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Abstract

Penalty methods, augmented Lagrangian methods and Nitsche mor-
taring are well known numerical methods among the specialists in the
related areas optimization and finite elements, respectively, but com-
mon aspects are rarely available. The aim of the present paper is to
describe these methods from a unifying optimization perspective and
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1. Introduction

In nonlinear programming penalty methods and augmented Lagrangian meth-
ods are widely investigated (cf. [6, 8, 9]) and applied while Nitsche mortaring
(cf. [2, 7, 10]) are well known numerical methods among the specialists in
the related areas optimization and finite elements, respectively, but com-
mon aspects are rarely available. In [14] and a cycle of papers B. Wohlmuth
and co-workers duality arguments are applied to construct mortaring cou-
pling. In [11] coupling of non-matching grids by augmented Lagrangians is
proposed and studied.

The aim of the present paper is to describe penalty methods, augmented
Lagrangian methods and Nitsche mortaring from the optimization point of
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view just to provide some unified perspective and to highlight some common
features.

In Section 1 the basic properties of Poisson equation with homogeneous
Dirichlet boundary conditions is briefly described as a simple model of a vari-
ational problem. Further, the concept of non-overlapping domain decompo-
sition with two subdomains is given. The original problem is shown to be
equivalent to a linearly constrained problem in some broken Sobolev space.

As a central theoretical result of the paper, the convergence of a penalty
method applied to the continuous problem arising from domain decompo-
sition is studied in Section 2. Unlike in classical domain decomposition
as discussed e.g. in [12] only Dirichlet data are tuned at the boundary
connecting the subdomains. The known second condition that the normal
derivatives have to coincide in this approach occurs as a natural boundary
condition. Further in Section 2 augmented Lagrangian methods are briefly
considered as an approximate application of saddle point inequality with
additional penalty stabilization.

In Section 3, the idea of Nitsche mortaring is described as an alternative
approach to obtain the unknown Lagrangian multipliers using the specific
properties of the underlying elliptic boundary value problem is considered.
For this purpose the duality between Dirichlet and Neumann boundary con-
ditions is applied. In Section 4, finite elements that discretize the considered
problems are briefly discussed. Connections to discontinuous Galerkin meth-
ods are sketched. Finally, in Section 5 some numerical results for a simple
test problem are given.

2. Model problem, domain decomposition

Let Ω ⊂ R
2 be some bounded convex domain with a piecewise sufficiently

smooth boundary ∂Ω. As usual we denote by H1(Ω) the Sobolev space of
functions that possess generalized derivatives of first order and the function
as well as these derivatives belong to the Lebesgue space L2(Ω). Further,
H1

0 (Ω) is the subspace of H1(Ω) with zero traces on ∂Ω. With given f ∈
L2(Ω) we consider the variational problem

(1) J(v) :=
1

2

∫

Ω

∇v ◦ ∇v −

∫

Ω

f v → min! s.t. v ∈ V := H1
0 (Ω).

Here “ ◦” stands for the standard scalar product in R
2. The objective



Penalties, Lagrange multipliers and Nitsche mortaring 207

functional is convex and Fréchet differentiable. Its derivative is given by

〈J(v), w〉 :=

∫

Ω

∇v ◦ ∇w −

∫

Ω

f w ∀v, w ∈ H1(Ω).

Hence, u ∈ V forms a solution of (1) iff it satisfies the variational equation

(2)

∫

Ω

∇u ◦ ∇v =

∫

Ω

f v ∀v ∈ V.

The Lax-Milgram lemma (cf. [3, 7]) guarantees that (2) has a unique solution
u ∈ V . Let us remark that (2) forms the weak formulation of the Dirichlet
problem

(3) −∆u = f in Ω, u = 0 on ∂Ω.

For an efficient numerical treatment, e.g. to allow parallel computations, the
domain Ω can be split into several subdomains. Here we restrict us for the
sake of a simpler description to two subdomains Ω1, Ω2 ⊂ Ω. We consider
non-overlapping domain decomposition, i.e.

Ω1 ∩ Ω2 = ∅, Ω1 ∪ Ω2 = Ω.

In addition, the inner boundary Γ := (Ω1 ∩ Ω2)\∂Ω should be sufficiently
regular such that the usual trace theorems (cf. [1, 3, 12]) hold for the
subdomains.

Let u be classical solution of problem (3), i.e., u ∈ C 2(Ω)∩C(Ω̄). Then
domain decomposition as e.g. described in [12] rests on the property that
the restrictions uj := u|Ωj

, j = 1, 2 satisfy the elliptic equation in each
subdomain

(4) −∆uj = fj in Ωj , uj = 0 on Ωj ∩ ∂Ω, j = 1, 2,

and the coupling conditions

(5) u1 = u2 on Γ,
∂u1

∂n1

+
∂u2

∂n2

= 0 on Γ,

where nj denote the outward normals of Ωj . The conditions (5) are itera-
tively adjusted while the subproblems (4) can be solved in parallel in each
iteration step.
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Now, we turn to the weak formulation of domain decomposition (compare
[10, 12]). According to the split we define

Vj := {v ∈ L2(Ω) : v|Ωj
∈ H1(Ωj), v|∂Ω = 0, v|Ωi

≡ 0, i 6= j},

for j = 1, 2 and

Ṽ := V1 ⊕ V2 , G :=
{

v ∈ Ṽ : v1|Γ = v2|Γ
}

.

The space Ṽ forms a broken Sobolev space and the restrictions to ∂Ω and
Γ, respectively, are understood in the sense of traces of elements of Sobolev
spaces (see e.g. [5]).

Lemma 1. There holds V ⊂ Ṽ and G = V .

Proof. The inclusion is trivial because any v ∈ V can be represented by
v = v1 + v2 with

vj :=

{

v|Ωj
, in Ωj

0, in Ωi i 6= j
j = 1, 2.

Let v ∈ Ṽ . With Green’s formula we obtain

(6)

2
∑

j=1

∫

Ωj

∇vj ◦ ϕ =

2
∑

j=1

∫

Γ

vj (nj◦ ϕ) −

∫

Ω

v (∇ ◦ ϕ) ∀ϕ ∈ D(Ω)2.

As introduced above, nj denote the outer normals of the subdomains Ωj.
Further, D(Ω) are the usual test functions with compact support. Since
n1 + n2 = 0 along Γ equation (6) yields

∫

Ω

∇v ◦ ϕ =

∫

Γ

(v1 − v2) (n1◦ ϕ) −

∫

Ω

v (∇ ◦ ϕ) ∀ϕ ∈ D(Ω)2.

With (v1 − v2)|Γ we obtain the generalized first order differentiability of v
and by construction the derivatives belong to L2(Ω). Hence v ∈ V .

As an immediate consequence of Lemma 1 the unconstrained variational
problem (1) is equivalent to the linearly constrained problem

(7) J(v) → min! s.t. v ∈ G
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where J : Ṽ → R in accordance with the previous definition is extended by

J(v) :=
1

2

2
∑

j=1

aj(v, v) −

∫

Ω

f v ∀v ∈ Ṽ ,

with aj : Ṽ × Ṽ → R defined by

aj(v, w) :=

∫

Ωj

∇vj ◦ ∇wj ∀v, w ∈ Ṽ , j = 1, 2.

3. Penalty methods

As described above the conditions (5) couple the subproblems (4). Here,
however, we apply the standard quadratic penalty method for equality con-
strained problems to (7), i.e., we include formally only the continuity condi-
tion from (5). The second part of (5) is tuned implicitly via the optimality
conditions of (7). The quadratic penalty method applied to (7) yields

(8) Js(v) := J(v) +
1

2s

∫

Γ

(v1 − v2)
2 → min! s.t. v ∈ Ṽ .

Here s > 0 denotes the penalty parameter which has to tend to zero. Fur-
ther, throughout the paper we use the notations

[v] := (v1 − v2)|Γ, ‖v‖ :=

(
∫

Ω

v2

)1/2

, ‖[v]‖Γ :=

(
∫

Γ

[v]2
)1/2

∀v ∈ Ṽ .

The penalty functional Js is Fréchet differentiable with

(9) 〈J ′

s(v), w〉 = bs(v, w) − (f, v) = 0 ∀v, w ∈ Ṽ ,

where

bs(v, w) :=

2
∑

j=1

aj(v, w) +
1

s

∫

Γ

[v][w] ∀v, w ∈ Ṽ .

The convergence of the considered penalty method is given by

Theorem 1. For any s > 0 the penalty problem (8) possesses a unique

solution us ∈ Ṽ and together with the solution u of (1) it satisfies

lim
s→0+

‖us − u‖ = 0.



210 C. Grossmann

Proof. First, using Friedrichs’ inequality and trace theorems we can show
that

(10) ((v, w)) :=

2
∑

j=1

aj(v, w) +

∫

Γ

[v][w] ∀v, w ∈ Ṽ

defines a scalar product with which Ṽ forms a Hilbert space. The norm |||·|||
induced by this scalar product yields the continuous embedding Ṽ ↪→ L2(Ω).
Further, trace theorems (cf. [1], [3]) and H1/2(Γ) ↪→ L2(Γ) guarantee also
the continuous embedding Ṽ ↪→ L2(Γ). The related embedding constants
we denote by cΩ and cΓ, respectively, i.e., we have

(11) ‖v‖ ≤ cΩ |||v|||, ‖v‖Γ ≤ cΓ |||v||| ∀v ∈ Ṽ .

In addition, the trace coupling at Γ and the H1 semi-norm term in each of
the subdomains due to the Rellich-Kondrachov theorem (cf. [4]) imply also
that the embedding of Ṽ into L2(Ω) is compact.

By the same argument as for ((·, ·)) we can show that the parametric
bilinear form bs : Ṽ × Ṽ → R defined by (9) for any s > 0 is continuous and
Ṽ -elliptic. Hence, by Lax-Milgram’s lemma the variational equation

(12) bs(u
s, v) = (f, v) ∀v ∈ V

has a unique solution us ∈ Ṽ . With the convexity of the functional the
variational equation (12) is necessary and sufficient for us to solve (8).

Now, we turn to the convergence of the method. Since the limit s → 0+
is of interest we assume s ∈ (0, 1] without loss of generality. Using the
optimality of us and the feasibility u ∈ G, we obtain

(13) J1(u
s) ≤ Js(u

s) ≤ Js(u) = J(u) ∀s ∈ (0, 1].

By the definition (10) of the scalar product and the embedding estimate
(11) we get

1

2
|||us|||2 − cΩ‖f‖ |||u

s||| ≤
1

2
((us, us)) − (f, us) ≤ J(u).

Then we obtain

1

2
(|||us||| − cΩ‖f‖)

2 ≤ J(u) +
1

2
c2
Ω ‖f‖2.
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Hence, the family {us} for s → 0+ is bounded and therefore weakly compact.
Let {sk} ∈ (0, 1] be any sequence converging to zero and denote uk := usk .
Since {uk} is weakly compact we assume without loss of generality that
{uk} is weakly convergent to some ũ ∈ Ṽ , with respect to the scalar product
((·, ·)), i.e.,

lim
k→∞

((v, uk)) = ((v, ũ)) ∀v ∈ Ṽ .

By the construction it holds

J(v) ≤ Js(v) ∀s > 0, v ∈ Ṽ .

Using formula (13) we obtain

(14) J(uk) ≤ J(u), k = 1, 2, . . .

Since J is convex and continuous it is also weakly lower semi-continuous and
together with the weak convergence of {uk} this yields

J(ũ) ≤ J(u).

Next, we show that ũ is feasible for (7), i.e., ũ ∈ G. We use again (13) to
estimate

(15)
1

2sk
‖uk‖

2
Γ − (f, uk) ≤ Jsk

(uk) ≤ J(u).

By the continuous embedding Ṽ ↪→ L2(Γ) the functional ‖ ·‖2
Γ

is convex and
continuous in Ṽ , hence also weakly lower semi-continuous. Therefore (15)
implies

‖ũ‖Γ ≤ 0,

i.e., ũ ∈ G. By (14) this yields ũ = u. The uniqueness of the solution of
(7) and the weak compactness of the family {us}s>0 imply that the whole
family weakly converges, i.e.,

lim
s→0+

((v, us)) = ((v, u)) ∀v ∈ Ṽ .

Finally, the compact embedding of Ṽ into L2(Γ) leads to the stated conver-
gence lims→0+ ‖us − u‖ = 0.



212 C. Grossmann

4. Augmented Lagrangians, Nitsche mortaring

Before we turn to the concept of augmented Lagrangian methods and the
approximation of multipliers, we discuss the regularity of the multiplier λ
related to the optimal solution u of (7). Let us formally introduce the
corresponding Lagrangian L(·, ·) by

L(v, µ) := J(v) + 〈µ, [v]〉 ∀v ∈ Ṽ , µ ∈ Λ,

where 〈·, ·〉 : H−1/2(Γ) ×H1/2(Γ) → R denotes the appropriate dual pairing
and Λ = H−1/2(Γ). The used trace space H1/2(Γ) is understood as the
space of restrictions of elements v ∈ Ṽ and H−1/2(Γ) := H1/2(Γ)∗ is its dual
space. However, the multipliers are of low regularity in the general case.
Under the assumptions, f ∈ L2(Ω) and Ω is convex, we know that satisfies
u ∈ V ∩H2(Ω) the solution u of the constrained problem (7). By integration
by parts separately over the subdomains from the formula

−

∫

Ω1

∆u1 · v1 −

∫

Ω1

f v1 +

∫

Ω2

∆u2 · ∇v2 −

∫

Ω2

f v2 = 0 ∀v ∈ Ṽ

with u|
∂Ω

= 0 we obtain

∫

Ω1

∇u1 · ∇v1 −

∫

Ω1

f v1 +

∫

Ω2

∇u2 · ∇v2−

∫

Ω2

f v2−

∫

Γ

∂u1

∂n1

v1 −

∫

Γ

∂u2

∂n2

v2 = 0

∀v ∈ Ṽ .

This is equivalent to

(16) 〈J ′(u), v〉 −

∫

Γ

∂u1

∂n1

v1 −

∫

Γ

∂u2

∂n2

v2 = 0 ∀v ∈ Ṽ .

Since u ∈ H2(Ω), we observe the regularity

∂u1

∂n1

,
∂u2

∂n2

∈ H1/2(Γ) ↪→ L2(Γ)

of the traces. Further, due to n1 = −n2 it holds

∂u1

∂n1

+
∂u2

∂n2

= 0.
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We set n := n1 and denote by {·} the averaging operation

{

∂u

∂n

}

:=
1

2

(

∂u1

∂n
+

∂u2

∂n

)

=
1

2

(

∂u1

∂n1

−
∂u2

∂n2

)

.

Therefore (16) can be expressed by

(17) 〈J ′(u), v〉 −

∫

Γ

{

∂u

∂n

}

[v] = 0 ∀v ∈ Ṽ .

This, however, is just the part

〈Lv(u, λ), v〉 = 0 ∀ v ∈ Ṽ

of the saddle point characterization. The remaining part follows from the
feasibility of u for (7). Hence, λ = −

{

∂u
∂n

}

is the multiplier related to u and
λ ∈ L2(Γ). This ensures the regularity needed in the following

Theorem 2. Let λ ∈ L2(Γ) be the Lagrangian multiplier related to the

optimal solution u of (7). Then for any s > 0 the solution u of (7) is

the unique solution of the problem

(18) L(v, λ) +
1

2 s
([v], [v])Γ → min! s.t v ∈ Ṽ .

Further u forms a solution of (18) iff it satisfies

(19) 〈J ′(u), v〉 + (λ, [v]) + s−1 ([u], [v])Γ = 0 ∀v ∈ Ṽ .

Proof. The first part follows from the inequality

L(u, λ) ≤ L(v, λ) ∀v ∈ Ṽ

which is a part of the saddle point inequality and the penalization
1
2 s ([v], [v])Γ of violations of the feasibility. The second part is simply the
well known first order necessary optimality condition that in the considered
case is also sufficient due to the convexity.

For numerical methods for solving control problems we also refer to [13].

The idea of augmented Lagrangian methods rests upon the approximate
recovery of the multiplier λ from penalty approximations. For fixed s > 0
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we select

(20) λ0 :=
1

s
[us].

The augmented Lagrangian method recursively applies (19) as follows
(cf. [6]). Let λk be given and let uk ∈ Ṽ satisfies (19), i.e.,

(21) 〈J ′(uk), v〉 + (λk, [v]) + s−1 ([uk], [v])Γ = 0 ∀v ∈ Ṽ .

The new λk+1 is defined by

λk+1 := λk + s−1 [uk], k = 0, 1, . . . .

The convergence of the method is widely analyzed today and can be found
e.g. in [8, 9]. For the convergence of augmented Lagrangian method for the
case of finite dimensional problems we also refer to [6].

It follows from Theorem 2 that the recovery of the Lagrangian multiplier
combined with the penalty concept leads directly to the wanted solution of
the constrained problem (7). However, as a rule the optimal Lagrangian is
unknown. The penalty multiplier (20) provides first approximation for λ.

An alternative way to recover the Lagrangian multiplier for the consid-
ered type of variational problems which are connected with elliptic boundary
value problems rests upon its specific structure. As shown above, the rela-
tion

(22) λ = −

{

∂u

∂n

}

,

holds. Mortaring is a finite element technique which is used to couple dif-
ferent discretizations in the subdomains along common boundaries of sub-
domains by specific interconnecting conditions called mortar. We have in-
troduced above two subdomains and coupling required at Γ. In Nitsche
mortaring this is done by the using of the Langrangian multiplier λ related
to the optimal solution u of (7). For this purpose the representation (22) to-
gether with the result from Theorem 2 is applied to characterize the optimal
solution of the constrained problem (7).

First, we describe continuous Nitsche mortaring, i.e., mortaring of the
two subproblems without prior discretization. Using the representation (22)
of the Lagrangian multiplier λ (19) turns into the following necessary and
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sufficient condition

(23)
2

∑

j=1

aj(u, v) −

({

∂u

∂n

}

, [v]

)

Γ

+ s−1 ([u], [v])Γ = (f, v) ∀v ∈ Ṽ

for u ∈ Ṽ to solve the linearly constrained problem (7) which is equivalent to
the original problem (1) due to Lemma 1. Hence, without discretization (23)
it is just another weak formulation of the original problem. This variational
equation (23) in classical Nitsche mortaring for finite element discretizations
is used to couple discrete problems over subdomains. However, unlike the
continuous case, the traces ∂u1

∂n , ∂u2

∂n of derivatives of discrete function do not
coincide along the common border Γ. Thus, only an approximate adjustment
is obtained by the discrete traces. We discuss this in the following section.

5. Finite element discretization

The numerical solution of infinite dimensional problem described as the
considered variational problem requires some discretization. Common tech-
niques are finite difference schemes or finite element methods (see [7]). Here
we consider the latter one. The finite element methods follow directly from
the variational equations if the underlying function space Ṽ is replaced by
an appropriate finite dimensional space Ṽh ⊂ Ṽ . Since Ṽ 6⊂ V , as a rule this
leads to a non-conforming discretization of (2), but in the sense of (7) it is
a conforming technique.

Let Ṽ = span {ϕk}
N
k=1

with a basis split according to Ṽ = V1 ⊕ V2, i.e.,

V1,h = span {ϕk}
N1

k=1
, V2,h = span {ϕk}

N
k=N1+1 , Ṽh = span {ϕk}

N
k=1 .

The subscript h > 0 indicates the discretization and characterizes the ap-
proximation properties of Ṽ by Ṽh. As a rather weak requirement it is
assumed that

lim
h→0+

inf
vh∈Ṽh

‖v − vh‖ = 0 ∀v ∈ Ṽ

holds. Due to Cea’s Lemma (cf. [7, 3]) this provides the convergence of the
discretization. Here, we consider the description of the analogies between
Lagrangian methods and Nitsche mortaring. For the convergence of these
methods we refer to [6, 8, 9] in the case of augmented Lagrangian methods
and [2, 10] in the case of mortaring.
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In our numerical experiments we choose for both subspaces linear C 0-
elements on regular triangulations of Ω1 and Ω2, respectively. However,
at the inner boundary Γ these triangulations have not to match. The orig-
inal idea of mortaring is just to provide some conditions to connect the
variational equations from different sides of Γ.

The finite element discretization applied to the considered methods leads
to the schemes briefly described below. In the case of pure penalties (8) this
yields to:

find us
h ∈ Ṽh such that

(24) 〈J ′

s(u
s
h), vh〉 =

2
∑

j=1

aj(u
s
h, vh) +

1

s

∫

Γ

[us
h][vh] − (f, vh) = 0 ∀vh ∈ Ṽh.

Due to the bilinearity of the terms containing us
h, this is equivalent to a

related linear system of Galerkin equations.

Similar to the iteration of the augmented Lagrangian method without
discretization given by (21) we obtain the iteration:

find uk
h ∈ Ṽh such that

(25) 〈J ′(uk
h), vh〉 + (λk

h, [vh]) + s−1 ([uk
h], [vh])Γ = 0 ∀vh ∈ Ṽh

with the update for λk+1

h defined by

λk+1
h := λk

h + s−1 [uk
h], k = 0, 1, . . . .

We notice that in (24) as well as in (25) linear systems with symmetric, pos-
itive definite system matrices occur. This, however is not automatically the
case in Nitsche mortaring. One cause is in the non-symmetric formulation
(23). For sufficiently small parameters s > 0 the positive definiteness can
be guaranteed. We obtain the so-called incomplete Nitsche mortaring:

find uh ∈ Ṽh such that

2
∑

j=1

aj(uh, vh) −

({

∂uh

∂n

}

, [vh]

)

Γ

+ s−1 ([uh], [vh])Γ = (f, vh) ∀vh ∈ Ṽh.
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A symmetric or non-symnmetric completion is obtained by the additional
terms

−

({

∂vh

∂n

}

, [uh]

)

Γ

and +

({

∂vh

∂n

}

, [uh]

)

Γ

,

to this variational equation, respectively. In the first case symmetric Galerkin
systems are obtained, while in the second case one Ṽ -ellipticity holds for
any s > 0. The related methods are called symmetric Nitsche mortaring
and non-symmetric Nitsche mortaring, respectively.

As mentioned at the beginning of this paper the domain decomposition
idea can be extended similarly to an arbitrary, but finite numbers of sub-
domains. As somehow extreme case the subdomains are just the elements
of a finite element triangulation of Ω. In this case Nitsche mortaring is
equivalent to discontinuous Galerkin methods as described in [10].

6. Numerical experiments

To illustrate the practical behavior of the considered methods we apply them
to the variational formulation of the elliptic boundary value problem

(26) −∆u(x, y) = sign(y) exp(y) + 3x − 2, (x, y) ∈ Ω, u = 0 on ∂Ω

with Ω := (0, 1) × (−1, 1). As subdomains we choose

Ω1 := (0, 1) × (−1, 0), Ω2 := (0, 1) × (0, 1).

Thus, we have Γ := {(x, 0) ∈ R
2 : x ∈ (0, 1)}.

The following graphs were obtained by uniform triangulation of Ω1 and
Ω2 with the step sizes h1 = 1/16 and h2 = 37, respectively. In the first three
figures we selected s = 0.1 as penalty parameter. These large step sizes as
well as large penalty parameter are purposely chosen make the non-matching
discretization and the gap in the case of the penalty method better visible
(see Figure 1). By the same reason in the case of the augmented Lagrangian
method only one iteration step was performed (see Figure 2).
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Figure 1. Penalty method. Figure 2. Augmented Lagrangian method.

Figure 3. Nitsche mortaring. Figure 4. Nitsche mortaring, s = 10−12.

Figures 1–3 show the obtained results for these data.
Let us point to the fact of an appropriate adjustment of discretization

and penalty parameters. Equality G = V holds in the case without dis-
cretization. In the case of non-matching discretization it may happen that
the straight forward discretization

vh ∈ Gh := {vh ∈ ṽh : [vh] = 0}

leads to vh ∈ Gh =⇒ vh|Γ ≡ 0.

Thus, very small penalty parameters, i.e. s > 0, s � 1, lead to [us
h] ≈ 0

due to lims→0+[us
h] = 0. This effect is reflected in Figure 4. To avoid this,

the penalties have to decrease with decrease step sizes or as an alternative
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treatment the penalties have to be approximately evaluated by integration
formulas. This effect has been discussed in [5] for penalty methods applied to
include non-homogeneous Dirichlet boundary conditions in Galerkin meth-
ods.
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