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Abstract

We introduce and investigate a new sort of stochastic differential in-
clusions on manifolds, given in terms of mean derivatives of a stochastic
process, introduced by Nelson for the needs of the so called stochastic
mechanics. This class of stochastic inclusions is ideologically the clos-
est one to ordinary differential inclusions. For inclusions with forward
mean derivatives on manifolds we prove some results on the existence
of solutions.
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Introduction

The notion of mean derivatives was introduced by Edward Nelson (see
[16, 17, 18]) for the needs of stochastic mechanics (a version of quantum
mechanics). The equation of motion in this theory (called the Newton-
Nelson equation) was the first example of equations in mean derivatives.
Later it turned out that the equations in mean derivatives arose also in the
description of motion of viscous incompressible fluids (see, e.g., [6, 7, 10, 11]),
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in the description of Navier-Stokes vortices (see, e.g., [13]), etc. In [8, 9]
(see also [11]) investigation of the equations in mean derivatives as a spe-
cial class of stochastic differential equations was started. In particular, [9] is
devoted to the general theory of equations in mean derivatives on manifolds.

In all the above-mentioned cases the solutions of the equations were sup-
posed to be Itô diffusion type processes (or even Markov diffusion processes)
whose diffusion summand was given a priori since the classical Nelson’s
mean derivatives yield, roughly speaking, only the drift term of a stochastic
process. In this paper, we present a two-fold generalization of the theory.
First, giving a slight modification of a certain Nelson’s idea, we introduce a
new type of mean derivative on manifolds that is responsible for the diffu-
sion term. And second, we investigate the differential inclusions with mean
derivatives on manifolds, i.e., equations with set-valued right-hand sides.

1. Mean derivatives

Let M be a compact Riemannian manifold M with the Riemannian metric
g(·, ·). Denote its matrix in local coordinates by (gij) and by H the Levi-
Civita connection of this metric.

Consider a probability space (Ω,F ,P). Any stochastic process ξ(t) given
for t ∈ [0, T ] ⊂ R on (Ω,F ,P) and taking values in M determines three fam-

ilies of σ-subalgebras of F : ”the past” P ξ
t generated by preimages of Borel

sets in M with respect to all ξ(s) with s ≤ t, ”the future” F ξ
t determined

analogously for s ≥ t, and ”the present” (”now”) N ξ
t generated by ξ(t). We

suppose those σ-algebras to be complete, i.e., containing all sets of zero prob-
ability. For the sake of convenience we denote the conditional expectation
E(·|N ξ

t ) with respect to ”the present” by Eξ
t .

Consider an M -valued stochastic process ξ(t). Let m be a point of the
manifold M . Consider the normal chart Um at this point m with respect to
the Levi-Civita connection. For any m′ from this chart we can compute the
regression

Y 0(t,m′)|Um
= lim

4t→0
E

((

ξ(t + 4t) − ξ(t)

4t

)

Um

|ξ(t) = m′

)

.

Construct a vector field Y 0(t, ·) such that at each point m ∈ M it is equal
to Y 0(t,m)|Um computed in the normal chart Um. Thus we have that Y 0 is
a measurable section of the tangent bundle TM .
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Definition 1. Dξ(t) = Y 0(t, ξ(t)) is called the mean forward derivative of
a process ξ(t) on M at the time instant t.

Remark 1. We refer the reader to [16, 17, 18] and [6, 7, 8, 11] for the
general definition of a forward mean derivative in a linear space. The above
construction with normal charts is applied in the case of manifolds in order
to obtain the forward mean derivative as a tangent vector.

Introduce also another derivative for a stochastic process ξ(t) on M . Take
any chart U and consider in it the L1 random variable determined by the
rule

D2ξ(t) = lim
4t→+0

Eξ
t

(

(ξ(t + 4t) − ξ(t))(ξ(t + 4t) − ξ(t))∗

4t

)

,(1)

where (ξ(t+4t)−ξ(t)) is considered as a column vector in local coordinates
while (ξ(t + 4t) − ξ(t))∗ is a row vector in local coordinates, and the limit
is supposed to exist in L1(Ω,F , P ). Note that for D2ξ(t) there exists the
regression in any chart, i.e., a measurable field σ0(t,m) such that D2ξ(t) =
σ0(t, ξ(t)). One can easily see that σ0 is a Borel measurable symmetric
positive semi-definite (2, 0)-tensor field. In particular, this means that it is
well-posed on the entire M .

Definition 2. D2ξ(t) is called the quadratic mean derivative of the process
ξ(t) on M at the time instant t.

Let a(t,m) be a Borel measurable vector field on M , A(t,m) be a Borel
measurable field of linear operators A(t,m) : Rk → TmM for k large enough,
t ∈ [0, T ]. Consider the exponential map of connection H. Take a Wiener
process w(t) in Rk. Following, e.g., [2, 11] we call the couple (a,A) an Itô
vector field on M . Notice that under the change of local coordinates in
M the field A is transformed like a tangent vector. Since a is a tangent
vector by definition, the couple (a,A) is transformed as a tangent vector
that clarifies the use of the term ”Itô vector filed”.

Definition 3. By a stochastic differential a(t,m)dt + A(t,m)dw(t), gener-
ated by the Itô vector field (a,A) at m ∈ M , t ∈ [0, l], we call the class
of random processes in TmM that consists of all solutions of the following
stochastic differential equation
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X(s) =

∫ s

t

â(τ, x)dτ +

∫ s

t

Â(τ, x)dw(τ)

where w(t) is a Wiener process on Rk, â(t, x) is a vector field on TmM ,
Â(t, x) is a field of linear operators from Rk to TmM ; â and Â are Lipschitz
continuous, vanishing outside some neighborhood of the origin of TmM and
such that â(t, 0) = a(t,m), Â(t, 0) = A(t,m).

Definition 4. We say that a process ξ(t) satisfies the Itô equation in the
Belopolskaya-Daletskii form

dξ(t) = expξ(t)(a(t, ξ(t))dt + A(t, ξ(t))dw(t)),(2)

if for any point ξ(t) there exists a neighborhood in M such that the process
ξ(t + s), s ≥ 0 almost surely coincides with a certain process from the class

expξ(t)(a(t, ξ(t))dt + A(t, ξ(t))dw(t))

before it leaves the above-mentioned neighborhood of ξ(t).

The details about Itô equations in the Belopolskaya-Daletskii form can be
found, e.g., in [2, 6, 7]. We should mention that in local coordinates equation
(2) takes the form

dξ(t) = a(t, ξ(t))dt −
1

2
trΓξ(t)(A(t, ξ(t)), A(t, ξ(t)))dt + A(t, ξ(t))dw(t),(3)

where Γm(·, ·) is the local connector of connection H in the chart under con-
sideration. Equation (3) is also known as the Itô equation in the Baxendale
form.

Recall that the local connector does not transform as a vector under
changes of coordinates and that the components Γk

ij of Γm(·, ·) in the local
coordinates of given charts are the Christoffel symbols.

Lemma 1. For a solution ξ(t) of equation (2) the equalities

Dξ(t) = a(t, ξ(t)),(4)

D2ξ(t) = A(t, ξ(t))A∗(t, ξ(t))(5)

hold where A∗ is the transposed matrix (the matrix of conjugate operator).
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Proof. Equality (4) is proved, e.g., in [6, 7, 11].

From (3) it follows that in a local chart

ξ(t + 4t) − ξ(t) =

∫ t+4t

t

a(s, ξ(s))ds

−
1

2

∫ t+4t

t

trΓξ(t)(A(t, ξ(t)), A(t, ξ(t)))ds +

∫ t+4t

t

A(s, ξ(s))dw(s).

Taking into account the properties of Lebesgue and Itô integrals one can see
that (ξ(t + 4t) − ξ(t))(ξ(t + 4t) − ξ(t))∗ is approximated by

a(t, ξ(t))(a(t, ξ(t)))∗(∆t)2 −
1

2
a(t, ξ(t)) (trΓ(A(t, ξ(t)), A(t, ξ(t))))∗ (∆t)2

+ a(t, ξ(t))∆t(A(t, ξ(t))∆w(t))∗

−
1

2
trΓ(A(t, ξ(t)), A(t, ξ(t)))(a(t, ξ(t)))∗ (∆t)2

+
1

4
trΓ(A(t, ξ(t)), A(t, ξ(t)))(trΓ(A(t, ξ(t)), A(t, ξ(t))))∗ (∆t)2

+ (A(t, ξ(t))∆w(t))(a(t, ξ(t))∆t)∗ + A(t, ξ(t))(A(t, ξ(t)))∗∆t.

Applying formula (1) we obtain that D2ξ(t) = Eξ
t (A(t, ξ(t))(A(t, ξ(t)))∗).

Since A(t,m) is Borel measurable, from this (5) follows.

Recall that A(t,m)(A(t,m))∗ is the diffusion coefficient of the solution ξ(t).

2. Differential equations in mean derivatives on a manifold

In this section, we introduce differential equations with mean derivatives
on manifolds and prove a simple existence theorem that gives us a tool for
investigating the differential inclusions with mean derivatives in the next
section.

Let us take t from an interval [0, T ]. Consider a vector field a(t,m) and
symmetric positive semi-definite (2, 0)-tensor field α(t,m) on M .

By the first order differential equation with mean derivatives we mean
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a system of the form
{

Dξ(t) = a(t, ξ(t)),

D2ξ(t) = α(t, ξ(t)).
(6)

Definition 5. We say that (6) has a weak solution on [0, T ] with the initial
condition ξ(0) = m0, if there exists a probability space (Ω,F ,P) and a
process ξ(t) given on (Ω,F ,P) and taking values in M such that equalities
(6) are satisfied P-a.s. and for almost all t in [0, T ].

In this paper, we shall mainly look for weak solutions of (6) among solutions
of some equations of (2) type. Taking into account Lemma 1 it is clear that
the first equation of (6) determines the drift of a solution of some equation
of (2) type while the second one determines the diffusion coefficient.

Notice that we do not suppose a priori that a solution of (6) is also a
solution of a certain equation of (2) form. That is why we do not consider
the notion of strong solutions (recall that a solution of (2) is strong if it
exists on any probability space where a Wiener process with values in RN

is well posed and the solution is not anticipating with respect to the Wiener
process).

In order to obtain the stochastic differential as in Definition 3 from
equation (6) (and so to construct the corresponding equations of (2) type)
one has to represent the smooth (or continuous) field α in the form α = AA∗

with A as in (2). Recall that there exists a topological obstruction for getting
such presentation with smooth or (at least) continuous A(t,m) : Rn →
TmM where n is the dimension of M (see, e.g., [14]). Nevertheless such
a presentation becomes possible in lager dimensions under some additional
assumptions.

Lemma 2. Let α(t,m) be a Ck-smooth (k ≥ 3) symmetric positive definite

(2, 0)-tensor field on M . Then for N large enough there exists a C k-smooth

field A(t,m) : RN → TmM of linear operators such that α = AA∗.

Proof. In any local chart on M the field α(t,m) is described as the field
of positive definite (and so non-degenerate) symmetric n×n matrices (αij).
The field of inverse matrices (αij) is also Ck-smooth and non-degenerate,
hence it determines a Ck-smooth Riemannian metric α(·, ·) on M . Consider
the manifold [0, T ] × M and projections π+ : [0, T ] × M → M and π− :
[0, T ] × M → [0, T ] such that π+(t,m) = m, π−(t,m) = t, where t ∈ [0, T ],
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m ∈ M . Setting tangent spaces to R being orthogonal to tangent spaces to
M at all (t,m) ∈ [0, T ] × M , we construct a Ck Riemannian metric α+(·, ·)
on [0, T ]×M . Since k ≥ 3, by Nash’s theorem (see [15]) for N large enough
the Riemannian manifold [0, T ]×M with metric α+(·, ·) can be isometrically
embedded into RN . Denote by P(t,m) : RN → T(t,m)([0, T ] × M) the field
of orthogonal projectors. Then setting A(t,m) = π+ ◦ P(t,m) we obtain

α = AA∗ and by construction the field A is Ck-smooth.

Notice that by Nash’s theorem, mentioned in the proof of Lemma 2, the
Euclidean space RN depends only on the dimension of M , i.e., it can be
chosen the same for all α on M satisfying the conditions of Lemma 2.

Now suppose that M is a Riemannian manifold. As well as above we
denote by H the Levi-Civita connection of its Riemannian metric.

Theorem 3. Assume that in (6) a(t,m) is C1-smooth and the field α(t,m)
is at least C3-smooth and positive definite. Then for any initial condition

ξ(0) = m0 ∈ M equation (6) has a weak solution that exists for all t ∈ [0, T ].

Proof. By the previous Lemma 2 we can construct a field of linear operators
A(t,m). Consider equation (2) with those a(t,m) and A(t,m). Since its
coefficients are at least C1-smooth (i.e., locally Lipschitz continuous), for
any initial condition ξ(0) = m0 ∈ M , by the general existence theorem from
[2] it has a strongly unique strong solution that exists on the entire interval
t ∈ [0, T ] since M is compact (see, e.g., [4]). From Lemma 1 it follows that
this solution satisfies (6).

3. Differential inclusions in mean derivatives on a manifold

Now consider inclusions in mean derivatives on M . Let a(t,m) be a set-
valued vector field on M , i.e., for every point m ∈ M a certain set a(t,m) ⊂
TmM is specified. Let also α(t,m) be a set-valued symmetric positive
semidefinite (2, 0)-tensor field on M (this means that for all t, m any tensor
from the set α(t,m) is symmetric and positive semidefinite). Consider the
problem

{

Dξ(t) ∈ a(t, ξ(t)),

D2ξ(t) ∈ α(t, ξ(t)).
(7)
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Definition 6. We say that (7) has a weak solution on [0, T ] with the initial
condition ξ(0) = m0, if there exists a probability space (Ω,F ,P) and a
process ξ(t) given on (Ω,F ,P) and taking values in M such that inclusions
(7) are satisfied P-a.s. and for almost all t in [0, T ].

Recall the following

Definition 7. Let X and Y be metric spaces. For a given ε > 0 a continuous
single-valued mapping fε : X → Y is called an ε-approximation of the set-
valued mapping F : X → Y , if the graph of f , as a set in X × Y , belongs
to an ε-neighborhood of the graph of F .

Introduce the norm of a set B in a certain tangent space to M or in the
space of (2, 0)-tensors at a point of M by the usual formula ‖B‖ = supb∈B ‖b‖
where the norm ‖b‖ is generated by the Riemannian metric on M .

Now we are in position to prove the following statement.

Theorem 4. Let α(t,m) and a(t,m) be an upper semicontinuous set-valued,

uniformly bounded with respect to the above norm, symmetric positive semi-

definite (2, 0)-tensor field and vector field on M , respectively, with closed

convex images. Then for any initial condition ξ(0) = m0 there exists a weak

solution of (7) well-posed on the entire interval [0, T ].

Proof. Since a(t,m), α(t,m) are upper semicontinuous and have closed
convex images, then for any ε > 0 there exist smooth ε-approximations for
these set-values mappings (see, e.g., [3]). Consider a sequence εq → 0. Let
aq(t,m) be an εq-approximation for a(t,m) and α̂q be an

εq

2 -approximation
for α(t, ξ(t)). Denote by αq = α̂i +

εq

4 ĝ where ĝ is the (2, 0) metric tensor
corresponding to the Riemannian metric g(·, ·) on M (recall that g(·, ·) is a
(0, 2) tensor that is also called the metric one). Thus for each q the field
αq is a smooth symmetric positive definite (2, 0) tensor field that is an εq-
approximation of α(t,m). It is clear that all αq are uniformly bounded.
By Lemma 2 there exist smooth fields Aq(t,m) : RN → TmM such that
Aq(t,m)Aq(t,m)∗ = αq(t,m) where RN is an Euclidean space from Lemma
2 in which R × M is embedded. Recall that RN is the same for all αq (see
above).

Let N(M) be the normal bundle of M in RN with fibers Nm, m ∈ M .
Denote by Θ a relatively compact tubular neighbourhood of M in RN (it
does exist since M is compact) and by r : Θ → M the smooth retraction of
Θ onto M along the fibers of N(M).
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Recall that Θ has the structure of a direct product

Θ = M × W,(8)

where W is an open ball in RN−n that at any point m ∈ M can be identified
with the normal space Nm.

At any point (m,x) ∈ Θ product (8) yields the presentation of the
tangent space to RN of the form

T(m,x)R
N = TmM × TxW.

Introduce a new Riemannian metric g1(·, ·) on Θ by transferring the Rieman-
nian scalar product from TmM into the factor TmM in the above product,
by determining the scalar product in the factor TxW as the restriction of the
Euclidean scalar product in RN and by setting the factors in TmM × TxW
to be orthogonal to each other. Let U be a chart on M , consider the chart
U = U × W in Θ. In this chart, the matrix of (0, 2) metric tensor g1(·, ·)
will be denoted by (g1

ij) and the matrix of the corresponding (2, 0) metric

tensor by (gij
1 ).

Calculate the Christoffel symbols 1Γl
ij (the components of local connec-

tor) of the Levi-Civita connection of g1(·, ·) in U by usual formula 1Γl
ij =

1
2glk

1 ( ∂
∂qi g

1
jk + ∂

∂qj g1
ik − ∂

∂qk g1
ij) (see, e.g., ). In [12] it is shown that

(a) if ∂
∂qi ,

∂
∂qj , ∂

∂qk , ∂
∂ql ∈ TmM , then 1Γl

ij = Γl
ij where Γl

ij are Christoffel

symbols of the Levi-Civita connection of g(·, ·) on M in the chart U ,

(b) if ∂
∂qk ∈ TmM and ∂

∂ql ∈ TxW or vice versa, then 1Γl
ij = 0 for all ∂

∂qi

and ∂
∂qj since gkl

1 = 0,

(c) if ∂
∂qk , ∂

∂ql ∈ TmM and ∂
∂qi ∈ TxW, ∂

∂qj ∈ TmM , then: g1
jk = gjk does

not depend on ∂
∂qi and so ∂

∂qi g
1
jk = 0. It is also obvious that g1

ik = 0 and

g1
ij = 0. Hence 1Γl

ij = 0. Applying analogous arguments we obtain that
1Γl

ij = 0 for ∂
∂qi ∈ TmM , ∂

∂qj ∈ TxW and 1Γl
ij = 0 for ∂

∂qi ,
∂

∂qj ∈ TxW ,

(d) if ∂
∂qk , ∂

∂ql ∈ TxW then for all ∂
∂qi and ∂

∂qj
1Γl

ij = 0.

Take a certain neighbourhood O of M in Θ such that O ⊂ Θ where O
is the closure of O. Let ϕ(y) : RN → R be a smooth function satisfying
the relations 0 ≤ ϕ ≤ 1, ϕ(y) = 1 for y ∈ O and ϕ(y) = 0 for y /∈ Θ.
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Using the presentation of chart U on Θ as the above-mentioned direct prod-
uct, introduce a new object on U by the formula

2Γk
i,j(m,x) = (ϕ(m,x)Γk

ij(m), 0), (m,x) ∈ Θ.(9)

Consider Θ as a chart with local coordinates inherited from the global co-
ordinate system in RN . This chart will be called global. Find the values of
Christoffel symbols 1Γk

ij in the global chart and define the values of 2Γk
ij on

the complement RN\Θ as 2Γk
ij(m,x) = 0, (m,x) /∈ Θ. Thus the values of

2Γk
ij are given on the entire RN . By construction both in the chart U and

in the global chart the symbols 2Γk
ij on O coincide with the corresponding

1Γk
ij.

In the chart U and in the global chart we denote by 1Γ the local connec-
tor with components 1Γk

ij .
2Γ is the analogous object with the components

2Γk
ij. Notice that 2Γ is prolongated with zero value outside Θ from that on

Θ, calculated in the global chart.
Define the vector fields a1

q and the the fields of linear operators

A1
q : R × RN → TRN by setting them in the chart U by the formulas

a1
q(m,x) = (ϕ(m,x)aq(t,m), 0), A1

q(m,x) =

(

ϕ(m,x)Aq(t,m)
0

)

(10)

and by prolongating them on the entire RN by zero value. Notice that by
construction all a1

q(m,x) and A1
q(m,x) are uniformly bounded on [0, T ]×RN .

Consider the following problems in RN :

dξq(t) = a1
q(t, ξq(t))dt −

1

2
tr 2Γξq(t)(A

1
q(t, ξq(t)), A

1
q(t, ξq(t)))dt

+A1
q(t, ξq(t))dw(t)

ξq(0) = m0 ∈ M.

(11)

All equations (11) satisfy the hypothesis of Theorem III.2.4 [5] and so they
have weak solutions ξq(t) well-posed on the entire interval [0, T ].

Consider the Banach space Ω = C0([0, T ], Rn) with the usual norm
‖x(·)‖C0 = supt∈[0,T ] ‖x(t)‖. Via F we denote the σ-algebra on it, gener-
ated by cylinder sets. By Pt we denote the σ-subalgebra of F , generated
by cylinder sets with bases on [0, t]. The process ξq(t) determines a mea-
sure µq on (Ω,F). On the probability space (Ω,F , µq) the process ξq(t) is
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the coordinate one, i.e., ξq(t, x(·)) = x(t), x(·) ∈ Ω. By Corollary III.2 [5]
the set of measures {µq} is weakly compact, i.e., it is possible to select a
subsequence weakly convergent to a certain measure µ. Denote by ξ(t) the
coordinate process on the probability space (Ω,F , µ).

After transition to the chart U , taking into account the form of Christof-
fel symbols (see above), one can easily see that in the neighbourhood O ⊂ U
equations (11) are transformed into the systems







dξq,1(t) = a(t, ξq,1(t))dt −
1

2
tr1Γξq,1

(A,A)dt + A(t, ξq,1(t))dw(t),

dξq,2(t) = 0.
(12)

Hence the solutions of (12) a.s. belong to M for all t ∈ [0, T ]. This means
that all measures µq take the value 1 on the curves lying in M . Since µ is
a weak limit of µq, it has the same property. Hence, the process ξ(t) a.s.
belongs to M for all t ∈ [0, T ]. Now we have to show that it is a solutions
of (7).

Let us use the following fact (see [20, 19]): since Ω = C 0([0, T ], Rn) is
a separable metric space and the measures µq weakly converge to µ, there
exists a certain probability space (Ω̄, F̄ , P̄) and random elements ξ̄q : Ω̄ → Ω
and ξ̄ : Ω̄ → Ω such that the measures on (Ω,F), generated by them,
coincide with µq and µ, respectively, and ξ̄q converge to ξ̄ P̄-almost surely.
Denote elementary events from Ω̄ by ω̄.

Since all the coefficients of (11) are uniformly bounded, the sets
{a1

q(t, ξ̄q(t))} and {α1
q(t, ξ̄q(t)) = A1

q(t, ξ̄q(t))A
1∗
q (t, ξ̄q(t))} are bounded in

the spaces L2([0, T ] × Ω̄, RN ) and L2([0, T ] × Ω̄,S(n)), respectively, where
S(n) is the space of symmetric n × n matrices. Thus those sets are weakly
relatively compact in the corresponding L2 spaces and we can select a subse-
quence of indices q (we keep the notation q for this subsequence) such that
corresponding subsequences have weak limits ā and ᾱ, respectively. Us-
ing the properties of weak convergence in the corresponding L2 spaces one
can easily see that the weak limit of tr 2Γ(A1

q(t, ξ̄q(t)), A
1
q(t, ξ̄q(t))) equals

tr 2Γ(ᾱ, I) where I is the unit operator. Using standard machinery of condi-
tional expectations one can show that there exist Borel measurable mappings
a : [0, T ] × Ω → R

N and α : [0, T ] × Ω → S(n) such that ā = a(t, ξ̄(t)) and
ᾱ = α(t, ξ(t)) (see details in [1]).

Then in complete analogy with the proof of theorem 2.6 of [1] we obtain
that for any uniformly continuous, bounded, real function ht on Ω, that is
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measurable with respect to Pt, the equalities

∫

Ω
[(x(t + ∆t) − x(t)) −

∫ t+∆t

t

a(s, x(s))ds]ht(x(·))dµ = 0(13)

and
∫

Ω
[(x(t + ∆t) − x(t))(x(t + ∆t) − x(t))∗

−

∫ t+∆t

t

A(s, x(·))A∗(s, x(·))ds]ht(x(·)dµ = 0(14)

hold. By construction from (13) it follows that on M we obtain Dξ(t) =
ā(t, ξ(t)) (the last equality takes place since at the centers in normal charts
on M , with respect to which D is calculated, see Definition 1, the local
connectors equal zero). From (14) it follows that D2ξ(t) = ᾱ(t, ξ(t)).

The fact that a.s. a(t, ξ(t)) ∈ a(t, ξ1(t)) and α(t, ξ1(t)) ∈ α(t, ξ1(t)) is
proved by applying Mazur’s Lemma (see, e.g. [21]) in complete analogy with
the proof of Theorem 2.6 [1].
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