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Abstract

We provide two existence results for the nonlinear Neumann
problem

—div(a(x)Vu(z)) = f(z,u) in Q
gu =0 on 99,
n
where Q is a smooth bounded domain in R", a is a weight function and
f a nonlinear perturbation. Our approach is variational in character.
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1. Introduction and results

In this paper, we deal with problems of the form
—div(a(z)Vu(z)) = f(z,u) inQ
*
(*) % =0 on 0,
on
where € is a bounded domain in RY with a C! boundary 99, f(.,.) is
a Carathéodory function and a(.) is a positive weight on Q. Our work

is motivated by the results in [1] and [2] concerning the Dirichlet problem.
We provide two existence results for (%), the first for a Carathéodory
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function f with sublinear growth at infinity and the other for a continu-
ous function f which is independent of the space variable. We refer to [6]
for a similar result but with a different behavior of f at infinity and to [4]
for an unbounded domain €.

For the first existence result we make the following assumptions:

H(a) the weight function a : Q — R is positive a.e. in z € Q and
a, a=* € LY(Q) where s > &
H(f) f: QxR — Ris a Carathéodory function (that is, f(x,u) is mea-

surable in x for every u in R and continuous in u for almost every
x € Q) such that

(1) |f(z,u)] < A, A€R, for every u € R and almost every x € Q.
(ii) ugrirlmf(x,u)signu = fT(x), where ft € L*(Q), ft > 0, with a
strict inequality holding in a set of positive measure.
(iii) lim sgp% < #(x) uniformly in x for almost every = € €, where
u—

0 € L>*(Q), 8(x) < 0 with a strict inequality holding in a set of
positive measure.

Remark. Hypothesis H(a) implies that the space H'(Q,a) = {u € L?(Q) :
Jq a(@)|Dul*dz < 400} supplied with the norm

u] = (/Qa(x)DuPdH/Qyu\?dmf

is reflexive. For more details we refer to [5].
Consider the Euler-Lagrange functional associated with (x),

D(u) = ;/Qa(:c)|Vu|2—/QF(:U,u)dm,
where "
F(x,u) ::/0 f(x, t)dt.

It is well known that if the growth of f(.,.) is up to critical, then ®(.) is a
well defined C* functional on H'(,a).

We need two auxiliary lemmas.

Lemma 1. ®(.) satisfies the Palais-Smale condition.
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Proof. Suppose not. Then, there exists a sequence {uy}nen in HY(Q, a)
such that |®(upn)|] < ¢, ¢c € R, and ®'(u,) — 0 and |lu,| — +4oo. Let
Yn = ”u 7- By passing to a subsequence if necessary, we may assume that

yn — y weakly in H(Q,a), y, — y strongly in L?(Q) and y,(z) — y(x) a.e.
Since |®(uy,)| < ¢ we have that

1 1 Un
’/a(w)\DanQda:—2// f(z, s)dsdx| <
2 Jo unl” Ja Jo

[

By the Sobolev embedding

Q/O f(z, s)dsdx

c1, ¢co € R. Therefore

<A/mdw<qWMb<®MM>
Q

[ ata) 1Dy~ 0,
Q

Exploiting the lower semicontinuity of the norm of H'(£2, a) we deduce that
| () Dyl dz =0,
Q

soy =&, &# 0. Consequently, |u,(x)] — 400 a.e. in Q. Since ¥’ (uy) — 0,
there exists a decreasing sequence {e,}nen of positive real numbers such
that ¢, — 0 and

(1) (@' (un),v) <en vl

for every n € N and every v € H'(Q,a). By taking v = u, and dividing (1)
by |lun|| we get

[ a0y fac - [ FE i) < e,
o i
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So

| n”

f Z, un Un,
[[un|

0 = liminf

—— — —dr =Ilim 1nf/ f(z un)szgnun

2) > /Q £+ 1€ de,

a contradiction. Therefore the sequence {u, }nen is bounded. So there exists
u € H'(Q,a) such that, up to a subsequence, u, — u weakly in H*(£,a),
u, — u strongly in L?(Q) and u,(z) — u(x) a.e. By taking v = u, — u in
(1) we get

/ a(x) Duyp(Duy, — Du)dx — / [, upn)(up —u)dz| < ey ||u, —ul .
Q Q

Since f(-,-) is bounded [, f(z,un)(un — u)dz — 0, and consequently
Jo a(@) Duy(Duy — Du)dz — 0 as n — +o0. Thus

/ a(x)|Du,, — Dul|*dx
Q

= / a(z)Duy(Du,, — Du)dx — / a(x)Du(Duy, — Du)dx — 0,
Q Q

S0 u, — u strongly in H'(Q, a). |

Lemma 2. There exist p,n > 0 such that ®(u) > n for every u € H*(Q, a)
with |Jul| = p.

Proof. We will show that if ||u,| = pn | 0, then ®(u) > 0. For if this is
not true, then there exists a sequence {uy nen such that ||u,| = p, | 0 and
®(u) <0. Thus

1 n
/ a(z) | Duy,|* dx —/ / f(x,s)dsdx < 0.
2 Ja aJo

Dividing with ||u,||? we get

1 2 1 Un
(3) ‘Q/Qa(m)lDynl HUHHQ/Q/O f(z,s)dsdz| <0
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where y, = HZ—Z” Note that, because of H(f)(iii), for € > 0 there exists

§ > 0 such that if |u| < §, then F(z,u) < (0(x) + €)ul?. Also, H(f)(i)
implies that |F(z,u)| < Alu| a.e. in 2 € Q, for every u € R. Thus,

(4) (@, u)| < (0(2) +2) Jul* + Bluf*,
where 3 > A5172" — (||0]|co + €)6%272". From [3] and [4] we deduce that

1 al\xr 2 X 2 X ﬁ UQ* i
(5) /Q (x) | Dyl g/ﬂ(&( )4 &) lyal? do + /Q| 24

2
2 [l

< /Q (0() + ) lynl? dx + B Juall” 2,

which, in view of H(f)(iii), implies that ||Dy,|l2 — 0. Since the sequence
{yn}nen is bounded in H'(Q, a), there exists y € H' (€2, a) such that y,, — ¥
weakly in HY(Q, a). Therefore |Dy|ls = 0, i.e., y(x) = k € R, k # 0. But
then (5) implies that

/(H(x) +¢e)dx > 0 for every € > 0,
Q

a contradiction. [ ]

We can now state our first existence result.

Theorem 1. Assume that hypotheses H(a) and H(f) are satisfied Then
problem () has a solution.

Proof. We intend to use the mountain pass theorem [7]. In view of the
above Lemmas, it remains to show that there exists a point e € H(Q,a)
such that ®(e) < 0. Note that if we take ug(z) := 8 € R for every z € Q,

then
O(ug) = — /Q /OW3 f(z, s)dsdx = —/Q/Oﬁf(a:,s)dsda: — —00

as # — 400 because of H(f)(ii) and the result follows by taking [ large
enough. [
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If we assume that f depends only on u, then we can remove the hypothesis
on its growth. The proof of this result is inspired by [2]. So consider the
problem

—div(a(z)Vu) = f(u) in Q
*%
() % =0 on 0f).

on
We make the following assumptions:

Hc(a) a : R — R is a function in L*°(Q2) such that a(z) > o > 0 a.e. in
x € €.

He(f) f:R — Ris a continuous function such that

(i) lim {4 —g
|u[ =00
(i) B=limsupG(u) <0and I' = limJirnfG(u) > 0, where
U——00 U—T00

2 (¢ .
G(u) = U/O f(s)ds — f(u) ifu#0
f(0) ifu=0.

Lemma 3. Assume that hypotheses Hc(a) and He(f) are satisfied. Then
®(.) satisfies the Palais-Smale condition.

Proof. Suppose that {u, }nen is a sequence in H*(Q, a) such that |®(u,)| <
¢, ¢ € R, and ®'(u,) — 0. As in the proof of Lemma 1 we will show first that
{tn}nen is bounded. So assume that ||u,| — +oo and let y, = - By
passing to a subsequence if necessary, we may assume that y,, — y weakly in
HY(Q,a), y, — y strongly in L2(Q) and y,(z) — y(z) a.e. Since |®(uy,)| < ¢
we have that

1 un
’/ a(z) | Duy|? d:v—// f(s)dsdx| < c.
2 Ja aJo
By dividing this inequality with ||u,||* we get
1/ 2 1 Un &
— [ a(z) |Dyy|" dz — // f(s)dsdz| < —.
‘2 Q lun]* Ja Jo [
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In view of He(f)(i),
/ a(z) | Dyn|* — 0 asn — +o0,
Q

which implies that y = £ € R, £ # 0. Consequently, |u,(z)] — +oco as
n — 4oo a.e. in €. So for €, § > 0, by Egoroff’s theorem, there exists a
measurable subset X of Q and ng € NV such that

(6) w(Q\X) < 0 and |yn(z) — | < e for z € ¥ and n > ng.
Hence, for any ¢ € R, we have

p{z € Q: fun(z)] < ¢}
=p{z € N\ : [up(z)| < (} + p{z € Tt |un(2)| < ¢}
<O+ pf{r € X uy(x)| < (Y

which combined with [6] yields
11111 p{x € Q:|up(z)] < ¢} =0.

Because of our hypotheses on {u, },en there holds

lim (" (un), un) — 2@ (up)

n—-+oo [ |

=0.

Thus

i 2 [ Jo f(s)dsdx — [ f(un)un .

n—-+oo [m |

= lim Q(uQn /Ounf(s)ds - f(un)> Hziz”dm = lim G(un)ﬂdaj = 0.

n—-+o0 n—too Jo [[n |

Since G is continuous, for ¢ > 0 small enough there exists ( > 0 and n > 0
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such that

Gu)>T'—e=T.ifu>(,Gu) <B+e=B:ifu<—
G| <nif |ul <,

where
limsup G(u) —e if limsup G(u) > —o0
BE — U——00 U——00
—% otherwise,
and

U—-+00 U——+00

% otherwise.

{ liminf G(u) +¢ if hmlnfG( ) < +oo
I, =

Assume first that £ > 0. Note that

G
/ () |un||
Un

= G(unp, dx + G(up) d:r—i—/ G(un) dx.
/|un<< () fuagdat | Glupinde+ | Glua gy

Since

nCp{r € Q: fuy(x)] < ¢}
[[unl

— 0,

/ dz| <
lun|<C HunH

lim inf/ Glun) 2 dz > 0
Up<—C

n—-o0 [l

and

mint [ Gun)—dz > / lim inf G (1)~ da

n—-00 p>¢ VT [[n |

= liminf G(u)p(Q2)€ > 0,

u—-+00
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we get
Un

0 = lim inf/ G(un)Hﬂd:v > lim inf G(up)
Q

n—-+oo Un, H n—-+00 Up>C Hun ”

dx >0,

a contradiction. Similarly for £ < 0. Thus {u,} is bounded. We can now
proceed as in the previous theorem. [

We denote by X7 the subspace of H'(2,a) consisting of the constant func-
tions and by Xy = {u € H'(Q,a) : there exists v € H(Q,a) such that
u(z) =v(x) — ﬁ Jq vdp} its complement. Then H'(Q,a) = X| & X». For
u€ HY(Q,a) let u = ﬁ Jo udp.

Lemma 4. (i) ®(h) — —o0 as |h| — +oo for h € X1, and
(ii) @ is bounded from below in Xs.

Proof. (i) Let us assume that there exists a sequence {7y,}nen of real
numbers such that |v,| — +oo and |®(v,)| < ¢ for some ¢ € R. Suppose
first that 7, — +00. As in [2] we can show that

Flu) S p
u

for w > ¢. Thus

) F
0= limsupM = —lim inf/ de
n—oo Q

n—00 Tn Tn

<- / I.da,
Q

a contradiction. Similarly for v, — —oo. So (i) holds.
To prove (ii) we proceed as follows

<I>(uu)/Qa(x)|Vu|2dm:/Q/Ou_uf(s)dsda:

=— /Q /OC f(s)dsdz — /Q/Cuuf(s)dsdx
> O(Cn) — /Q fu—alde (by Hef(i))

> C(Gn) — di Ju—ully,
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where C((,n) is a constant which depends only on (, n and d; is a constant
which depends only on € and €2. Thus, by the Poincare-Wirtinger inequality

@(u—u)Z/Qa(m) Yl dz + C(Cn) — da </Q]Vu|2dx>1/2,

where dj is a constant which depends only on €, a and 2, proving (ii). =

We can now apply the saddle point theorem, see [7], to show the following

Theorem 2. Suppose that hypotheses He(a) and He(f) hold. Then (xx)
has a solution.
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