From Green’s formula [5, 13] it
follows, that the domain functional (19) is associated with the solutions to
this state system through the following relation:

Jφ(ρ)
def
= Jφ(u(Ωρ)) =

∫

Γ2

σρNφNds =

∫

Ωρ

σij(uρ)εkl(φ)dx

−

∫

Ωρ

fiφidx −

∫

Γ1

piφids +

∫

Γ2

λρφT ds.(36)

Using formulae of domain functionals derivatives with respect to ball radius ρ

[11, (27)–(28), p. 63] considered as of particular case of the shape derivatives
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and differentiating (36) with respect to ρ we get the shape derivative of
domain functional (19). This derivative has the form, [7]:

(37)

J ′
φ(ρ) =

∫

Ωρ

σij(u
′
ρ)εkl(φ)dx

+

∫

Γρ

(σij(uρ)εkl(φ) − f · φ)ds +

∫

Γ2

λ′
ρφT ds.

This derivative depends on a shape derivative (u′
ρ, λ

′
ρ) of solution (uρ, λρ) ∈

Kρ × Λ to the contact problem (22)–(23). Using the results concerning the
regularity of solutions to state system (13)–(14), [5], and the diferentiability
of solutions to variational inequalities [13, Theorem 4.3.3, p.213] one show
that the shape derivative (u′

ρ, λ
′
ρ) ∈ Kρ1 × Λ1 of the solution to the contact

problem (22)–(23) satisfies the following system:

(38)

∫

Ωρ

σij(u′
ρ)ekl(ϕ)dx −

∫

Γρ

(σij(uρ)ekl(ϕ) − fiϕi)ds ≥ 0 ∀ϕ ∈ Kρ1,

(39)

∫

Γ2

u′
ρT ζds = 0 ∀ζ ∈ Λ1.

Setting ϕ = wadt
ρ and ζ = sadt

ρ in the state system (22)–(23) as well as ϕ = uρ

and ζ = λρ in the system (38)–(39) we obtain the following form of domain
functional derivative (37):

(40) J ′
φ(ρ) = −

∫

Γρ

[

σij(uρ)ekl(φ + wadt
ρ ) − fi(φ + wadt

ρ )
]

ds.

To calculate derivative (40) we use the asymptotic extensions of solutions
to elasticity systems in R2, [11]. Consider the coordinate system aligned
with the direction of principal stresses σI and σII . Introduce polar coor-
dinate system (r, θ) with coordinate axis still denoted by (r, θ). The dis-
placement uρ = (uρr, uρθ) is a function of r and θ in polar coordinates.
Using the asymptotic expansions of uρ in the ring ρ ≤ r ≤ 2ρ as well as the
strain expressions and Hook’s law in polar coordinate system [11, p. 92–93]
the asymptotic expansions for elements of stress tensor have the following
form, [11],

(41) σrr(uρ) =
1

2

[

au

(

1 −
ρ2

r2

)

+ bu

(

1 − 4
ρ2

r2
+ 3

ρ4

r4

)

cos(2θ)
]

+ O(ρ1−ε),
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(42) σθθ(uρ) =
1

2

[

au

(

1 +
ρ2

r2

)

− bu

(

1 + 3
ρ4

r4

)

cos(2θ)
]

+ O(ρ1−ε),

(43) σrθ(uρ) = −
1

2

[

bu

(

1 + 2
ρ2

r2

)

− 3
ρ4

r4
) sin(2θ)

]

+ O(ρ1−ε),

where ε > 0. Using (41)–(43) the derivative (40) takes the form

(44) J ′
φ(ρ) = −

∫

Γρ

[ 1

E
σθθ

(

wadt
ρ + φ

)

σθθ(uρ) + f
(

φ + wadt
ρ

)

]

ds.

Since all integrands in (44) are bounded it follows from these asymptotic
expansions that limρ→0+ J ′

φ(ρ) = 0. By differentiating (40) once more we
obtain

J ′′
φ(ρ) = J1(ρ) + J2(ρ) + J3(ρ),(45)

where

J1(ρ) =

∫

Γρ

∂

∂n

[ 1

E
σθθ

(

wadt
ρ + φ

)

σθθ(uρ) + f
(

φ + wadt
ρ

)

]

ds,(46)

J2(ρ) = −

∫

Γρ

[ 1

E

(

σθθ

(

wadt
ρ + φ

)

σθθ(uρ)
)′

+ f
(

φ + wadt
ρ

)′
]

ds,(47)

J3(ρ) = −
1

ρ

∫

Γρ

[ 1

E
σθθ

(

wadt
ρ + φ

)

σθθ(uρ) + f
(

φ + wadt
ρ

)

]

ds.(48)

Using (41)–(43) it is easy to show that as ρ → 0+ then J1(ρ) + J2(ρ) → 0.
Employing (42) and expressing σθθ(wadt

ρ +φ) in the frame of principal stress
directions for the displacement field uρ and transforming the integral over
Γρ into integral on interval [0, 2π] we obtain:

(49)
lim

ρ→0+

∫ 2π

0
σθθ(uρ)σθθ(wadt

ρ + φ)dθ

= 2πρ
[

auawadt+φ + 2bubwadt+φ cos(2δ)
]

.

Using (48) and (49) as well as the properties of integrals along the circle
boundary Γρ and employing formula (26) we get the topological derivative
(27).
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Using the topological derivative (27) the following necessary optimality con-
dition for the problem (21) can be formulated (see [13]):

Lemma 2. Let Ω? ∈ Uad be an optimal solution to the problem (21). Then

there exist Lagrange multipliers µ1 ∈ R, µ1 ≥ 0, associated with the volume

constraint and µ2 ∈ R, µ2 ≥ 0, associated with the finite perimeter constraint

such that for all x ∈ Ω? and for all perturbations δΩ ∈ Uad of domain

Ω? ∈ Uad such that Ω? ∪ δΩ ∈ Uad, at any optimal solution Ω? ∈ Uad to the

topology optimization problem (21) the following conditions are satisfied:

TJφ(u(Ω?); x) + µ1 + µ2dPD(Ω?; x) ≥ 0,(50)

(µ∼
1 − µ1)

(

∫

Ω?

dx − const0

)

≤ 0,∀µ∼
1 ∈ R, µ∼

1 ≥ 0,(51)

(µ∼
2 − µ2)(PD(Ω?) − const1) ≤ 0, ∀µ∼

2 ∈ R, µ∼
2 ≥ 0,(52)

where u(Ω?) denotes the solution to state system (13)–(14) in the domain

Ω?, Γ? = ∂Ω?, the topological derivative TJφ(u(Ω?); x) is given by (27) and

dPD(Ω?; x) denotes the topological derivative of the finite perimeter func-

tional PD(Ω?) equal to

(53) dPD(Ω?; x) = 4π,

(see [3, 11]). The given constant const0 > 0 and constant const1 > 0 are

the same as in (18).

4. Numerical methods and examples

The topology optimization problem (21) is solved numerically. First this
problem is discretized. Computational domain Ω is divided into mesh of
triangles. Contact problem (13)–(14) and adjoint system (32)–(33) are
discretized using the finite element method, [5]. Displacement and stress
functions in contact system (13)–(14) are approximated by piecewise linear
functions in domain Ω and piecewise constant functions on the boundary Γ2

respectively. Similar approximation is used to discretize the adjoint system
(32)–(33). These systems are solved using the primal-dual algorithm with
active set strategy, [6]. Lagrange multiplier method combined with descent
type gradient method are used as optimization methods. The calculated
topological derivative (27) is employed to find a descent direction.
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The application of the topological derivative allows to predict the domain
topology and substitute material inside the domain Ω according to the ma-
terial volume constraint. The topological derivative is calculated at each
grid point of the design domain Ω. These points are sorted with respect to
the calculated sensitivity. The points with the lowest sensitivity where this
derivative is negative are removed, i.e., the circular small holes are inserted,
[4]. The number of points removed at each step is given by a ratio equal to
volume of elements removed divided by volume of elements of the previous
structure. This ratio is usually taken between 5% and 15%. Void parts
of the computational domain are filled with a very weak material having
Young modulus much smaller than Young modulus E of solid initial mate-
rial, [4, 7, 8, 11]. This approach ensures positive definiteness of the stiffness
matrix of the discretized problem. The computational process stops when
a given volume constraint equal to the prescribed fraction rfr of the initial
volume of the domain is reached and the perimeter value constraint is satis-
fied. It means that the calculated Lagrange multipliers µ1 and µ2 associated
to this volume and perimeter constraints differ from the corresponding La-
grange multipliers calculated in the previous iteration less than a prescribed
tolerance. The algorithm is programmed in Matlab enviroment.

As an example an elastic body occupying two dimensional domain
(see Figure 1)

(54) Ω = {(x1, x2) ∈ R2 : 0 ≤ x1 ≤ 8 ∧ 0 < v(x1) ≤ x2 ≤ 4},

in contact with a rigid foundation is considered. Function v(x1) describing
boundary where the contact may occur is assumed as equal to v(x1) =
0.125 · (x1 − 4)2. The boundary Γ of the domain Ω is divided into three
pieces Γ0 = {(x1, x2) ∈ R2 : x1 = 0, 8 ∧ 0 < v(x1) ≤ x2 ≤ 4}, Γ1 =
{(x1, x2) ∈ R2 : 0 ≤ x1 ≤ 8 ∧ x2 = 4}, Γ2 = {(x1, x2) ∈ R2 : 0 ≤ x1 ≤
8 ∧ v(x1) = x2}. Figure 3 presents the obtained optimal domain Ω? of
topology optimization problem (21). During the optimization process the
material has been gradually removed mainly from the central part of the
computational domain as well as from the areas near the fixed edges. Thus
the holes appear in these areas. The maximal normal contact stress has
been significantly reduced for optimal domain in comparison to the initial
domain. The obtained optimal normal contact stress, displayed in Figure
4 has no peaks and is changing mildly along the contact boundary Γ2 in
comparison to normal contact stress for the initial domain.
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