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Abstract

In this paper, we prove the existence of continuous solutions of
a Volterra integral inclusion involving the Henstock-Kurzweil-Pettis
integral. Since this kind of integral is more general than the Bochner,
Pettis and Henstock integrals, our result extends many of the results
previously obtained in the single-valued setting or in the set-valued
case.

Keywords: Volterra integral inclusion, Henstock-Kurzweil integral,
Henstock-Kurzweil-Pettis integral, set-valued integral.

2000 Mathematics Subject Classification: Primary 45D05,
Secondary 26A39, 28B05, 28B20.

1. Introduction

On the real line, the Henstock-Kurzweil integral extends the classical
Lebesgue integral. It has the advantage to integrate highly oscillating deriva-
tives. This property, together with its natural definition, makes the Henstock-
Kurzweil integral a very useful tool in studying differential or integral
inclusions.

In Banach spaces and, even more generally, in locally convex topological
vector spaces, many authors studied the set-valued integration. Thus, there
are quite a number of papers treating set-valued integrals of Aumann type
by means of Bochner or Pettis integrable selections or by using the support
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functional of multifunction (e.g. [2, 20, 25, 13, 11]). Various results on dif-
ferential and integral inclusions were obtained via these set-valued integrals
(see [1, 7, 27, 3, 24] and the references therein).

In the present work, we will consider the Henstock-Kurzweil-Pettis in-
tegral, which is a Pettis-type integral defined by using, for the canonical
bi-linear form, the Henstock-Kurzweil integral instead of the Lebesgue one.

We obtain an existence result of continuous solutions of the Volterra
integral inclusion

(∗) x(t) ∈ (HKP)

∫ t

0
k(t, s)F (s, x(s))ds,

where X is a separable Banach space, F : [0, 1] × X → P0(X) and
k : [0, 1] × [0, 1] → R.

To establish the result, we apply a set-valued variant of Mönch’s fixed
point theorem ([22]). To this end, we impose on the multifunction F a con-
dition involving a measure of weak noncompactness, a Henstock-Kurzweil-
Pettis integrability condition, as well as some conditions of uniform integra-
bility appropriate to the Henstock-Kurzweil integral setting. Also, on the
real function k some bounded variation assumptions are made.

Our result extends those obtained for the set-valued case in [24] under
Bochner integrability assumptions and in [7] in Pettis setting. Moreover, it
generalizes the single-valued case results obtained in [9] under the Henstock-
Kurzweil-Pettis-integrable assumption, and in [14] under the Henstock-
integrable assumption.

2. Notations and Preliminary Facts

We begin by introducing the Henstock-Kurzweil integral, a concept that
extends the classical Lebesgue integral on the real line. A gauge δ on the
unit interval [0, 1] provided with the σ-algebra Σ of Lebesgue measurable
sets and with the Lebesgue measure µ is a positive function; a partition of
[0, 1] (that is a finite family (Ii, ti)

n
i=1 of nonoverlapping intervals covering

[0, 1] with the tags ti ∈ Ii) is said to be δ-fine if for each i ∈ {1, . . . , n},
Ii ⊂ ]ti − δ(ti), ti + δ(ti)[.

A function f : [0, 1] → R is called Henstock-Kurzweil (shortly, HK-)
integrable if there exists a real, denoted by (HK)

∫ 1
0 f(t)dt, satisfying that,

for every ε > 0, one can find a gauge δε such that, for any δε-fine partition

P = (Ii, ti)
n
i=1 of [0, 1],

∣∣∣
∑n

i=1 f(ti)µ(Ii) − (HK)
∫ 1
0 f(t)dt

∣∣∣ < ε.
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Let us recall some useful results:

Theorem 1 (Theorem 9.12 in [17]). Any HK-integrable function f : [0, 1] →
R is measurable and its primitive (HK)

∫
·

0 f(t)dt is continuous.

The following notions were used in [17] in order to obtain convergence results:

Definition 2.

(i) A function F : [0, 1] → R is absolutely continuous in the restricted
sense (shortly, AC∗) on E ⊂ [0, 1] if, for any ε > 0, there exists
ηε > 0 such that, whenever {[ci, di], 1 ≤ i ≤ N} is a finite collec-
tion of non-overlapping intervals that have endpoints in E and satisfy∑N

i=1(di − ci) < ηε, one has
∑N

i=1 osc(F, [ci, di]) < ε;

(ii) F : [0, 1] → R is said to be generalized absolutely continuous in the
restricted sense (shortly, ACG∗) if it is continuous and the unit interval
can be written as a countable union of sets on each of which F is AC∗;

(iii) A family of real functions is uniformly ACG∗ if one can write the unit
interval as a countable union of sets on each of which the family is
uniformly AC∗ (i.e. the above mentioned ηε is the same for all elements
of the family).

(iv) The collection K of real HK-integrable functions is said to be uniformly
HK-integrable if, for any ε > 0, there is a gauge δε such that, for any
δε-fine partition (Ii, ti)

n
i=1 and any f ∈ K, one has |

∑n
i=1 f(ti)µ(Ii) −

(HK)
∫ 1
0 f(t)dt| < ε.

Theorem 3 (Theorems 13.26 and 13.29 in [17]). Let fn : [0, 1] → R be a
sequence of HK-integrable functions pointwise convergent on [0, 1]. If the
sequence ((HK)

∫
·

0 fn(t)dt)n is equicontinuous and uniformly ACG∗, then
(fn)n is uniformly HK-integrable.

For more details on this integral, we refer to [17].

Through this paper, X is a real separable Banach space with a closed
unit ball B, X∗ (resp. X∗∗) denotes its topological dual (resp. bidual), B∗

the closed unit ball of X∗ and P0(X) (resp. Pc(X), Pfc(X), Pwkc(X)) stands
for the family of nonempty (resp. convex, closed convex, weakly compact
convex) subsets of X. We denote the support functional of A ∈ Pwkc(X) by
σ (·, A), where σ (x∗, A) = sup {〈x∗, x〉 , x ∈ A}, for all x∗ ∈ X∗.
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A well known extension of the Lebesgue integral to Banach-valued setting
is the Pettis integral (see [23]). It can be generalized, by considering, on
the real line, the Henstock-Kurzweil integral instead of the Lebesgue one, as
in [9]:

Definition 4. A function f : [0, 1] → X is said to be Henstock-Kurzweil-
Pettis (shortly, HKP-) integrable if:

(1) f is scalarly HK-integrable, i.e., for any x∗ ∈ X∗, 〈x∗, f(·)〉 is HK-
integrable;

(2) for each [a, b] ⊂ [0, 1], there is x[a,b] ∈ X such that, for every x∗ ∈ X∗,〈
x∗, x[a,b]

〉
= (HK)

∫ b

a
〈x∗, f(s)〉 ds. We denote x[a,b] = (HKP)

∫ b

a
f(s)ds.

If in (2) only x[a,b] ∈ X∗∗ is required, then f is said to be Henstock-Kurzweil-
Dunford (shortly, HKD-) integrable.

Remark 5. It follows from Theorem 1 that if f is HKP-integrable, then it
is scalarly measurable (therefore, measurable, since X is separable) and its
primitive (HKP)

∫
·

0 f(s)ds is weakly continuous.

On the space of all HKP-integrable X-valued functions we can define the
Alexiewicz norm,

‖f‖A = sup
[a,b]⊂[0,1]

∥∥∥∥(HKP)

∫ b

a

f(s)ds

∥∥∥∥.

The Henstock-Kurzweil integral was generalized to Banach spaces in the
following straightforward manner (see [6]):

Definition 6. A function f : [0, 1] → X is Henstock integrable if we can
find (H)

∫ 1
0 f(s)ds ∈ X such that, for every ε > 0, there is δε > 0 satisfying,

for any δε-fine partition (Ii, ti)
n
i=1 of [0, 1], that

∥∥∥∥
n∑

i=1

f(ti)µ(Ii) − (H)

∫ 1

0
f(s)ds

∥∥∥∥ < ε.

Note that any Henstock-integrable function is HKP-integrable.
In the set-valued setting, the reader is referred to [13] for Pettis integral.

We consider its extension introduced in [11]:
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Definition 7. A Pwkc(X)-valued function Γ is said to be ”HKP-integrable
in Pwkc(X)” (or, simply, HKP-integrable) if:

(1) it is scalarly HK-integrable, i.e., for any x∗∈X∗, σ (x∗,Γ(·)) is HK-
integrable;

(2) for every [a, b] ⊂ [0, 1], there exists I b
a ∈ Pwkc(X) such that, for each

x∗ ∈ X∗, σ(x∗, Ib
a) = (HK)

∫ b

a
σ(x∗,Γ(t))dt. We denote Ib

a by

(HKP)
∫ b

a
Γ(t)dt.

The notation SHKP
Γ stands for the family of HKP-integrable selections of Γ.

We will use the measure of weak noncompactness defined, for any A⊂X,
by: β(A) = inf{r > 0 : there is a weakly compactKr such that A ⊂ Kr +
rB}. For its properties we refer the reader to [21]. Let us recall only the
following equality in the space of X-valued functions continuous on [0, 1]:

Theorem 8 (Theorem 2 in [21]). Let H be a bounded and equicontinuous
subset of C([0, 1], X). Then, denoting by β̃ the measure of weak noncom-
pactness in the space C([0, 1], X), one has that β̃(H) = supt∈[0,1] β(H(t)).

It mainly relies on the following result, given in [12]:

Proposition 9. Let (fn)n be a bounded sequence of C([0, 1], X). Then
(fn)n is convergent to f ∈ C([0, 1], X) with respect to the weak topology
of C([0, 1], X) if and only if (fn(t))n is weakly convergent to f(t) for every
t ∈ [0, 1].

In the sequel, we prove a set-valued version of Mönch’s fixed point theorem,
that we recall below:

Theorem 10 ([22]). Let D be a closed, convex subset of a Banach space
and N : D → D be continuous with the further property that for some
x0 ∈ D one has: C ⊂ D countable, C = conv({x0}∪N(C)) =⇒ C compact.
Then N has a fixed point.

In our result, conditions with respect to the weak topology of a Banach space
are imposed. A similar result considering the strong topology is Theorem 3.1
in [24]. Our theorem offers also a variant of the multi-valued fixed point
result in [18], where the upper semicontinuity was required. We follow the
same method of proof as in [24]. For the convenience of the reader, we give
it in whole.
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Theorem 11. Let D be a closed convex subset of a separable Banach space
X and G : D → Pc(D) satisfying the following conditions:

(i) Graph(G) is sequentially weakly closed;

(ii) for some x0 ∈ D, every M ⊂ D satisfying that M = conv({x0}∪G(M))
is relatively weakly compact. Then G has a fixed point in D.

Proof. Take M0 = {x0} and, for all n ≥ 1, Mn = conv({x0} ∪ G(Mn−1)).
It is a nondecreasing sequence of convex sets contained in D, so M =⋃

∞

n=0 Mn ⊂ D is convex. Moreover, M = conv({x0} ∪ G(M)).

Using hypothesis (ii) one gets that M is relatively weakly compact,
whence its weak closure K = M

w
is weakly compact and convex.

It also satisfies the inclusion K ⊂ G−(K), where G−(K) = {x ∈ D :
G(x) ∩ K 6= ∅}. Indeed, since the weak topology associated to a separable
Banach space is metrizable on any weakly compact set, we are able to find,
for a fixed x ∈ K, a sequence (xn)n ⊂ M weakly convergent to x. Any
sequence yn ∈ G(xn) ⊂ K has (by Eberlein-Smulian’s Theorem) a subse-
quence, not relabelled, weakly convergent to an element y ∈ K.

As (xn, yn)
Xw×Xw−→ (x, y), by hypothesis (i), y ∈ G(x) and so, G(x)∩K 6= ∅.

Finally, consider Ĝ : K → Pfc(K), Ĝ(x) = G(x) ∩K. It has nonempty,
closed convex values, a weakly sequentially closed graph (therefore, weakly
closed, since the weak topology is metrizable on K) and Ĝ(K) is relatively
weakly compact; thus Ĝ is upper semicontinuous with respect to the weak
topology on X. We can apply Kakutani-Ky Fan’s Theorem in order to
obtain a fixed point of Ĝ, that is, obviously, a fixed point of G, too.

3. Existence result for Volterra integral inclusions via

Henstock-Kurzweil-Pettis integral

In what follows, consider the Volterra integral inclusion

(∗) x(t) ∈ (HKP)

∫ t

0
k(t, s)F (s, x(s))ds,

where F : [0, 1] × X → Pwkc(X) and k : [0, 1] × [0, 1] → R.

In order to establish an existence result of continuous solutions, we will
make use of the following auxiliary lemmas:
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Lemma 12. For any sequence (yn)n of measurable selections of a Pwkc(X)-
valued measurable multifunction Γ, there exists a sequence zn ∈
conv{ym,m≥n} weakly a.e. convergent to a measurable y.

Proof. Let (x∗
p)p∈N be a Mackey-dense sequence in the unit ball B∗. For

every p ∈ N, consider the countable measurable partition (Ep
m)m of [0, 1] de-

fined by E
p
m = {t ∈ [0, 1] : m − 1 < max(|σ(x∗

p,Γ(t))|, |σ(−x∗
p,Γ(t))|) ≤ m}.

For each m ∈ N, the sequence (|〈x∗
p, yn〉|)n ⊂ L1([0, 1]) is uniformly in-

tegrable (therefore, relatively weakly compact) on E
p
m whence, by an ap-

propriate diagonal process, we can find a sequence of convex combinations,
denoted by (zn)n, such that, for every p ∈ N, 〈x∗

p, zn(t)〉 → φp(t) a.e., where
φp is a measurable function which is Bochner integrable on every E

p
m. On

the other hand, for a.e. t ∈ [0, 1], (zn(t))n ⊂ Γ(t) that is weakly compact,
so one can find y(t) ∈ Γ(t) and a subsequence of (zn(t))n weakly conver-
gent to y(t). It follows that φp(t) = 〈x∗

p, y(t)〉 a.e. on [0, 1]. Therefore,
〈x∗

p, zn(t)〉 → 〈x∗
p, y(t)〉,∀p ∈ N,∀t ∈ [0, 1]�N , where N ⊂ [0, 1] is of null

measure. Using again the fact that (zn(t))n ⊂ Γ(t), it follows, by the choice
of the sequence (x∗

p)p, that (zn)n weakly converges to y a.e. Thus y is a.e.
the weak limit of a sequence of measurable functions, so it is measurable
because X is a Banach separable space.

It is known that the HK-integrability is preserved under multiplication by
real functions of bounded variation. Using this fact and an integration by
parts result for HK-integral given in [17] we can prove:

Lemma 13. Let f : [0, 1] → X be HKP-integrable and g be a real function
of a bounded variation on [0, 1]. Then gf is HKP-integrable.

Proof. Applying Theorem 12.21 in [17] one deduces that gf is scalarly
HK-integrable (so, by Theorem 3 in [15], it is HKD-integrable) and, for

any x∗ ∈ X∗ and each [a, b] ⊂ [0, 1], (HK)
∫ b

a
g(s)〈x∗, f(s)〉ds = g(b)(HK)∫ b

a
〈x∗, f(s)〉ds−

∫ b

a
((HK)

∫ s

a
〈x∗, f(τ)〉dτ)dg(s), the latter being a Riemann-

Stieltjes integral. By the definition of HKP-integral, it follows that

(1)

(HK)

∫ b

a

〈x∗, g(s)f(s)〉ds

= g(b)〈x∗, (HKP)

∫ b

a

f(s)ds〉 −

∫ b

a

〈x∗, (HKP)

∫ s

a

f(τ)dτ〉dg(s).
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This implies that

(HKD)

∫ b

a

g(s)f(s)ds = g(b)(HKP)

∫ b

a

f(s)ds−

∫ b

a

(
(HKP)

∫ s

a

f(τ)dτ

)
dg(s),

the latter integral being of Riemann-Stieltjes-type in the sense that there
exists the element I =

∫ b

a
((HKP)

∫ s

a
f(τ)dτ)dg(s) ∈ X with the following

property: for any weak neighbourhood U of the origin, there exists δU > 0
such that S(P ′, g) − I ∈ U , for any partition P ′ = ((ci, ci+1), ti)

N
i=1 satisfy-

ing ‖|P ′‖| = maxN
i=1 |ci+1 − ci| < δU , where S(P ′, g) =

∑N
i=1 (HKP)

∫ ti
a

f(τ)
dτ(g(ci+1) − g(ci)). Indeed, the net S(P ′, g)P ′ , where the set of parti-
tions is considered ordered by ‖| · ‖|, is weakly Cauchy in X. On the
other hand, by Remark 5, there exists a weakly compact Y ⊂ X such that
{(HKP)

∫ t

a
f(s)ds, t ∈ [a, b]} ⊂ Y , whence, for any partition P, S(P, g) ∈

V (g)conv(Y ∪ {0}), V (g) being the total variation of g on [a, b]. Conse-
quently, our weakly Cauchy net S(P ′, g)P ′ is contained in a weakly compact
(so, weakly complete) subset of X and then it has a weak limit, I ∈ X.

Finally, (HKD)
∫ b

a
g(s)f(s)ds ∈ X, and so gf is HKP-integrable.

Corollary 14. Let Γ : [0, 1] → Pwkc(X) be HKP-integrable and g be a real
function of bounded variation on [0, 1]. Then gΓ is HKP-integrable.

Proof. By Theorem 1 in [11], there exist a HKP-integrable function γ

and a Pwkc(X)-valued Pettis integrable multifunction G such that Γ(t) =
γ(t) + G(t), for every t ∈ [0, 1], whence g(t)Γ(t) = g(t)γ(t) + g(t)G(t). As
g is measurable and bounded on [0, 1], by the characterisation of Pettis
integrable multifunctions (Theorem 5.4 in [13]) it follows that gG is a Pettis
integrable multifunction. By the preceding lemma, gγ is HKP-integrable,
therefore gΓ is HKP-integrable.
We also obtain the following

Lemma 15. Let F be a ‖ · ‖A-bounded family of HKP-integrable functions
on [0, 1] and let k : [0, 1] × [0, 1] → R be such that for every t ∈ [0, 1],
k(t, ·) ∈ BV ([0, 1]) and the function t 7→ k(t, ·) is continuous from [0, 1] to
the space BV ([0, 1]) provided with the norm ‖f‖BV = |f(0)| + V (f), where
V (f) denotes the total variation of f . If {(HKP)

∫
·

0 y(s)ds, y ∈ F} is strongly
equicontinuous, then {(HKP)

∫
·

0 k(·, s)y(s)ds, y ∈ F} has the same feature.

Proof. Let us remark that, as k is continuous on a compact set, it is
bounded, so supt∈[0,1] ‖k(t, ·)‖BV < ∞. Fix c ∈ [0, 1] and ε > 0. There is
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δε,c>0 such that, for any t with |t − c|<δε,c, we have

‖k(t, ·) − k(c, ·)‖BV <
ε

4 sup
y∈F

‖y‖A

and, for every

y ∈ F ,

∥∥∥∥(HKP)

∫ t

c

y(s)ds

∥∥∥∥ <
ε

4 sup
t∈[0,1]

‖k(t, ·)‖BV

.

Then∥∥∥∥(HKP)

∫ t

0
k(t, s)y(s)ds − (HKP)

∫ c

0
k(c, s)y(s)ds

∥∥∥∥

≤

∥∥∥∥(HKP)

∫ c

0
(k(t, s)−k(c, s)) y(s)ds

∥∥∥∥+

∥∥∥∥(HKP)

∫ t

c

k(t, s)y(s)ds

∥∥∥∥

= sup
x∗∈B∗

∣∣∣∣(HK)

∫ c

0
(k(t, s) − k(c, s)) 〈x∗, y(s)〉 ds

∣∣∣∣

+ sup
x∗∈B∗

∣∣∣∣(HK)

∫ t

c

k(t, s) 〈x∗, y(s)〉 ds

∣∣∣∣

whence, applying the integration by parts result, we obtain that

∥∥∥∥(HKP)

∫ t

0
k(t, s)y(s)ds − (HKP)

∫ c

0
k(c, s)y(s)ds

∥∥∥∥

≤ sup
x∗∈B∗

∣∣∣∣[k(t, c) − k(c, c)] (HK)

∫ c

0
〈x∗, y(s)〉 ds

∣∣∣∣

+ sup
x∗∈B∗

∣∣∣∣
∫ c

0

(
(HK)

∫ s

0
〈x∗, y(τ)〉 dτ

)
d (k(t, s) − k(c, s))

∣∣∣∣

+ sup
x∗∈B∗

∣∣∣∣k(t, t)(HK)

∫ t

c

〈x∗, y(s)〉 ds +

∫ t

c

(
(HK)

∫ s

c

〈x∗, y(τ)〉 dτ

)
dk(t, s)

∣∣∣∣

≤ |k(t, c) − k(c, c)| ‖y‖A + ‖y‖A‖k(t, ·) − k(c, ·)‖BV

+ |k(t, t)|

∥∥∥∥(HKP)

∫ t

c

y(s)ds

∥∥∥∥+ sup
s∈[c,t]

∥∥∥∥(HKP)

∫ s

c

y(τ)dτ

∥∥∥∥ ‖k(t, ·)‖BV

≤ 2‖y‖A‖k(t, ·) − k(c, ·)‖BV + 2‖k(t, ·)‖BV sup
s∈[c,t]

∥∥∥∥(HKP)

∫ s

c

y(τ)dτ

∥∥∥∥ < ε.
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Lemma 16. Let S be a subset of a Banach space and M ′ > 0. Then the
measure β of weak noncompactness satisfies that β([−M ′,M ′]S) ≤ M ′β(S).

Proof. Let r > 0 be such that there exists a weakly compact Kr satisfy-
ing the inclusion S ⊂ Kr + rB. Then mS ⊂ mKr + mrB, for every m ∈
[−M ′,M ′], whence [−M ′,M ′]S ⊂ [−M ′,M ′]Kr + rM ′B. Now, by Krein-
Smulian’s Theorem, [−M ′,M ′]Kr = M ′conv({0} ∪ Kr)

⋃
M ′conv({0} ∪

(−Kr)) is weakly compact, so the conclusion follows by passing to the infi-
mum over r.

Theorem 17. Let F : [0, 1]×X → Pwkc(X) and k : [0, 1]×[0, 1] → R satisfy
the following conditions:

(H1) there exists a positive constant c such that, for every bounded A ⊂ X,
β(F ([0, 1] × A)) ≤ cβ(A);

(H2) for every x ∈ C([0, 1], X), the multifunction F (·, x(·)) is
HKP-integrable;

(H3) the family {(HKP)
∫
·

0 y(s)ds, y ∈ F} is strongly equicontinuous, where
we denoted by F = {y ∈ SHKP

F (·,x(·)), x ∈ C([0, 1], X)};

(H4) for each x∗ ∈ X∗, {(HK)
∫
·

0〈x
∗, y(s)〉ds, y ∈ F} is uniformly ACG∗;

(H5) for any t ∈ [0, 1], F (t, ·) is upper semicontinuous from Xw to Xw;

(H6) for every t ∈ [0, 1], k(t, ·) ∈ BV ([0, 1]) and the function t 7→ k(t, ·) is
continuous with respect to the norm ‖ · ‖BV .

Then there exists α ∈]0, 1] satisfying that the integral inclusion

(∗) x(t) ∈ (HKP)

∫ t

0
k(t, s)F (s, x(s))ds

has a continuous solution on [0, α].

Proof. The method of proof is inspired by that of the main theorem in [9].
By (H3), {(HKP)

∫
·

0 y(s)ds, y ∈ F} is strongly equicontinuous in 0,
whence, for a fixed M > 0, there exists α > 0 such that, for any t ∈ [0, α]
and any y ∈ F , ‖(HKP)

∫ t

0 y(s)ds‖ ≤ M . Moreover, as k is continuous on
a compact set, it is bounded, so M = supt∈[0,1] ‖k(t, ·)‖BV < ∞. One can

suppose, without any loss of generality, that αMc < 1.
Consider the set

K = {x ∈ C([0, α], X) : sup
t∈[0,α]

‖x(t)‖ ≤ 2MM}.
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It is closed and convex. The set-valued function Ξ : K → P0(K) defined by

Ξ(x) =

{
y ∈ K : y(t)=(HKP)

∫ t

0
k(t, s)y(s)ds,∀t∈[0, α], where y ∈ SHKP

F (·,x(·))

}

has nonempty and convex values. Indeed, as F (·, x(·)) is measurable, it has
at least one measurable selection and, by Theorem 1 in [11], this selection
is HKP-integrable.

Let us now show that Graph(Ξ) is sequentially weakly closed. Consider
(xn, yn)n ⊂ Graph(Ξ) convergent with respect to the weak topology of K
to (x, y). For every n ∈ N, we can find yn ∈ SHKP

F (·,xn(·)) such that, for each

t ∈ [0, α], yn(t) = (HKP)
∫ t

0 k(t, s)yn(s)ds. Since xn → x with respect to

the weak topology of K, by Proposition 9, for any s ∈ [0, α], xn(s)
w
→x(s),

consequently the set {xn(s), n ∈ N} is relatively weakly compact. Hypoth-
esis 1) gets that β(F ({s} × {xn(s), n ∈ N})) ≤ cβ({xn(s), n ∈ N}) = 0,
which means that Γ(s) =

⋃
n∈N

F (s, xn(s)) is relatively weakly compact.
Using Lemma 12, we are able to find a measurable function y and a se-
quence zn ∈ conv{ym,m ≥ n} such that (zn)n be weakly a.e. convergent to
y. On the other hand, from (H5) it follows that, for any weak neighbour-
hood V of the origin, there exists ns,V ∈ N such that, for every n ≥ ns,V ,
F (s, xn(s)) ⊂ F (s, x(s)) + V . Obviously, the preceding y is a measurable
selection of the Pwkc(X)-valued HKP-integrable multifunction F (·, x(·)), so
it is HKP-integrable.

By (H3) and (H4), for any x∗ ∈ X∗, the sequence ((HK)
∫
·

0〈x
∗, zn(s)〉ds)n

is equicontinuous and uniformly ACG∗. Consequently, it satisfies the hy-
pothesis of Theorem 3, so (〈x∗, zn(·)〉)n is uniformly HK-integrable. Apply-
ing the passage to the limit Theorem 13.16 in [17] one deduces that, for
any t ∈ [0, α], (HKP)

∫ t

0 zn(s)ds
w
→ (HKP)

∫ t

0 y(s)ds. Using again (H3), the
sequence ((HKP)

∫
·

0 zn(s)ds)n is C([0, α], X)-bounded and then, by Propo-
sition 9 it follows that ((HKP)

∫
·

0 zn(s)ds)n converges to (HKP)
∫
·

0 y(s)ds

with respect to the weak topology of C([0, α], X). One deduces that there
exists a sequence un ∈ conv{zm,m ≥ n} such that ((HKP)

∫
·

0 un(s)ds)n

converges uniformly to (HKP)
∫
·

0 y(s)ds. That is to say that, for every
ε > 0, there exists nε > 0 such that, for every n ≥ nε and every t ∈ [0, α],
one has ‖(HKP)

∫ t

0 un(s)ds − (HKP)
∫ t

0 y(s)ds‖ < ε. From the integration
by parts, it follows, after computations similar to those in the proof of
Lemma 15, that
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∥∥∥∥(HKP)

∫ t

0
k(t, s)un(s)ds − (HKP)

∫ t

0
k(t, s)y(s)ds

∥∥∥∥

= sup
x∗∈B∗

∣∣∣∣(HK)

∫ t

0
k(t, s) 〈x∗, un(s) − y(s)〉 ds

∣∣∣∣

≤ sup
x∗∈B∗

∣∣∣∣k(t, t)(HK)

∫ t

0
〈x∗, un(s) − y(s)〉 ds

∣∣∣∣

+ sup
x∗∈B∗

∣∣∣∣
∫ t

0

(
(HK)

∫ s

0
〈x∗, un(τ) − y(τ)〉 dτ

)
dk(t, s)

∣∣∣∣ ≤ 2Mε,

for every n ≥ nε and every t ∈ [0, α]. In other words, ((HKP)
∫
·

0 k(·, s)
un(s)ds)n uniformly converges to (HKP)

∫
·

0 k(·, s)y(s)ds. At the same time,

we have that
∫ t

0k(t, s)un(s)ds
w
→ y(t), whence y(t) =

∫ t

0 k(t, s)y(s)ds,∀t.
Thus, Graph(Ξ) is sequentially weakly closed.

Finally, consider an arbitrary M ⊂ K with M = conv({x0} ∪ Ξ(M))
and prove that M is relatively weakly compact. The strong equicontinuity is
satisfied by (H3) and Lemma 15. It suffices to show that, for every t ∈ [0, α],
M(t) is relatively weakly compact, that is, β(M(t)) = 0 and then, applying
Theorem 8, it will follow that M is relatively weakly compact.

Using a mean result for Henstock-Kurzweil-Pettis set-valued integral,
we have

β (Ξ(M)(t)) = β

(
⋃

x∈M

Ξ(x)(t)

)
≤ β

(
⋃

x∈M

(HKP)

∫ t

0
k(t, s)F (s, x(s))ds

)

≤ tβ

(
⋃

x∈M

conv (k (t × [0, t]) F ([0, t] × x([0, t])))

)

≤ tβ (k (t × [0, t]) F ([0, t] ×M([0, t])))

≤ tβ
(
[−M,M ]F ([0, t] ×M([0, t]))

)
.

Applying now Lemma 16 and using (H1), we obtain that

β(M(t)) = β (Ξ(M)(t)) ≤ tMβ (F ([0, t] ×M([0, t])))

≤ αMcβ(M([0, t])) ≤ αMcβ(M([0, α])),
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whence β(M([0, α])) ≤ αMcβ(M([0, α])). Since αMc < 1, it follows that
β(M([0, α]))=0 and, consequently, β(M(t))=0.

The assumptions of Theorem 11 are satisfied, therefore Ξ has a fixed
point that is, obviously, a continuous solution to our integral inclusion (∗).

In the particular case k(t, s) = 1,∀t, s ∈ [0, 1], we obtain the following

Corollary 18. Let F : [0, 1] × X→Pwkc(X) satisfy the assumptions (H1)–
(H5) in Theorem 17. Then there exists α ∈]0, 1] such that the integral in-
clusion (∗∗) x(t) ∈ (HKP)

∫ t

0 F (s, x(s))ds has a continuous solution on
[0, α].

Remark 19. Our main theorem extends the existence result of solutions of
Volterra inclusions obtained in [24] under Bochner integrability assumptions,
as well as the result proved in [14] in the single-valued Henstock integrability
setting, under contraction assumptions, using the successive approximations
method.

The preceding corollary is a generalization of the existence result proved
in [9] (Theorem 5) in the HKP-integrable single-valued case.

The Henstock-Kurzweil-Pettis integral is continuous with respect to the
weak topology. In Theorem 17, the condition (H3) is stronger. However,
our results can be applied in the following particular cases, where the strong
continuity holds:

(1) the case of Pettis integrable functions; we obtain then a generalization
of the existence Theorem VI-7 in [7], where a weakly compact convex
Pettis integrable multifunction Γ(·) containing F (·, x), for any x ∈ X

was considered;

(2) the case of Henstock integrable functions. In this setting an existence
result for the integral inclusion (∗∗) was obtained, as a particular case
of Theorem 4.1 in [26], under the assumption that F has at least one
selection continuous with respect to the second variable; it is well known
that under upper semicontinuity assumption (which is the case here),
this is not always satisfied.

Finally, let us remark that, recently, some interesting properties of Henstock-
type integrals were proved (see, for example, [5], where HKP-integral was
introduced in Riesz spaces, as well as [8], where the author presents a very
interesting discussion about different types of solutions of differential equa-
tions, depending on the vector integral considered). Also, new results were
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obtained on Pettis-type integrals (e.g. [4] and [16] that contains an appli-
cation of the relation between decomposability and uniform integrability to
differential inclusions).
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