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1. Introduction

In this paper, we deal with the following multivalued boundary value
problem:

{ (I ()lIP~22' (1)) € A((t)) + F(t, 2(t),2 (1)) ae. on T = [0, b]}
(p(2/(0)), —p(a'(5))) € £(2(0),2(b)),2 < p < ox.

Here A : RY — 2R" is a maximal monotone map, F: TxRVN xRN — 2RY ig
a multifunction and ¢ : RY — R¥ is defined by ¢(r) = ||r||P~2r. In a recent
paper (see Bader-Papageorgiou [2]), the authors studied (1) with F single-
valued and proved two existence theorems. This work extends the results
investigated in Bader-Papageorgiou [2] to the multivalued boundary prob-
lem. At the same time it extends the set-valued results of Erbe-Krawcewicz
[7], Frigon [9], Halidias-Papageorgiou [11] and Kandilakis-Papageorgiou [14],
where the inclusion is semilinear (i.e. p = 2) and A = 0. Moreover, our
boundary conditions are general nonlinear boundary conditions, which get
a unified treatment of the classical boundary value problems, such as the
Dirichlet problem, the Neumann problem and the periodic problem. Fi-
nally, we should also mention the recent works on problems involving the one
dimensional p-Laplacian, by Boccardo-Drabek-Giachetti-Kucera [3], Dang-
Oppenheimer [4], Del Pino-Elgueta-Manasevich [5], Del Pino-Manasevich-
Murua [6], Fabry-Fayyad [8], Guo [10], and Manasevich-Mawhin [15]. We
point out that in all these works F is single-valued, A = 0, the boundary
conditions are among the classical ones (Dirichlet, Neumann and periodic)
and with the exception of Manasevich-Mawhin, they all deal with the scalar
problem (i.e. N =1).

Our approach is based on notions and results from multivalued analysis
and from the theory of nonlinear operators of monotone type. They lead
to an eventual application of a generalized version of the Leray-Schauder
alternative principle, proved recently by Bader [1]. In Section 2, we recall
the basic definitions and facts from multivalued analysis and the theory of
monotone operators, which we will need in the sequel. Our main sources are
the books of Hu-Papageorgiou [13] and Zeidler [17].

2. Mathematical preliminaries

Let (2,X) be a measurable space and X a seperable Banach space. We
introduce the following notations: Pj)(X) = {4 € X : A is nonempty,
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closed (and convex)} and Pic)(X) = {A € X : A is nonempty, (weakly-)
compact (and convex)}. A multifunction F' : Q@ — P¢(X) is said to be
measurable, if for all z € X, w +— d(z, F(w)) is measurable. Also we say that
F :Q — 25\ {0} is graph measurable, if GrF = {(w,z) € Qx X : 2 €
F(w)} € ¥ x B(X), with B(X) being the Borel o-field of X. For P(X)-
valued multifunctions, measurability implies graph measurability, while the
converse is true if ¥ is complete (i.e. ¥ = ) = the universal o-field). Recall
that if y is a measure on Y and Y is p-complete, then ¥ = 3. Now let
(€2, 3, 1) be a finite measure space. Given a multifunction F : Q — 2%\ {0}
and 1 < p < oo, we introduce the set S% ={f € LP(0,X) : f(w) €
F(w) p-a.e.}. In general, this set may be empty. It is easy to check that if
w — inf{||z|| : z € F(w)} € LP(Q), then S # 0.

Let Y, Z be Hausdorff topological spaces. A multifunction G : ¥ —
27\ {0} is said to be lower semicontinuous (Isc for short) (resp. upper
semicontinuous (usc for short)), if for all C C Z closed, then the set GT(C) =
{yeY :G(y) CClresp. G (C)={yeY :G(y)NC #0}) is closed in Y.
An usc multifunction G has a closed graph (i.e. GrG = {(y,2) € Y x Z :
z € G(y)} is closed), while the converse is true if G is locally compact. Also
if Z is a metric space, then G is lIsc if and only if for every y, — y in Y,
we have G(y) C limG(y,) = {z € Z : limd(2,G(y,)) =0} ={2z € Z : z =
lim 2y, 2, € G(yn),n > 1}.

Let X be a reflexive Banach space and X* its dual. A map A : D C
X — 2X7 is said to be monotone, if for all (z,z*), (y,y*) € GrA, we have
(z* —y*,x —y) > 0 (by (-,-) we denote the duality brackets for the pair
(X, X™)). When (z* — y*,z — y) = 0 implies that = = y, then we say that
A is strictly monotone. The map A is said to be maxzimal monotone, if
(z* —y*,x —y) > 0 for all (z,2*) € GrA, imply that (y,y*) € GrA. So
according to this definition the graph of A is maximal with respect to the
inclusion among the graphs of all monotone maps from X into 2% . It is easy
to see that a maximal monotone map A has a demiclosed graph, i.e. GrA is
sequentially closed in X x X or in X, x X* (here by X, and X we denote
the spaces X and X* furnished with their respective weak topologies). If
A : X — X* is every where defined, single-valued map, we say that A is
demicontinuous, if z, — = in X implies that A(z,) = A(z) in X*. A map
A : X — X* which is monotone and demicontinuous, is maximal monotone.
Alsoamap A: DC X — 2X" is said to be coercive, if D C X is bounded
or if D is unbounded and @22 €A@] oo g |z]| — oo,z € D. A

Izl
maximal monotone, coercive map is surjective.
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Let Y, Z be Banach spaces and K : Y — Z a generally nonlinear map.
We say

(a) K is completely continuous, if y, — y in Y implies K (y,) — K(y) in Z;
(b) K is compact, if K is continuous and maps bounded sets into relatively

compact sets.

In general, these are two distinct notions. However, if Y is reflexive, then
complete continuity implies compactness. Moreover, if Y is reflexive and K
is linear, then the two notions are equivalent.

Finally, we will need the following generalization of the Leray- Schauder
principle. Let X,Y be Banach spaces, G : X — P.(Y) an usc multifunc-
tion from X into Y, and K : Y — X a completely continuous map. We set
® = K o G. We have the following alternative principle (see Bader [1]):

Proposition 1. If X, Y and ® are as above and ® is compact, then the set
S={zeX:zed(x) for some 0 <\ <1}

1s unbounded or otherwise ® has a fixed point.

3. An auxiliary problem

In this section, we consider the following“regular” approximation to

problem (1):

@ { (||$’(t)\|p_2:v’(t)), € Ax(z(t)) + F(t,z(t),2'(t)) a.e. on T }
(p(2'(0)), —o(a' (b)) € &(x(0),z(b)), A > 0.

Here for every A > 0,4, : RY — R¥ is the Yosida approximation of the

maximal monotone map A. First we will establish the existence of solutions

for problem (2), when F takes convex values (“convex problem”). For this
purpose we introduce the following hypothesis on the data of (2).

H(A): A:RN — 2R™ is a maximal monotone map such that 0 € A(0).

Remark. In fact, it is enough to assume that 0 € domA = {z € RV :
A(z) # (0} and then by translation we can have 0 € A(0).

H(F);: F: T xRY xRN — P.(RY) is a multifunction such that
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(i) for all (z,y) € RN x RN, ¢t — F(t,x,y) is graph measurable;
(ii) for almost all t € T, (x,y) — F(t,z,y) has a closed graph;
(iii) for almost all ¢t € T', all z,y € R and all v € F(t,,y), we have

(v, 2)ry 2 —allz|” =yl [y~ = e(®) =]l

with @,y > 0,1 <r,5s <pand c € L}(T);

(iv) there exists M > 0 such that if ||zo|| > M and (zo, yo)gy = 0, then we
can find 6 > 0 and & > 0 such that for almost all t € T

inf [(v, 2)ry + [yl = |2 — 2ol + [ly — woll < 6,v € F(t,2,y)] = &> 0;
(v) for almost all ¢ € T, all z,y € RNand all v € F(t,z,y)

loll < 7t llzll) + 2 (D lylP~

with supg<, < 71(t,7) < me(t) ae. on T, ny g € LYT) (5, + = =1) and

M,k ;1, é
SUPg<, <k V2(t,7) < ok(t) a.e. on T, myy € L(T).
Remark. Hypothesis H(F'); (iv) is an appropriate extension of the
Nagumo-Hartman condition (see Hartman [12], p. 432-433).

(€): € : RN x RV — 2R">RY ig 4 maximal monotone map such that
(0,0) € £(0,0) and one of the following holds:

e

(i) for every (a/,d’") € £(a,d) we have (a’,a)gy > 0 and (d',d)gy > 0;
or

(ii) domé = {(a,d) € RN x RY : a = d}.

Proposition 2. If hypotheses H(A)1, H(F')1 and H(§) hold, then problem
(2) has a solution x € C*(T,RY).

Proof. Let
D ={z e CY(T,RY) : [|l2'(-)[[P~%2'(-) € WH(T,RY),
(p(27(0)), —¢(2' (b)) € &(x(0), (b))}

and let V : D C LP(T,RN) — L4(T,RY) be defined by
_ /
V(z)() == (lo’O)IP%' ()", z € D.
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From Proposition 3 of Bader-Papageorgiou [2], we know that V is
maximal monotone. Also let Ay : LP(T,RN) — L4(T,RYN) be the Nemitsky
operator corresponding to the Yosida approximation Ay, i.e. fl)\(:r)()
= Ax(x(-) and let J : LP(T,RN) — L(T,RN) be defined by J(x)(-)
= ||z(-)||P~2z(-). Consider the map Ky = V + A, + J. Note that Ay
and J are both monotone, continuous, thus maximal monotone. So from
Theorem III. 3.3, p. 334, of Hu-Papageorgiou [13|, we have that K is
maximal monotone. Because 0 = A5(0), we have

(Kk(x)’ x)pq > (V(x)v$>pq + (J(I),:L‘)pq,

where by (-,+)p, we denote the duality brackets for the pair (LP(T,RY),
LY(T,RY)). Using Green’s identity, the fact that if x € D, then (p(2'(0)),
—p(2'(b))) € £(x(0), (b)) and hypothesis H (&), we obtain

b
(V@) ahy == [ ('@ (0) () dt
0
= ()P (), 2(0)) o + (1O 2(0), 2(0)) gy + 272> (127 2.
Also (J(z),2)pq = ||z]|h- So we obtain

(K@), 2)pg = 212+ [l2ll2 = 2],
where || - ||1,, denotes the norm in the Sobolev space W1P(T,RY). From
this last inequality we infer that K is coercive. But recall (see Section 2)
that a maximal monotone and coercive operator is surjective. So R(K)) =
LY(T,RYN). Also it is clear that .J is strictly monotone and so it follows that
K, is injective. Hence we can define the operator K;l : LY(T,RY) — D C
Whe(T,RN).

Claim 1. K,': LYT,RY) — D C WLP(T,R¥) is completely continuous.
Note that by virtue of the reflexivity of L9(T,RY), complete continuity
implies compactness. Assume that gy, — y in LY(T,RN) and set z, =
K Y(yn),n > 1, and = K, *(y). We have

Yo = V(zn) + Ax(zn) + J(20).
= (Yn,Tn)pg = (V(Tn), Tn)pg + (Ak(xn)v Tn)pg T (J(Tn), Tn)pq

= el < lynllgllenllp-
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From the last inequality it follows that {z,},>1 € WHP(T, RY) is bounded.
Hence by passing to a subsequence if necessary, we may assume that z,, — z
in WHP(T,RY) and from the compact embedding of WP(T,RY) into
LP(T,RY), we also have z,, — z in LP(T,RY). Then

(> T — 2)pg> (AN(T0), Zn — 2)pg and (J(z), Tn — 2)pg — 0 as n — oo,
= lm(V(zy,), zn — 2)pg = 0.

But as we have already mentioned V is maximal monotone and so according
to Remark III. 6.3, p. 365, of Hu-Papageorgiou [13], we have that V is also
generalized pseudomonotone, which implies that V(z,) = V(z) in
LA(T,RN). So in the limit as n — oo we obtain

y=V(2) +A\(2) + J(2)
= z=K;'(y), ie. z=uz.

Moreover, note that {u, = ||z} |[P~22! }n>1 € WH4(T,RY) is bounded and
so we may assume that u, — u in WH¢(T,RY). From the compact embed-
ding of Wh4(T, RN ) into C (T, RY), we have that u, — u in C(T,RY). Since
¢ : RV — R¥ is a homeomorphism, we have that ¢~ !(u,) = 2/, — ¢~ (u)
in LP(T,RYN). Therefore p~!(u) = 2’ and so z,, — x in WHP(T,R™) which
proves the claim. Next let Ny : WIP(T,RY) — 2LU(T.RY) 1 the multivalued
Nemitsky operator corresponding to F, i.e. Np(z) = Sg‘(~,x(-),x’(-))'

Claim 2. N has values in Py.(L9(T,RY)) and is usc from WHe(T,RY)
into L4(T,RY),,. Note that hypotheses H(F); (i) and (ii), do not imply
joint measurability of F' and so it is not immediately clear that Ng has
nonempty values. Let z € WLHP(T,RY). We can find {s,}n>1,{rn}n>1
step functions such that ||s, ()| < |lz@)], lrn @) < 12" ()], sn(t) — x(t)
and r,(t) — 2/(t) a.e. on T. By virtue of hypothesis H(F); (i), for every
n>1,t— F(t, s,(t),r,(t)) is measurable. So we can apply the Yankov-von
Neumann-Aumann selection theorem (see Hu-Papageorgiou [13], Theorem
II. 2.14, p. 158) and obtain f, : T — RY a measurable map such that
fut) € F(t,s,(t),mn(t)) ae. on T. Evidently {f,}n>1 C LY(T,RY) is
bounded (see hypothesis H(F); (v)) and so we may assume that f,, — f in
LY(T,RY). Invoking Proposition VIL. 3.9, p. 694, of Hu-Papageorgiou [13],
we obtain

f(t) € conv im F(t, s,(t),rn(t)) C F(t,2(t),2'(t)) a.e. on T,
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the last inclusion following from the fact that for almost all ¢t € T, GrF(¢, -, -)
is closed (see hypothesis H(F'); (i)). So f € Np(z) and we have established
that Vg has nonempty values. It is clear that the values of Np are bounded,
closed, convex, hence they belong to Py.(LY(T,RY)). Next we will show
the upper semicontinuity of Np from WP(T,R¥) into LI(T,RY),,.

From hypothesis H(F); (v), we see that Np is locally compact
into LI(T,R"),, and so by virtue of Proposition I. 2.23, p. 43, of Hu-
Papageorgiou [13] and the fact that on bounded sets in L4(T,R"Y),, the
weak topology is metrizable, it suffices to show that GrNp is sequentially
closed in WhP(T,RN) x LY(T,RN),. So let (z,, fn) € GrtNg, n > 1, and
assume that z, — x in WH(T,RY) and f, = f in LY(T,RN). We may
assume that z,(t) — z(t) and z),(t) — 2/(t) a.e. on T and so as above
via Proposition VII. 3.9, p. 694, of Hu-Papageorgiou [13], we show that
(x, f) € GrNp. This completes the proof of the claim. Let Ny = —Np + J.
Evidently Ny : WIP(T,RN) — Pup(LY(T,RYN)) is usc from W1P(T,RY)
into LI(T,RY),,. We consider the multivalued operator

Ky'o Ny : WH(T,RY) — P (WP (T, RY)).
This map is usc and maps bounded sets into relatively compact ones (i.e.

K;l o Nj is compact). So in order to be able to apply Proposition 1 and
obtain a fixed point of K L6 N1, we need to prove the following claim:

Claim 3. The set
S={re WP(T,RY): 2 € K, oNi(x),0 <3< 1}

is bounded.
Let z € S. We have

(=f@)pg + (J(2), 2)pg, [ € Nr().
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Since A, is monotone and 0 = A,(0), it follows that (A,\(%m),m) > 0.

Pq
Also

1 Y N STV
(vGgne) == [ g WO o) sw)ey

— <5p11 |2/ (b)][P~22/ (b), x(b>>

+ (Gl or 2 .a0)

RN
1

=
[|2'[5 (from the boundary conditions and hypothesis H(¢)).

2117

o

S 1
il ﬁp_l

So we obtain

1 1
el I+ gl <~ 2o + il
(3) = (2B < =B (f, x)pg + (B = )|

< —BP7H(f,2)pq (since 0 < B < 1).

From hypothesis H(F); (iii), we have
b
O ey = B[ (PO (0
0

b
< B tallall+ 71 [ IO la' O dt+ 7 el el

Let t=p—r,p="2abdpy =2 (% + ﬁ = 1). Applying Holder’s inequality

with this pair of conjugate exponents, we obtain

/ eIl @ de < (/ bua:u)n?"“dt) *1‘( / b<||:c’<t>||w’dt> e

It follows that
(4) =B f, 2)pg < B allzlB + Byl ([T + 8P el |2 -

We will show that for every = € S, ||z]lc < M with M as in hypothesis
H(F); (iv). For this purpose we introduce the function r(t) = |x(¢)|?
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and let tg € T be the point where r attains its maximum on 7. Suppose
that MP < r(ty) and first suppose that ¢ty € (0,b). We have 0 = 7/(t9) =
pllz(to)||P~2(x(to), ' (to))ry and so (x(tg),z'(to))gry = O (unless x = 0 in
which case we trivially have ||z||ooc < M). Then from hypothesis H(F);
(iv), we know that there exists 6 > 0 and £ > 0 such that

inf [(v, 2)rn + lylI” < |z — 2(to) | + ly — 2 (o) || < &,v € F(t,2,y)] > &> 0.

Because € S, we have z € D and so ||2/(-)|[P~22/(-) € WH(T,RN) C
C(T,RY). Because ¢ is a homeomorphism, it follows that
O 22() = 2() € CTRY). Ako z € W'WI,RY) C
C(T,RY). Thus for 6 > 0 as above, we can find §; > 0 such that if
t € (to,to + 01], we have

[z(t) = 2(to)[| + l|2"(t) — 2'(to) || < 0.
Therefore for almost all £ € (to, o + 61] and all v € F(t, z(t), 2/ (t)), we have
B2, a(t))ry + BP 2 ()| > pP e
= @), 2()ry + B2/ ()P > pPIE

(3 ) ) oro

= — (@2 (1) + Ay (;x@))

(5)

Recall that

= () + (87— D]l @)P () ae. on T,
S B = (O () — B A, (;x@))
+ (B = 1)||2(6)|P2a(t) ace. on T.
Using this in (5), we obtain
"BP22 (1)), x — prl la: T
(2O ) 2(8)) o — (Am La(0). <t>)

+ (B = Dla@®)” + 872! (@)

RN

> BP~1¢ a.e. on (tg,tg + 61].
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Note that (37~ — 1)||z(¢)||P < 0 (since 0 < 8 < 1) and (A,\(%x(t)), z(t))rn
> 0 (since Ay is monotone and A)(0) = 0). Thus after integration over
[to, t], t € (to,to + 1], we obtain

(6)/((I!:U'(S)I!”_in'(S))',x(S))RN ds+ P 2! (s)lPds > BPTE(E — to).

to to

From Green’s identity, we have

/t (2" ()IP~22"(5))', 2(s)) g ds = [|2" (£)[[P72 (2" (£), 2(t))rv

= [l' (to) [IP~* (' (t0), = (t0) )r — t 2" (s)[["ds

= [l ()P~ (2" (), 2(t) )rw — t l2'(s)[[Pds (since (z(to), z'(t0))ry = 0).

Using this equality in (6), we have

t

I @®)IP~2 (2" (), 2(8))rv + (877 = 1) t 2" (s)|[Pds > 6P~ E(t — to)

= [l OP2(@' (1), z(t))rn = BP71E(t — to)
(since 0 < B < 1),t € (to,to + 1]

= (z(t),2'(t))gy >0

= 7/(t) > 0 for all t € (tg,to + d1],

i.e. r is strictly increasing on (tg, tg + d1].

This contradicts the choice of to € T. So ||z(to)|| < M and this
proves the desired bound when ¢ € (0,b). Suppose tg = 0. Then
r(0) < 0 and so (x(0),2'(0))gy < 0. If condition H(&) (i) is satisfied
we have (z(0),2'(0))gy > 0 and so (2(0),2'(0))gy = 0, i.e. 7/(0) = 0.
Thus we can proceed as before. If hypothesis H (&) (ii) holds, we have
z(0) = x(b) and 7/(0) < 0 < 7/(b). So (2/(0),z(0))gy < 0 < (2/(b), z(b))rw,
while from the fact that (¢(2'(0)), —p(2’(b))) € &(x(0), (b)), we have that
(2'(b),z(b))gy < (2/(0),2(0))gny (recall that (0,0) € £(0,0)). Thus finally,
we have 0 = (2/(0),z(0))gy = (2/(b), 2(b))gy and so r/(0) = 7/(b) = 0 and
we can repeat the previous argument. Similarly, we can analyze the case
to = b. Hence we have proved that for all z € S, ||z||cc < M.
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Using (4) in (3) we obtain

2’5 < s allzllh + B Izl + A7 el ]S

< a+elld|; (r<p) forsome ci,co > 0.

So {2'}ses is bounded in LP(T,RY). Since ||z|l < M for all x € S, we
infer that S C W1P(T,R") is bounded. Applying Proposition 1, we obtain
x € D such that x € K/\_loNl (x) = Kx(x) € Ni(z) = = solves the auxiliary
problem (2). |

In the above result F' was convex-valued. We can still have an existence
theorem for (2), even if F' is not necessarily convex-valued. More precisely,
we assume on I’ as follows:

H(F)y: F: T xRN x RV — P,(RY) is a multifunction such that

(i) (t,z,y) € RN x RN t — F(t,x,y) is graph measurable;
(ii) for almost all t € T, (x,y) — F(t,z,y) is Isc;

and conditions (iii), (iv) and (v) of hypothesis H(F); hold.

Proposition 3. If hypothesis H(A)1, H(F)2 and H(§) hold then there exists
a solution x € CH(T,RYN) to problem (2).

Proof. As before let Np : WHP(T,RY) — 2L/ (TRY) he the multivalued
Nemitsky operator corresponding to F, i.e. Np(x) = Sg(. 22 ()" By
virtue of hypothesis H(F')2 and the Yankov-von Neumann-Aumann selection

theorem (see Hu-Papageorgiou [13], Theorem II. 2.14, p. 158), we have that
N has values in Pp(L9(T,RY)).

Claim. Ng is Isc from WYP(T,RY) to LI(T,RY). Let C C LY(T,RY)
closed. We will show that N (C) = {z € W'YP(T\RY) : Np(z) C C}
is closed. To this end, let z, € N} (C) and assume that z, — z in
WLP(T,RN). By passing to a subsequence if necessary, we may assume
that z,(t) — x(¢t) for all t € T and «,(t) — 2/(t) a.e. on T. Let f € Np(z)
and let f, € Np(zy,) such that ||f — fullqg < d(f, Np(zn)) + +.

From Hu-Papageorgiou [13], p. 237, we have

b i
A(f, Nr(n)) = ( / d(f(t%F(tvwn(t)w%(t)))th)



NONLINEAR MULTIVALUED BOUNDARY VALUE PROBLEMS 139

Since F(t,-, ) is Isc, from Proposition I. 2.26, p. 45, of Hu-Papageorgiou [13],
we have that for all v € RY | (z,y) — d(v, F(t,z,y)) is upper semicontinuous.
Then by Fatou’s lemma, we have

; )
T d(f. Ne(on) < ([ atr0, F(eato) o' 0)yae) " =0

and therefore || f — fp||; — 0 as n — oo. Because f, € C and C is closed, we
have f € C. Since f € Np(x) was arbitrary, we infer that € N (C) and so
N is Isc as claimed. Apply Theorem II. 8.7, p. 245, of Hu-Papageorgiou [13],
to obtain u : WHP(T,RN) — L(T,RY) continuous such that u(z) € Np(x)
for every x € W1P(T,RY). Consider the following single-valued boundary
value problem

(7) { (le(t)”p_zml(t)), € Ax(z(t)) + u(z)(t) a.e. on T }
(p(2'(0)), —p(2' (b)) € &(x(0), (), A >0.

As in the proof of Proposition 2, using the Leray-Schauder alternative
theorem (the single-valued version of Proposition 1), we obtain a solution
x € CY(T,RY) to problem (7). Evidently this solves problem (2). |

4. Existence Theorems

In this case using Propositions 2 and 3, we obtain existence theorems for the
convex and nonconvex problems, for two different situations. In the first one
we assume that domA = RY, while in the other we are able to assume that
domA # RY at the expense of slightly strengthening the growth hypothesis
on F(t,z,y). This case is of special interest since it incorporates variational
inequalities. We start with the analysis of the problem in which A is defined
everywhere, i.e. domA = {z € RV : A(z) # 0} = RY. More precisely, we
assume:

H(A)y: A:RYN — 2R" i a maximal monotone map with domA = RY and
0 € A(0).

Theorem 4. If hypotheses H(A)a, H(F')1 and H(&) hold, then problem (1)
has a solution v € C1(T,RY).
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Proof. Let A\, — 0,\, > 0 and let z,, € CI(T, RN) be solutions to the
approximate problem (2) (Proposition 2). From the proof of Proposition 2,
we know that ||z,||cc < M for all n > 1. We have

V($n) + Akn(xn) = —fm fn S NF(xn)
= (V(zn), n)pg + (A)\n (Tn)s Tn)pg = —(frs Tn)pq-

Using Green’s identity and the boundary conditions on the first term of
the left hand side and exploiting the monotonicity of Ay, and the fact that
0= Ay, (0), we obtain

125115 < I fnllgllanlly < csll fally for some ¢5 > 0 and all n > 1

/

= lallh < es (Imaellg + Imallooll2n 51, (hypothesis H(F)i(v))
= {2/ }n>1 C LP(T,RY) is bounded,

= {zn}n>1 € WHP(T,RY) is bounded.

So we may assume that x, — 2 in WP(T,R™) and z,, — z in LP(T,R").
From Proposition III. 2.29, p. 325, of Hu-Papageorgiou [13], we know that
| Ay, (2o ()| < [|A%(2, ()] Since domA = R¥Y | from Theorem III. 1.21,
p. 306 of Hu-Papageorgiou [13], we know that A" is bounded on compact
sets. Note that since {z,}n,>1 € WIP(T,RY) is bounded, from the com-
pact embedding of W1P(T,RY), we have that {z,},>1 is relatively com-
pact in C(T,RY) and so sup,;>1 [|A%(zn(t))|| < c4 for some ¢4 > 0. Hence
| Ay, (zn(t))|| < ¢4 for all t € T and all n > 1. Thus we may assume
that Ay (z,) = w in LY(T,RY) as n — oo. Repeating the argument in
Claim 1 in the proof of Proposition 2, we obtain z,, — x in W5hP(T, RY)
and |2, |P~22!, 5 ||2/||P~22" in WH(T,RY). Since f, € Np(x,),n > 1,
from Hypothesis H(F); (v), we see that {fn},>1 € LI(T,RY) is bounded
and so we may assume that f, — f in LI(T,RY). As in the proof of Propo-
sition 2, using Proposition VII. 3.9, p. 694, of Hu-Papageorgiou [13], we
obtain f € Np(x). Taking n — oo, we obtain

(I (®)[IP~22 (£)) = u(t) + f(t) ac. on T.

Also since ||z, ||P~22!, & ||2/|[P~22" in W9(T,RY), we have ||z, |[P~2z], —
l2'[IP=22" in C(T,RY) and so o~ (|27, ()[IP~227,(8)) = a5,(t) — /(1) =

n
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o Y(||2" () ||P~22'(t)) for all t € T. Also, at least for a subsequence, we
have z,, — x in C(T,RY). Since (p(2/,(0)), —¢(z},(b)) € &(2,(0), 2, (b)) and
because Gr¢ is closed we conclude that (¢(2/(0)), —(2'(b)) € £(x(0), z(b)).
So it remains to show that u(t) € A(x(t)) a.e. on T. To this end, let

A:DcCL(T,RN) — 2L (T.RY) he defined by
A(z) = {g € LY(T,RY) : g(t) € A(z(t)) a.e. on T}

for all
v €D = {xeLP(T,RY): thereis g € LY(T,R")

satisfying g(t) € A(x(t)) a.e. on T'}.

We show that A is maximal monotone. Let J : LP(T,RN) — LT, RM)
be defined by J(x)(:) = ||z(-)||P"22(-). We will show that R(A + J) =
LY(T,RYN). To this end, let h € LI(T,RY) be given and let

I'(t) ={(z,a) € RY xRN :a+ o(x) =h(t), a € A(z), ||z|| <r(t)}

with r(¢t) = ||h(t) ||P711 + 1. Note that A 4 ¢ is maximal monotone and so by
Theorem III. 6.28, p. 371, of Hu-Papapgeorgiou [13], we have that T'(t) # ()
a.e. on T'. Moreover,

GrT
={(t,x,a) € T x RY xRN :a + o(z) = h(t), dla,A(x)) =0, ||z|| <r(t)}
€ L x B(RY) x B(RY), with £ being the Lebesgue o-field of T

Invoking the Yankov-von Neumann-Aumann selection theorem, we obtain
measurable maps z,a : T — RY such that (z(t),a(t)) € I'(t) a.e. on T.
Evidently z € LP(T,RV) and a € LY(T,RY). So R(A + J) = LY(T,R").
Now we will show that this surjectivity implies the maximality of the mono-
tone operator A. Indeed suppose y € LP(T,RN), v € LI(T,RN) and assume
that

(a—v,2—y)py >0 forall z € D,a € A(z).

Since R(A + J) = LUT, RY), we can find z; € D such that v 4+ J(y) =
a1 + J(z1), a1 € A(z1). Then (a1 — a1 + J(y) — J(21), 21 — Y)pg = 0 =
(J(y) — J(z1),21 — y)pg > 0 = x1 =y € D (since J is strictly monotone)
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and v = a; € A(z;) Le. (y,v) € GrA and this proves the maximality of A.
Let Jy, : RY — RY be the resolvent map. Then for all t € T
13 (@n(8)) = 2O < [ (2a(E)) = In, (@) + [[Ix, (2(2) — 2@

[zn(t) — 2@ + [[Jx, (2(2)) — z(®)[] — 0 as n — oo.

IN

IA

Recall that Ay, (zn(t)) € A(Jy, (2n(t))) for all t € T. We have

(Jan (@n(+)), Ax, (zn(-))) € GrA

and Jy, (z,) — z in LP(T,RN), Ay (zp) 2 w in LY(T,RYN). Since A is
maximal monotone, in the limit we have (x,u) € GrA, i.e. u(t) € A(z(t))
a.e. on T. This proves that z € C*(T,R") is a solution of (1). |

In the same way, using this time Proposition 3, we can have a“nonconvex”
existence theorem.

Theorem 5. If the hypotheses H(A)2, H(F)2 and H(E), then problem (1)
has a solution x € C*(T,RY).

Now we will prove existence theorems for the case when domA # RY. As we
have already mentioned, this requires a slightly stronger growth condition.
More precisely, the new hypotheses on F' are the following:

H(F)3: F:TxRNxRY — P.(RY) is a multifunction such that hypothesis
H(F); (i) — (iv) hold and
(v) for almost all ¢ € T, all z,y € RY and all v € F(t,z,y)

[oll <y [lll) + 2@ 2Dyl

with supgc,<r71(t,7) < my(t) ae. on T, my € L*T) and

2
supg<,< V2(t,7) < mk(t) ae. on T, oy € LP%(T) (as usual § = oo
for r > 0).

Similarily, we can have the hypothesis of the nonconvex problem.

H(F)y: F:TxRY xRN — P(RY) is a multifunction such that hypothesis
H(F)2 (i) — (iv) and H(F)3(v) hold.

Also we will need a compatibility condition between the maps A and &.
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Hy: for all (a,d) € dom¢ and all (d/,d’) € {(a,d), we have (Ax(a),d gy +
(Ax(d), d)gn = 0 for all A > 0.

Remark. Suppose ¢ = 9t with ¢ : RY x RY — R convex (hence lo-
cally Lipschitz). Let Oy, k = 1,2, denote the partial subdifferential of
(-, -) with respect to the first variable (k = 1) or to the second variable
(k = 2). We know 99 C 019 x datp. In the case (Ax(a),a’)gy > 0 and
(Ax(d),d)gy > 0 for all (¢/,d') € &(a,d),(a,d) € domé, is equivalent to
saying that ¢(Jx(a),d) < ¥(a,d),¥(a,Jr(d)) < ¢(a,d) respectively (see
Hu-Papageorgiou [13]).

Theorem 6. If hypotheses H(A)1, H(F )3, H(&) and Hy hold, then problem
(1) has a solution x € C*(T,RN).

Proof. As in the proof of Theorem 4, we take A\, — 0,A, > 0 and z,, €
CY(T,RY) solutions of the auxiliary problems (2). We know that {z;,},>1 C
WP (T, RY) is bounded and so we may assume that z,, — x in Wh(T, R)N
Keeping the notation introduced in the previous proofs, we have
(8) V(xn) + A)\n(xn) = _fna fn € NF(xn)vn > 1

= (V(l‘n)af‘iAn(l‘n))pq + HAATL("ETL)H% = _(fmA)\n (Zn)pq

(recall that Ay, (z,) € C(T,RN)). From the definition of V and Green’s
identity, we obtain

(V(zn), AM (Zn))pq

/ <<H Tn ‘p ’ 2 ( ))/,A,\n(a:n(t))>Rth

= [l ()17~ (27,(b), Ax, (@n (0))rx + 27, (0)][P7(27,(0), Ax,, (2 (0)))rw

/ 0P 2( / A,\n(xn(t)))RN dt.

We know that A, : RY — RV is )\——Llpschltz and so it is differen-
tiable almost everywhere (Rademacher’s theorem) Also A, is monotone.

Exploiting the monotonicity, we have for every x € RM being point of
differentiability of A
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>0
RN

for all t > 0 and all y € RY and hence (y, A A\, (@)y)ry > 0.
From the chain rule of Marcus-Mizel [1 ] (Theorem 4.1), we know that

(y, Ay, (x + tyt) — Ay, (m))

d

thAn (zn(t)) =AY, (zn(t))z;,(t) ae. on T.

Using hypothesis Hy, we have

(Vi) A / a2 (@ (8), A, (@) (8) g dt = 0.
Using this in (8), we obtain

[ Ax, ()13 < | fall2ll A, (20) |2

and thus {Ay (2,)}n>1 € L*(T,RV) is bounded. So we may assume that
Ay (2n) 2 w in L*(T,RN). Moreover, as in the proof of Theorem 4, we
can have z, — z in W'P(T,RY) and ||z,(")|[P"22,,(-) = ||z'(-)||]P~22(-) in
Wha(T,RN), while f, = f in L*(T,RN) (see hypothesis H(F)3 (v)). In the
limit we have f € Np(x) and

{ (I’ () P~22' ()" € u(t) + f(t,2(t),2'(t)) ae. on T }
(p(a'(0)), —p(2' (b)) € &(x(0),x(b)).

As before to finish the proof, we need to show that u(t) € A(u(t)) a.e. on
T. For this purpose, let Jy : RN — RN X > 0, be there solvent of A and
Jy: LP(T,RN) — LP(T,R"N) be defined by Jy(z)(-) = Jy(z(-)). Since Jy is
nonexpansive, from Marcus-Mizel [16] we have that Jy(z,) € W'2(T,RN)
and dJ)\n(xn(t)) = J3, (zn(t))xy,(t) (chain rule) and ||J} (zn(f))| < 1.
So [|J} (wn(t)z, ()| < [lo,(t)] ae. on T, from which it follows that
{J,\n(xn)}n>1 C WUHP(T,RY) is bounded. Thus we may assume that
In, (#) 2 v in WYP(T,RN), Jy, (z,) — v in LP(T,RY). From the def-
inition of the Yosida approximation Ay, = —n(I Jy, ), we have

I (@n(t)) + An Ay, (2n(t) = 20 (1)

=y, (2n) + My, (20) = @
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Recall that {Ay, (z,)}n>1 € L*(T,RY) is bounded and A, — 0. Moreover,
I, (2n) — v and x, — z in LP(T,RN), hence in L?(T,RY), too (since
2 < p). So passing to the limit in the last inequality, we obtain v = =x.
Hence Jy, (2,) = z in W'Y2(T,RN) and Jy, (z,) — = in C(T,R"). Let

S ={teT: there exists (y,w) € GrA such that (u(t)—w,z(t)—y)gny < 0}.

If we can show that |S| = 0 (i.e. S is a Lebesgue-null), then by virtue of
the maximal monotonicity of A(-), we will have that u(t) € A(u(t)) a.e. on
T. Let I'(t) = {(y,w) € GrA : (u(t) — w,z(t) — y)gn < 0}. Evidently
S={teT:T(t) # 0} Also GiT' = (T x GrA) N {(t,y,w) € T x RN x
RN : &(t,y,w) < 0}, where &(t,y,w) = (u(t) — w,z(t) — y)gy. Clearly,
t — &(t,y,w) is measurable and (y,w) — &(t,y,w) is continuous. Hence
¢ is jointly measurable and so GiT' € £ x B(RY) x B(R"M), with £ being
the Lebesgue o-field of T. Invoking the Yankov-von Neumann- Aumann
projection theorem (see Hu-Papageorgiou [13], Theorem II. 1.33, p. 149), we
have proj; GrI' = {t € T : T'(t) # 0} = S € L. If |S| > 0, by the Yankov-von
Neumann-Aumann selection theorem (see Hu-Papageorgiou [13], Theorem
I1. 2.14, p. 158), we obtain y : § — RN, w: S — RY measurable functions
such that (y(¢),w(t)) € I'(t) for all ¢ € T. From Lusin’s theorem, we know
that we can find S; C S closed, with |S1| > 0 such that y|s,, w|s, are both
continuous, hence bounded. Since Ay, (z,(t)) € A(Jy, (zn(t))), we have

(Ax, (@n(t)) = w(t), I, (2n(t)) = y(t))ry = 0

=, (Ax, (@n(t)) — w(t), I, (2n(t)) — y(t))gn dt = 0

=, (u(t) — w(t),z(t) — y(t))gn dt > 0.

On the other hand, since (y(t),w(t)) € T'(¢) for all t € S and |Si| > 0, we
have

/S (ult) — w(t), 2(t) — y(t) gw dt < 0,

a contradiction. Therefore |S| = 0 and so we conclude that u(t) € A(z(t))
a.e. on T. This shows that = € C*(T,R") is a solution of (1). |

As for Theorem 4, we can have the “nonconvex” counterpart of
Theorem 6.
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Theorem 7. If the hypothesis H(A)1, H(F)4, H() and Hy hold, then
problem (1) has a solution x € C1(T,RY).

5. Special cases

(a) Let Ky, Ky C RY be nonempty, closed, convex and 0 € K; N Ky. Let
0K, xK, be the indicator function of K x Ko, i.e.

0 if ($,y)€K1XK2

+o00  otherwise.

Oy x Ky (xa y) = {

Then 00k, xx, = Niyxk, = Nk, X Nk, (here if C C RY by N¢ we denote
the normal cone to C'). Set £ = 00k, xk,. Problem (1) takes the form

(Il ()72 ()" € A(x(t) + F(t,(t),2'(¢))
z(0) € Ky, z(b) € Ky
(#'(0), 2(0))ry = o(2'(0), K1)
(=2'(b), z(b))ry = o(=2'(b), K2),

m

m

where for C C RV, o(x*, C) = sup|(z*, c)gn : ¢ € C] = the support function
of C. Note that ¢ is maximal monotone and because 0 € K1 N Ky, (0,0) €
€(0,0) and for (da’,d") € Nk, (a) x Nk, (d) we have (a’,a)gy > 0, (d',d)gn
> 0. So H(&) is valid and the results of this paper apply to problem (9).
If K1,Ko CRY, ¢ = 5R§ and

Ax) = 9(x) = Nex ()

{0} ifrpy>0forallkel,...,N
B ~RY n{z}t ifx, =0for at least one k €1,...,N

(z = (zx)R_;). We can check that Ay(z) = +(z — p(z; RY)), with p(;RY)
being the metric projection on Rﬂy. For x € Kj or v € Ko, p(x;]Rf) =z
and so Ay(z) = 0, which means that Hy holds. Problem (1) becomes
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(/|2 (#)|[P~22'(t)) € F(t,z(t),2'(t)) a.e. on
{teT:ap(t)>0forallkel,...,N}
(Ha:’(t)||p_23:’(t))/ € F(t,x(t),2'(t)) — u(t) a.e. on
(10) {t T :zk(t) =0 for some k€ 1,...,N}
z(t) € RY forallt € T, z(0) € Ki, z(b) € Ko,
(2(8), u(t))gy = 0, u(t) € RY
((0), 20Dy = o(a!(0), K1), (=2 (8), 2(b)) =0 (' (), K&,

The results of the paper apply to the multivalued variational inclusion (10).

(b) If K1 = Ky = {0}, then Ng, = Nk, = RY and so there are no
constraints on 2/(0) and z/(b). Therefore problem (1) becomes the classical
Dirichlet problem. Since Ay(0) = 0, hypothesis Hy holds and the results of
this work apply.

(c) If K3 = Ko = RY, then Ni, = Nk, = {0} and so there are no
constraints on x(0) and z(b), while 2/(0) = 2/(b) = 0. Thus problem (1)
becomes the classical Neumann problem. In this case (Hp) is trivially true
and our results apply.

(d) If K = {(z,y) € RN xRN : x = y} and

£ =00k = K+ = {(v,w) e RN xR : v = —w},

then problem (1) becomes the periodic problem. In this case we satisfy H (&)
(i) and (Ax(a),a’)gy 4+ (Ar(d),d)gy = 0, i.e. Hp is true. So our results
incorporate the periodic problem.

(e) Let € : RY x RV — RN x R¥ be defined by &(z,y) = (ﬁ«p(az),
77p#,lgo(y)), ¥,1n > 0, then from (1) we obtain a Sturm-Louville type problem
with 2(0) — 92/(0) = 0 and z(b) + na'(b) = 0. It is easy to see that H(&) (i)
and Hy hold and so our results apply.
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