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1. INTRODUCTION

The study of BC' K-algebra initiated by Y. Imai and Iseki [10] in 1966 as a general-
ization of the concept of set theoretic difference and propositional calculi. In order
to extend BC'K-algebras in a non-commutative form, Georgescu and lorgulesu
[6] introduced the notion of pseudo BC K-algebras and studied their properties.
The hyper structure theory (called also multi algebras) was introduced in 1934 by
F. Marty [13] at the 8th congress of Scandinavian Mathematicians. Since then
many researchers have worked on algebraic hyper structures and developed it.
A recent book [5] contains a wealth of applications. Via this book, Corsini and
Leoreanu presented some of the numerous applications of algebraic hyper struc-
ture, especially those from last fifteen years, to the following subjects: geometry,
hyper graphs, binary relations, lattices, fuzzy sets and rough sets, automate,
cryptography, cods, median algebras, relation algebras, artificial intelligence and
probabilities. Hyper structures have many applications to several sectors of both
pure and applied sciences. In [3, 12] R.A. Borzooei et al. applied the hyper
structures to (pseudo) BCK- algebra, and introduced the notion of a (pseudo)
hyper BC K-algebra which is a generalization of (pseudo) BC'K-algebra and in-
vestigated some related properties. In this paper, we introduce some properties
of pseudo hyper BC K-algebras. Also, we define the concepts of strong and reflex-
ive hyper pseudo BCK-ideals of a hyper pseudo BC K-algebra and investigate
some related properties. We follow [1] to define the notion of regular congruence
relation, and then introduce the concept of quotient hyper pseudo BC K-algebra.
Moreover, we show that [0], is a reflexive hyper pseudo BC K-ideal of H if and
only if % is a pseudo BC K-algebra.

2. PRELIMINARIES

Definition 2.1 [14]. Let X be a set with a binary operation “*” and a constant
0. Then (X;x,0) is called a BC K-algebra if it satisfies the following conditions:
(BCI-1) ((xxy)x(x*2))*(z2xy) =0,

(BCI-2) (z*(zxy))*xy=0,

(BCI-3) z*xxz =0,

(BCI-4) z*y=0and y*z =0 imply = =y,
(BCK-5) 0%z =0 forall z,y,z € X.

Definition 2.2 [12]. By a hyper BC'K-algebra we mean a nonempty set H
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endowed with hyperoperation “o” and a constant 0 satisfy the following axioms:

(HK1) (zoz)o(yoz)<zoy,
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(HK2) (zoy)oz=(zoz)oy,
(HK3) zoy < x,
(HK4) z < yand y < x imply z =y

for all x,y,z € H, where x < y is defined by 0 € x oy and for every A, B C
H, A < B is defined by Va € A,db € B such that a < b.

Definition 2.3 [6]. A pseudo BC K-algebra is a structure (X;*,o,0) where “x”
and “¢” are binary operations on X and “0” is a constant element of X, that
satisfies the following for all x,y € X:

a—1) (zxy)o(z*xz) <Ky, (xoy)*x(xoz) K z0y,

(

(a—2) zx(zoy) <Ky, zo(zxy) Ly,
(a—3) z<xux,

(a—4) 0K,

(a—5) r<y,y < ximplies x =y,
(a—6) r<yecrxy=0z0oy=0.

Definition 2.4 [3]. A hyper pseudo BC K-algebra is a structure (H; o, *,0) where
“o” and“x” are hyperoperations on H and “0” is a constant element that satisfy
the following axioms:

(PHK1) (zoz)o(yoz) <oy, (r%2)(y*z) €xxy,
(PHK2) (zoy)xz=(x*z2)oy,

(PHK3) zoy <z, xzxy<ux,
( )

PHK4) z < yand y < z imply z =y

for all z,y,z € H, where < y < 0 € xoy & 0 € z *xy and for every
A,BC H, A< B is defined by Va € A,3b € B such that a < b.

Theorem 2.5 [3]. Any BCK -algebra and hyper BCK -algebra is a hyper pseudo
BCK -algebra.

Proposition 2.6 [3]. In any hyper pseudo BCK -algebra H, the following holds
forall x,y,z,c€e H and A,B C H:
(i) 000=0, 0%x0=0 zo0=2z, xzx0=u,
(i) 0z, <z, AKA,
(ili) Doz =0, Oxx=0, 00A=0, 0xA=0,
(iv) A C B implies A < B,
(v) A< 0 implies A= {0},
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(vi) y < z implies xoz < xoy and x xz L x %Y,
(vii) zoy = {0} implies (xoz)o(yoz) = {0}, that is, xroz K yoz; xx*xz={0}
implies (x x z) x (y * z) = {0}, that is, T x z K y * 2,
(viii) Ao {0} = {0} implies A = {0}, and A {0} = {0} implies A = {0},
(ix) (Aoc)o(Boc) < AoB, (Axc)*(Bx*xc)< AxDB

Definition 2.7 [3]. Let H be a hyper pseudo BC'K-algebra. For any subset I
of H and any element y € H, we denote,

(1) x(y, NS ={z € Hlzxy < I},
(2) *(y, ) ={z € Hlzxy C I},
(
(

*

) *(y, 1)
3) o(y, ) ={w e Hlzoy < I},
) oy, 1)

4 S={zre€HlxoyCI}.

(¢]

Y,

Definition 2.8 [3]. Let H be a hyper pseudo BCK-algebra, ) # I C H and
0 € I. Then [ is said to be a hyper pseudo BC K-ideal of

il) type (1), if for any y € I, *(y, 1)< C I and o(y, )< C I;

(i

(i2) type (2), if for any y € I, *(y, 1)< and o(y, )< C I;
(i3) type (3), if for any y € I, *(y, 1)< C I and o(y, 1)< C I,
(i4) type (4), if for any y € I, *(y, 1)< C I and o(y, 1)< C I;
(i5) type (5), if for any y € I,*(y, [)< C I or o(y, ) C I;
(i6) type (6), if for any y € I, *(y, 1)< C I or o(y, )< C I;
(i7) type (7), if for any y € I, *(y, 1)< C I or o(y, 1)< C I;
(i8) type (8), if for any y € I,*(y,I)S C I or o(y, 1)< C I;
(i19) type (9), if for any y € I, *(y, [)<No(y,[)< C T

(i10) type (10), if for any y € I,*(y,I1)S No(y,[)< C I

(i11) type (11), if for any y € I, *(y, )< No(y, 1S C I;

(i12) type (12), if for any y € I, *(y, )< No(y, I)<1.

Note 1. The relationship among all of types of hyper pseudo BC K-ideals is
given by the following diagram (see [3]).
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Note. From now on, in this paper we let H be a hyper pseudo BC K-algebra.

3. SOME PROPERTIES OF HYPER PSEUDO BCK-ALGEBRA

Proposition 3.1. Let A be a subset of H, and x,y,z € H. If (xoy) * 2z < A,
then ax z < A for all a € x oy. Similarly, if (x+xy)oz K A, then aoz < A for
all a € x *y.

Proof. For every a € xoy, we have axz C (zoy)*z < A. This implies axz < A.
The proof of the other case is similar. [ |

Definition 3.2. Let S be a nonempty subset of H. If S is a hyper pseudo BCK-
algebra with respect to both the hyperoperations “o” and “*” on H, then we

say that S is a hyper subalgebra of H.

”

Proposition 3.3. Let S be a nonempty subset of H. Then S is a hyper subalgebra
of H if and only if both zoy C S and x+xy C S for all x,y € S.
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Proof. If S is a hyper subalgebra of H, then S is closed with respect to the
hyperoperations “o” and “*” and so zoy C S and zxy C S for all z,y € S.
Conversely, let zoy C S and zxy C S for all x,y € S. It is clear that S satisfies
the axioms of hyper pseudo BC K-algebra H. Hence we need only to show that
0 € S. Since S is a nonempty subset of H, there exists a € S. By Proposition

2.6 (ii), we have a < a, that is, 0 €aoa. Since aoa C S, we get 0 € S. [

2

Definition 3.4. We define the following subsets of H:
Si(H)y={x€ H| zxx={0}},So(H) ={z € Hl xox = {0}}
SH)={x € H|zox=xxx={0}}=5S,(H) NS«(H).

Note that the equality Si.(H) = So(H) is not true in general, as shown in the
following example.

[43 9

Example 3.5. Let H = {0,a,b}. Hyperoperations “x” and “o” given by the
following tables:

ol 0 a b * | 0 a b

0] {0} | {0} | {0} 0| {o} | {0} | {0}
a | {a} | {0,a} | {0,a} a | {a} | {0} | {0}
b | {b} | {a,b} | {00} b | {v} | {a} | {0}

Then, (H;o,%,0) is a hyper pseudo BC K-algebra. It is easy to check that a €
S«(H) but a & So(H).

Theorem 3.6.
(i) S«(H) and So(H) are closed with respect to “*” and “o”, respectively,
(ii) If S«(H) = H, then x xy is singleton for all z,y € H,
(iii) If So(H) = H, then x oy is singleton for every x,y € H,
If S(H) = H, then H is a pseudo BCK -algebra,

(v) If H satisfies the conditions, (xoy)*(xoz) K zoy and (xxy)o(rxz) K zxy
forall z,y,z € H, then S(H) = H and so it is a pseudo BCK -algebra.

(iv

)
)
)
)

Proof. (i) Let z,y € S«(H). Then z x z = {0} and so for any a € z oy,
we have axa C (zxy) * (x xy) < x*xx = {0}. Thus a * a < {0}, that is,
a*x a = {0}. Therefore a € S,(H) and so z xy C S,(H). Similarly, we can show
that z oy C So(H) for all z,y € So(H).

(ii) Let a,b € x*y for some z,y € H. Then axb C (zxy)*(r*xy) < vxz = {0}.
Therefore a x b < {0} and so by Proposition 2.6(v), a * b = {0}. Consequently,
a < b. Similarly, we have b < a. Hence b = a and so z * y is singleton for all
x,y € H.
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(iii) The proof is similar to the proof of (ii).

(iv) By (ii) and (iii),  *y and x oy are singleton for all z,y € H. This implies
H is a pseudo BC K-algebra.

(v) We show that x o x = {0} = z* x for all z € H. By putting y = 2 =0 in
the hypothesis, we get (z00)*(x00) < 000 = {0} and so (z00)* (x00) = {0}.
Hence, since z 0 0 = {z}, we obtain z x x = {0} for all x € H. Similarly, we can
show that x o x = {0} for all x € H. Therefore H = S(H) and so H is a pseudo
BC K-algebra. [

4. STRONG HYPER PSEUDO BCK-IDEALS

Proposition 4.1. Let A C H. If I is a hyper pseudo BC K -ideal of type 1,2,3,5
or 9 such that A < I, then A C I.

Proof. Let A C H and I be a hyper pseudo BC K-ideal of type 1,2,3,5 such that
A< Ifx(y,)S CTanda € A, then ax0={a} C A< I. Hence ax0 < I.
Since 0 € I, we get a € x(0,1)<. Now, since x(0,1)< C I, we have a € I and
so A CI. If o(y, )< C I, then, similarly, A C I. Now, let I be a hyper pseudo
BCK-ideal of type 9 and a € A. Since a*x0 = {a} C A and A < I, we get
a*x0 < I and so a € *(0,1)<. Similarly, a o0 = {a} C A implies a € o(0,1)<.
Hence a € *(0,1)< No(0,I)<. By the definition of hyper pseudo BC K-ideal of
type 9, we have (0, 1)< No(0,I)< C I and so a € I. Therefore A C I. |

The following examples show that Proposition 4.1 is not true for any hyper pseudo
BC K-ideals of type 4,6,7,8,10,11 and 12, in general.

Example 4.2.

(i) Let H = {0,a,b}. Hyperoperations “*” and “o” on H given by the
following tables:

0 a b
{0} | {0} | {0}
{a} | {0,a} | {0,a}
{o} | {o} | {00}

0 a b
{o} | {o} | {o}
{a} | {0,a} | {0,a}
{or | {or |{0,a}

S| OO

S| O] *

Then (H;o,%,0) is a hyper pseudo BCK-algebra. We can check that if
I:={0,b} and A :={0,a}, then I is a hyper pseudo BC' K-ideal of type 4
and A< I. But AZI.

(ii) Let H = {0, a,b}. Hyperoperations “x” and “o”on H given by the following
tables:
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(iv)
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0 b

a 0 b
{0} | {0} {0}

{0} | {0} {0}
{a} | {0,a} | {0} {a} | {0,a} | {0,a}
(b} | {6} [{0} {0} | {b} |{0,a,b}

Then (H;o,%*,0) is a hyper pseudo BCK-algebra, I := {0,b} is a hyper
pseudo idealof type 6 and A :={a} < I. But A ¢Z I.

SR | OD| O
Q| O| *

Let H = {0,a,b}. Hyperoperations “*” and “o” on H given by the
following tables:

of| 0 a b * | 0 a b

0 {0} | {0} | {0} 0 {0} | {0} | {0}

a | {a} | {0,a} | {0,a} a|{a} | {0} | {0}

b | {b} | {a,b} | {0,b} b | {b} | {b} | {0,a,b}

Then (H;o,%,0) is a hyper pseudo BCK-algebra, I := {0,b} is a hyper
pseudo idealof type 7 and A :={a} < I. But A Z I.

Let H = {0, a,b}. Hyperoperations “x” and “o”on H given by the following
tables:

0 b

a 0 b
{0} | {0} {0}

{0y | {0} | {0}
{a} | {0,a} | {0} {a} | {0,a} | {0,a}
{6y | {6} [{0} {b} | {6} [{0,a}

Then (H;o,%*,0) is a hyper pseudo BCK-algebra, I := {0,b} is a hyper
pseudo ideal of type 8 and A :={0,a} < I. But A ¢ I.

SR || 0
TR O| ¥
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Let H = {0,a,b,c}. Hyperoperations “*” and “o

following tables:

on H given by the

0 a b c

{0} | {0} | {o} | {0}
{a} | {0,a} | {0,a} | {0,a}
{oy | {oy | {0} | {0}
{c} | {ct | {0} | {0}

0 a b c
{0} | {0} | {o} | {o}
{a} | {0,a} | {0} | {0}
{or | {or |{0,6} | {0,b}
{ct | {ct | {b,c} | {0,c}

Q|| O *

oS Q || o

Then (H;o,x*,0) is a hyper pseudo BC K-algebra. We can check that I :=
{0,b} is a hyper pseudo BCK-ideal of type 10 and A := {0,a} < I but
A¢ I
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(vi) Let H = {0,a,b,c}. Hyperoperations “x” and “o

following tables:

on H given by the

0 a b c
{0} | {0} | {0} | {0}
{a} | {0,a} | {0,a} | {0,a}
{or | {or | {0} | {0}
fcb | {ct | {6} | {0}

0 a b c

{oy | {0} | {o} | {o}
{a} | {0,a} | {0,a} | {0,a}
{or | {o} | {0,0} | {00}
{c} | {c} [{bc} | {0,c}

OSSO0
Q|| DO *

Then (H;o,x*,0) is a hyper pseudo BC K-algebra. We can check that I :=
{0,b} is a hyper pseudo BCK- ideal of type 11 and A := {0,a} < I but
A¢ I

(vii) Let H = {0,a,b,c}. Hyperoperations
following tables:

13 2 ”

x”7 and “o” on H given by the

0 a b c
{o} | {o} | {o} | {0}
{a} | {0,a} | {0,a} | {0,a}
{or | {or | {0} | {0}
{c} | {c} | {c | {0,c}

0 a b c

{o} [ {0} | {o} | {o}
fat | {0} | {0} | {0}
{0} | {b} | {0,0} | {0,0}
{c} [ {ct | {c} 1{0.¢}

Q|| O *
Ol 0

Then (H;o,x*,0) is a hyper pseudo BC K-algebra. We can check that I :=
{0,c} is a hyper pseudo BCK-ideal of type 12 and A := {a,b} < I but
A¢ I

Proposition 4.3. Every hyper pseudo BCK -ideal of type 1,2,3,5 or 9 of H is
a hyper subalgebra of H.

Proof. Let I be a hyper pseudo BC' K-ideal of type 1,2,3,5 or 9 of H. It suffices
to show that xxy, xoy C [ for any x,y € I. Let a € zxy. Since zxy < {z}, we
get a < x € I. Hence by Proposition 4.1, a € I. Therefore x xy C I. Similarly,
we can show that x oy C I. Therefore I is a hyper subalgebra of H. [ |

Notation 4.4. For any subset I of H and any element y € H, we denote
w(y, )" = {w € H|(z#y) 1T £}, oy, 1) = {w € H|(woy) N T £ 0}.

Definition 4.5. Let I C H and 0 € I. Then [ is called a strong hyper pseudo
BCK-ideal of H if for any y € I, (y,I)" C I and o(y,I)" C I.
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Example 4.6. Let H = {0, a,b,c}. Hyperoperations “*” and “o

by the following tables:

on H given

0 a b c
{0} | {0y | {0} | {0}
{a} | {0,a} | {0} | {0}
{or | {6} |{0,6} | {0,0}
{c} | {c} [ {b.c} | {0,c}

0 a b c

{0} | {0y | {0} | {0}
{a} | {0,a} | {0,a} | {0,a}
for | {6} | {0} | {0}
fct | {ct | {0} | {0}

(SN =l SN Nes] e}
OIS Q|| %

Then (H;o,x*,0) is a hyper pseudo BC' K-algebra. We can check that I := {0,a}
is a strong hyper pseudo BC K-ideal.

Theorem 4.7. Let I C H. Then I is a strong hyper pseudo BCK -ideal of H if
and only if 0 € I and for any y € I, *(y, 1) C I or for anyy € I, o(y, )" C I.

Proof. (=) The proof is clear by Definition 4.5.

(<) W.L.G, assume that o(y, )" C I for any y € I. Let x € x(y,I)" for some
y € I. Then (xxy)NI # (0 and so there is t € (x*xy)NI. Thus 0 € (x*y)ot and
so by axiom (PHK2), we get 0 € (zot)*y. Hence 0 € axy for some a € zot and
so 0 € aoy. It follows a € o(y,I)". Since by hypothesis o(y, )" C I, we have
a € 1. Hence (zot)NI # () and so from ¢ € I, we obtain x € I, which completes
the proof. [ |

Proposition 4.8. Let ) # 1 C H. Then I is a strong hyper pseudo BCK -ideal
if and only if 0 € I and

(xoy)NIT#Qor (xxy)NI#P) andyel =z el.

Proof. The proof is straightforward. [

Theorem 4.9.

(i) FEwvery strong hyper pseudo BCK -ideal of H is a hyper pseudo BCK -ideal
of type 1, and so it is all types of hyper pseudo BC K -ideals,

(ii) Ewvery strong hyper pseudo BCK -ideal of H is a hyper subalgebra.

Proof. (i) Let I be a strong hyper pseudo BC'K-ideal. Assume x * y < I and
y € I. We must show that x € I. For any a € = x vy, since x xy < I, there
exists u € I such that a < u. Therefore 0 € a x u and so (a xu) NI # (. Since
u € I and [ is a strong hyper pseudo BC K-ideal of type 1, we get a € I. Thus
(xxy)NI#Pand y € I and so x € I. Similarly, we can show that if aoy < T
and y € I then x € I. Therefore I is a hyper pseudo BC K-ideal of type 1.

(ii) This follows immediately from (i) and Proposition 4.3. ]
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The following example shows that the converse of Theorem 4.9 (i) is not true, in
general.

¢ b

Example 4.10. Let H={0,a,b}. Hyperoperations “*” and “o” given by the
following tables:

0 a b
{0} | {0} {0}
{a} | {0,a} | {0,a} {a} | {0,a} | {0,a}
{6} | {a,b} | {0,a,b} {0} | {a,b} | {0,0}

Then (H;o,%,0) is a hyper pseudo BCK-algebra. We can check that I := {0,a} is
a hyper pseudo BCK-ideal of type 1 but is not a strong hyper pseudo BCK-ideal
because (boa) NI #(} and b & I.

0 a b
{o} | {0}y | {0}

SR | OO
RO ¥

Definition 4.11. Let I be a subset of H. Then [ is said to be reflexive if xxx C I
and xox C [ for all x € H.

Lemma 4.12. Let I be a reflexive hyper pseudo BCK -ideal of type 1,2,3,5 or
9 of H. Then (xxy)NI#0 ((xoy) NI #0) impliesxxy C I(xoy CI).

Proof. Let (xoy) NI # (). Then there exists t € (xoy)NI. If a € x oy, then
aot C (zoy)o(roy) < xox C I andsoaot < I. Therefore by Proposition 4.1,
we have aot C I. Now, if o(y, )< C I, thenaot < I and t € [ imply a € I. If
o(y,I)S C I, then aot C I and t € I imply a € I. Therefore zoy C I. Similarly,
if (xoy)NI+#0, then xoy C I. |

Proposition 4.13. If I is a reflexive hyper pseudo BC K -ideal of type 1,2,3 or
5, then I is a strong hyper pseudo BCK -ideal.

Proof. Let I be a reflexive hyper pseudo BC K-ideal of type 1,2,3 or 5, (xoy) N
I # () and y € I. Since I is a reflexive hyper pseudo BC K-ideal of type 1,2,3
or 5, then by Lemma 4.12, we obtain x oy C I. Now z oy C I and y € I imply
x € I. Similarly, we can show that if (xxy) NI # 0 and y € I, then = € I.
Therefore I is a strong hyper BC K-ideal. |

5. QUOTIENT HYPER PSEUDO BCK-ALGEBRA

In [1] R.A. Borzooei and H. Harizavi introduced the structure of the quotient
hyper BC K-algebras. In this section, we generalize this structure on the hyper
pseudo BC K-algebras.

Definition 5.1. Let H be a hyper pseudo BC K-algebra, p be a relation on H
and A, B C H. Then
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(i) ApB means that there exist a € A and b € B such that apb,

(ii) ApB means that for any a € A, there exists b € B such that apb, and for
any b € B there exists a € A such that apb,

(iii) p is called a right x-congruence (right o-congruence) on H if apb implies
a*upb*u (aoupbou) for all u € H,

(iv) p is called a left *-congruence (left o-congruence) on H if apb implies u *
apu x b (uoapuob) for all u e H,

(v) p is called a #-congruence (o-congruence) on H if it is a right and left
x-congruence (a right and left o-congruence),

(vi) p is called a left congruence on H if it is a left *-congruence and a left
o-congruence on H,

(vii) p is called a right congruence on H if it is a right *-congruence and a right
o-congruence on H,

(viii) p is called a congruence on H if it is a *-congruence and a o-congruence
on H.

Lemma 5.2. Let p be an equivalent relation on H, and A, B,C C H. If ApB
and BpC, then ApC.

Proof. Let a € A. Since ApB, there exists b € B such that apb. Since BpC,
there exists ¢ € C that bpc. Therefore by the transitive condition of p, apc.
Similarly, for all ¢ € C' there exists a € A such that apc. Therefore ApC'. [

Proposition 5.3. Let p be an equivalence relation on H. Then the following
statements hold:

(i) If p is a left x-congruence (left o-congruence) on H, then [0], is a hyper
pseudo BCK -ideal of type 5-12,

(i) If p is a left congruence on H, then [0], is a hyper pseudo BCK -ideal of
type 1.

Proof. (i) It suffices to prove that [0], is a hyper pseudo BC'K-ideal of type 5.
Let z xy < [0], and y € [0],. Thus, for all a € x * y, there is b € [0], such that
0 € a*b. Since p is a left - congruence, bp0 implies that (a *b)pa * 0 = {a} and
so (a * b)pa. Now, 0 € a b and (a * b)pa imply Opa and so x *y C [0],. Since
yp0 and p is a left *-congruence, (z * y)px x0 = {x}. Thus, for all t € z xy, tpz.
Since z xy C [0],, we have tp0. Now from ¢p0 and tpx we get xp0. Hence x € [0],
and therefore [0], is a hyper pseudo BCK- ideal of type 5. The proof of the left
o-congruence is similar to the proof of the left x-congruence.

(ii) The proof is similar to the proof of (i). [ ]
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Definition 5.4. Let p be a congruence on H and % = {[z],|x € H}. We define

“ 9 b

the hyperoperations “*” and“o” and the relation < on % as follows:

(], x [ylp = {[z]plz € zxy}, [z]p0 Y], = {[2]plz € zoy},

[x]p < [y]p <~ [O]p € [$]p ° [y]p <~ [O]p € [$]p * [y]p‘

Lemma 5.5. The hyperoperations “o” and “*” on %

defined.

as Definition 5.4, are well

Proof. Let x,2',y,y" € H such that [z], = [2/], and [y], = [¢/],. Let [2], €
[z], o [y],- Hence, there is u € x oy such that [u], = [z],. Since zpz’, ypy’
and p is a congruence on H, x o ypx’ oy'. Hence, there exists 2’ € 2’/ oy such
that upz’ and thus [2], = [u],. Since [¢], € [2'], 0[], and [z], = [u], = [¢],,
(2], € [2'], 0 [y'],- Therefore [z], 0 [y], C [2], 0 [¢/],. Similarly, we can show that
[2'],0[y'], C [z],0[y], and so [z],0[y], = [2'] ,0[y'],- Therefore the hyperoperation

“o?” “x7 is well

7

o” is well defined. Similarly, we can show that the hyperoperation
defined, too. [ |

Theorem 5.6. Let p be a congruence on H. Then the following are equivalent:
(i) (z*y)p0 and (y*x)p0 imply zpy,
(i) (zoy)p0 and (y o x)p0 imply xpy,
(iii) (%; *,0,[0],) is a hyper pseudo BCK -algebra.
Proof. (i)=(ii) Let (x o y)p0. Thus there exists ¢ € z oy such that ¢p0. Since
tewoy,[t], € [z]p o [y]p, and so [0], € [z], o [y],. Hence [0], € [z], * [y], and so
there exists u € x xy such that up0. Hence (z *y)p0. Similarly, (y o x)p0 implies

(y * 2)p0 and so by (i), zpy.
(ii)=-(iii) By Lemma 5.5, the hyperoperations “o” and “x” are well defined.

Now, we show that % satisfies the axioms of a hyper pseudo BC K-algebra.

2

(PHKL): Let [ul, € (], o [2],) o (igl, © [2,) for some [y]. (2], [a], € Z. Then
there are [u], € [z], 0 [2], and [v], € [y], o [2], such that [w], € [u], o [v],. Hence,
there exist v’ € z 02,0 € yo z and w’' € wow such that [u], = [v/],, [v], = [v'],
and [w], = [w'],. Therefore upu',vpv" and w'pw. Since p is a congruence
on H, uovpu ov'. Then from w' € w o v, there exists a € u' o v’ such
that w'pa and hence [w], = [a],. Thus [w], = [v'], = [a],. By (PHK1)
of Hyaeu ot C(roz)o(yoz) <xoy. Therefore, there is b € z oy such
that 0 € aob, ie,, a < b. Hence [b], € [z], o [y], and [0], € [a], o [b],.
Since [w], = [w'], = [a],, [0], € [w], o [b], and so [w], < [b],. This implies
([z]p o [2]p) o ([y]p o [2]p) < [x]p © [y],- Similarly, we can show that ([z], * [2],) *
([ylp * [2]p) < [z]p * [y],- Therefore (PHKT1) holds.
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(PHK?2): Let [w], € ([x],0[y]y)*[2],. Then there exists [u], € [z],0[y], such that
[w], € [u],*|z],. Since [u], € [z],0[y],, there exists v’ € xoy such that upu/, that
is , [u], = [v],. Hence [v], € [z],0[y],. Since [w], € [u],*[z], = [«],*[z],, there
exists w' € u' * z such that w'pw. Now, w' € u'*2zC (zoy)*xz=(x*xz)oy
by (PHK?2) of H. Therefore w' € (z*z2)oy and v’ x 2 C (x % 2) oy, and
thus there exists b € = % z such that w’ € boy. Since b € = * z, [b], € [z], *
2], and [w'], € [b] o [y],, and thus [w], = [w'], € [b] o [y], € ([x], * [2],) © [y,
Hence ([z], o [y],) * [2], C ([x], * [2],) © [y],- Similarly, we can show the converse
inclusion. Hence ([z], * [2],) o [y], = ([#], 0 [y],) * [2],. Therefore (PHK?2) holds.

(PHK3): Let [z], € [z], o [y], for some z,y € H. Thus there exists u € z oy
such that [u], = [2],. Since x oy < x, we get u < = and so 0 € u o x. Hence
[0], € [u], o [z], = [2], © [2],, that is, [2], < [z],. This implies [z], o [y], < [z],.
Similarly, we can show that [z], * [y, < [z], for all x € H. Therefore (PHK3)
holds.

(PHK4): Let [z], < [y], and [y], < [#],. Then [0], € [z], o [y], and [0], €
[y]po[z],. Therefore there exist u € zoy and v’ € yox such that [0], = [u], = [v],.
Thus v/, u € [0],. Hence u/p0 and up0, and so (zoy)p0 and (yoxz)p0. Then from
(ii), we get xpy and so [z], = [y],. Therefore (PHK4) holds.

(iii)=-(i) Let (z * y)p0 and (y * x)p0. Then there exists u € z * y such that
up0 and [u], € [z], * [y],. Hence [0], € [z], * [y],, that is, [z], < [y],. Similarly,
(y * 2)p0 implies [y], < [z], and so we conclude [z], = [y],, i.e., zpy. |

Definition 5.7. Let p be an equivalence relation on H. Then p is called regular
on H if it satisfies the conditions (i) and (ii) of Theorem 5.6, which are equivalent.

Corollary 2. If p is a reqular congruence on H, then (%; o,%,[0],) is a hyper

pseudo BCK -algebra.
Proof. This follows immediately from Theorem 5.6 and Definition 5.7. [ |

Theorem 5.8. Let p and p' be two regular congruences on H such that [0], =
[0],. Then p=p'.

Proof. 1t suffices to show that for all z,y € H

zpy & xp'y.

If xpy, then x o xproy. Since 0 € z o x and p is a congruence on H, there exists
t € x oy such that Opt. Then ¢t € [0], = [0], and thus t € [0],, that is, 0p't.
Therefore 0p'z o y. Similarly, we can show that 0p'y o 2. Thus xp'y because p’ is
regular. By the same argument, p’ implies zpy. Hence p = p'. ]

Lemma 5.9. Let p be a regular congruence on H. Then [0], is a strong hyper
pseudo BCK -ideal.
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Proof. Let (z +xy)N[0], # 0 and y € [0],. Then there exists t € x * y such
that ¢p0 and yp0. Therefore by Definition 5.1(i), we get (x * y)p{0}. Since yp0,
y * xp0 * x = {0}. Hence by regularity of p, we have xpy. Now, zpy and yp0
imply xp0, that is, x € [0],. Similarly, we can show that, if (x o y) N [0], # 0 and
y € [0],, then = € [0],. Hence [0], is a strong hyper pseudo BCK-ideal. |

Definition 5.10. Let I be a reflexive hyper pseudo BC K-ideal of type 1,2 or 3.
Define the binary relations p, (1), po(r) and p(ry on H by

TP(1)Y SaxxyCIl and yxax C 1,
Tpoyy & xoy CI and yow C1I,
TPy < Tpwny and Tpony.
Proposition 5.11. p, (1), po(ry and p(ry are equivalence relations on H.

Proof. 1t is clear p,(y) is reflexive and symmetric. Now, we will show that it is
transitive. Let x,y,z € H such that zp,)y and yp,z. Then zxy,yxx C I
and yx z,zxy C I. By (PHK1), we have (z % 2) % (y * z) < x *y C I. Therefore
(% 2) % (yx2) < I. Since y* 2 C I, we get x * 2z C I and so p,(p) is transitive.
Therefore p,(y) is an equivalence relation on H. Similarly, we can show that,
Po(r) is an equivalence relation on H. Therefore by Definition 5.10, p(y) is an
equivalence relation on H. [ |

Proposition 5.12. Let I be a reflexive hyper pseudo BC'K -ideal of type 1,2 or 3.
Then

(1) [O]p*(m =1I= [0],00(1)'

(i) pur) (Po(r)) s a right *-congruence (right o-congruence), respectively.

(iii) Let pli) (pi)) be the quotient set with respect to p.(ry (po(r)), Tespectively,
and let [x]« ([z]o) be the equivalence class of x € H with respect to p.(ry (Po(r));

respectively. Then
(1) [z < [yl ©axy C 1,
(2) [z]o < [ylo & zoy C 1.

Proof. (i) We have zp,n0 < (x+0 C I and 0xx C I) & x € I. Therefore
I =[0],,, - By the same argument, we obtain I = [0],, .

(ii) Let zpo(ryy and @ € H. Then z oy,yox C I. By (PHKI), we have
(xoa)o(yoa) € xoy. Now, zoy C I implies (xoa)o (yoa) < I. Since
I is a hyper pseudo BCK-ideal of type 1, it follows from Proposition 4.1 that
(xoa)o(yoa) CI. Thusuowv C I forall u € xoa and v € yoa. Similarly, it
follows from (yoa)o (zoa) < yox C I that (yoa)o (zoa) C I. Thus for all
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veEyoaandu € xoa, vou C I. Therefore up,ryv and this implies Toap,nyoa
and so po(r) is a right o-congruence on H. Similarly, we can show that p,p) is a
right *-congruence on H.

(iii) (1) (=) Let [z]x < [y]+. Then by Definition 5.4, [0}« € [z]« * [y]« and
so I € [z]s * [y]«. Therefore, there exists w € z * y such that [w], = I. Since
w € [w]i, we get w € I and so (zxy)NI # (. Thus by Proposition 4.12, zxy C I.

(<) Let x xy C I and [a]« € [z]« * [y]«. Therefore, there exists u € z xy
such that [a], = [u].. Since zxy C I, u € I and so by (i), [u]. = I. Therefore
(2] * [y]. = {I} and so [z]. <]g]..

(2) The proof is similar to the proof of (1). |

Definition 5.13. Let () 2 I C H. Then [ is called a normal hyper pseudo BCK -
ideal of type i for 1 < ¢ < 12, if I is a pseudo hyper BC K-ideal of type i for
1<i<12,andxoyC I xxy C I for any x,y € H.

¢ b

* and 43 o 9

Example 5.14. Let H = {0,a,b}. Hyperoperations °
by the following tables:

on H given

0 a b
{0} | {0} {0}
{a} | {0,a} | {0}
{or | {0} | {0}

0 a b
{0} | {0} | {0}
{a} | {0} | {0}
{or | {o} | {0}

S| O] O
SR (O *

Then (H;o,x*,0) is a hyper pseudo BC'K-algebra. We can check that I :={0,a}
is a normal hyper pseudo BC K-ideal of type 1 of H.

Proposition 5.15. Let p be a reqular congruence on H. If [0], is reflexive, then
[0], is a normal hyper pseudo BC K -ideal of type 1.

Proof. By Lemma 5.9, [0], is a strong hyper pseudo BCK-ideal. Assume that
vy C 0], Then [z], + lyl, = {lalla € o+ 9} C {[alyla € 0]} = {[0],}
Therefore [0], € [z], * [y],. Thus, since % is a hyper pseudo BCK-algebra, we
get [0], € [z], o [y],. Hence, there exists t € x oy such that [t], = [0],. That is,
t € [0], and so (z oy) N 0], # 0. Hence by Lemma 4.12, since [0], is reflexive,
we get x oy C [0],. Similarly, if z oy C [0], then 2 *xy C [0],. Thus we have
shown that zoy C [0], if and only if zxy C [0],. Therefore [0], is a normal hyper
pseudo BC' K-ideal of type 1. [ |

Theorem 5.16. Let p be a regular congruence on H. Then the following are
equivalent:

(i) [0], is a reflexive hyper pseudo BC K -ideal of type 1.

(i) % is a pseudo BCK-algebra.
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Proof. Let % be a pseudo BC K-algebra. By Proposition 5.3 (ii), [0], is a hyper
pseudo BC K- ideal of type 1. Now we must show that for all x € H, xox, z*xx C

[0],. Let z € z ox. Then [z], € [z], o [z],. Since % is a pseudo BC K-algebra
and [0], € [z], o [z],, we get [0], = [2],, that is, zp0. Hence z € [0], and so

xox C [0], for all x € H. Similarly, we can show that, z * z C [0],. Therefore
[0], is a reflexive hyper pseudo BCK-ideal of H. Conversely, let [a], € %. Since
aoca C 0], for all a € H, it follows

[alp o lalp = {[2l,]z € aca} € {[2],]2 € [0],} = {[0,}

Thus [a], o [a], = [0], for all a € H. Similarly, since a*a C [0], for all a € H, we
get [a], * [a], = [0], for all a € H, and so S (%) = %. Therefore by Theorem 3.6
(iv), % is a pseudo BC K-algebra. [
Proposition 5.17. Let I be a reflexive hyper pseudo BCK -ideal of type 1. Then
the following are equivalent:

(i) I is normal,
(ii) For any x,y € H, [x]« < [yl« if and only if [x]o < [y]o.
Proof. By Proposition 5.12, we have
TIisnormal & (zxy CTiff zoy CI) & ([z]. < [y]« iff [2]o < [y]o)
for any z,y € H, which completes the proof. [ |

Theorem 5.18. Let I be a reflexive and normal hyper BCK-ideal of type 1.
Then

(i) p(r) is a congruence on H,

(i) I = [0]p,
(iii) p(ry is reqular on H.

Proof. (i) By Proposition 5.11, p(;) is an equivalence relation on H. By Propo-
sition 5.12, p, (1) and py(y) are right *-congruence and right o-congruences on H,
respectively. Therefore p(r) is a right congruence on H. Now we show that p(r)
is a left congruence on H, that is, if zp)y and a € H then a o zppaoy. Let
rpyy, a € H and u € aox. Since (aox)o (yox) < aoy, there exists t € yox
such that uot < aoy and so for any w € uot there is v’ € aoy such that w < v'.
Since 0 € wxv' C (uot)*xv' = (u*xv')ot, there exists ¢ € u*v’ such that 0 € cot
and so (cot) NI # (). Hence by Lemma 4.12, (cot) C I. Sincet € yox C I
and [ is a hyper pseudo BCK-ideal of type 1, ¢ € I. Hence (uxv' ) N1 # ()
and so by Lemma 4.12, u x v’ C I. Therefore u o v’ C I because I is a normal
hyper pseudo BC K- ideal of type 1. Moreover, since (aoy)o (zoy) < aoz and
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v/ € a oy, we can similarly show that there is ' € a o x such that v’ ou/ C I.
Since u,u’ € aox and I is a reflexive hyper pseudo BC K-ideal of H, we have
wouC (aox)o(aox) K (aoa) C I and so u' ou < I. Hence by Proposition
4.1, ' ou C I. Now, since (v ou)o (u' ou) < v ou' C I and I is a hyper pseudo
BCK-ideal of type 1, we get v ou C I. From uov' C I and v’ ou C I, we have
up( 1)1/ . Similarly, we can prove that for any v € a oy, there exists v’ € aox
such that u'ppyv. Hence a o zppaoy for all a € H. Therefore p(py is a left
o-congruence on H. Similarly, we can show that p(p) is a left *-congruence on H.
Consequently, p(r) is a congruence on H.

(ii) This follows from Proposition 5.12.

(iii) Let z,y € H such that (zoy)p)0 and (yoxz)p)0. Then there are a € xoy
and b € y oz such that a,bp)0. Hence a o0 C I and bo 0 C I and so a,b € I.
Therefore (x oy) NI # 0 and (yoxz) NI # (. Then by Lemma 4.12, x oy C I
and y o x C I. This implies zpy and so p is regular on H. [ |

Theorem 5.19. Let I be a reflexive and normal hyper pseudo BC K -ideal of type

1 of H. Then (%; <, *, 0, [0]y,)) is a pseudo BCK-algebra.

Proof. The proof follows from Theorems 5.18 and 5.16. [

Theorem 5.20. Let ¢ be a reqular congruence on H. If (g; &, *, 0, [0],) is a
pseudo BC' K -algebra, then ¢ = pP([0),)s that is, p(o),) is only regular congruence

on H such that p(ﬁ : s a pseudo BC K -algebra.
7]

Proof. Since g is a pseudo BCK-algebra, it follows from Theorem 5.16 that
[0],, is a reflexive hyper pseudo BC K-ideal of type 1. Hence by Proposition 5.17,
[0], is normal and so by Theorem 5.18, [0], = [0] Moreover by Theorem

P([0lp) "
5.18, since (0], is reflexive and normal, p((g),,) is a regular congruence on H. Using
Theorem 5.8, we obtain ¢ = p((g),,), Which completes the proof. [ |
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