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The aim of the present note is to give an answer to a problem posed
by Michael in [2] concerning the equivalence of two notions generalizing
the concept of topological divisors of zero in Banach algebras. The
answer is negative and a counter-example is presented in the Theorem
of this note.

The following terminology will be used in the sequel.

A topological algebra is an algebra (a linear ring) A over the real
or complex scalars with a Hausdorff topology making the linear space A
a topological linear space and the operation of multiplication separately
continuous. A topological algebra with a unit is called a @-algebra pro-
vided the set of invertible elements is open.

A topological algebra is said to be complete if it is complete when
considered as a topological linear space, i.e. if for any directed set U and

for any sequence (Z,).yq < A the condition lim (2,—a;) = 0 implies
a,Bell
the convergence of the sequence (z,).

Let L, and E, denote the linear operators A — A of left- and right-

-side multiplication by x: L,y = oy, Ry = yx. An element weA is called
a left (right) topological divisor of zero (short, t.d.z.) provided x = 0 and
the operator L, (resp. R,) is not an isomorphism, i.e. a linear homeo-
morphism of A onto z4A (Ax).

If A is metric, an alternative description of t.d.z.’s is this:

An element zeA is a t.d.z. if and only if # £ 0 and there exists
a sequence (&,) of elements of A with «, —-/- 0 and 2z, —0 (resp. z,2—0).
(In the non-metric case this description remains valid with the only
exception that the sequence need not be countable and should be replaced
by one-indexed directed set).

It follows that an element which is a t.d.z. cannot be invertible.

The class of Banach algebras (short, B-algebras) is contained in
the class of topological algebras (in fact in the class of complete @-al-
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gebras). A wider subclass of topological algebras is that formed by all
m-convex algebras — a notion whose definition reads as follows:

A topological algebra A is called locally multiplicatively convex (short:
m-convex) provided its topology is locally convex and may be given by
means of a system of submultiplicative pseudonorms, i.e. a system (]|||,)
of pseudonorms satisfying the condition

7yl < llellaliylle  for @, yed.

The notion of an m-convex algebra was first introduced by Arens [1]
and examined in detail by Michael in [2].

Some facts from the theory of B-algebras are valid also for m-convex
algebras. Most of the principal results are obtained in [2] by means of
the following argument:

Suppose that the topology of an m-convex algebra A is given by
means of a system (||-|l,).q 0of submultiplicative pseudonorms satisfying
the additional condition

(m)  together with any two pseudonorms [-|’, |||, the pseudonorm
max(|[-|’, [|-|’) is in the system

(an unessential restriction, since any system of pseudonorms may be
extended to an equivalent one satisfying (m)). The relation a < f defined
for a, feWUby || [l, < ||-|ls directs then the set . Let A, denote the quotient
algebra A/N,, where N, = {weA: |2, = 0}; the pseudonorm |-|, induces
a norm in A4,; denote by A, the completion of A4, in this norm. For any
two indices a, feW with a < § there exists a unique continuous homo-
morphism m.s: Ay — A, which makes the diagram

A
Ty N\ T
A, A,
Top
commute — here z, and n; denote the natural projections A4 — A, and
A > A,. The B-algebras 4, together with the homomorphisms m.p form
an inverse sequence; the inverse limit of this sequence is isomorphic
to the algebra A if the latter is complete. Proofs of these facts may be
found in [2].

In order to obtain some results analoguous to those concerning
the properties of t.d.z.’s in B-algebras Michael introduces in [2] a weaker
concept of an m-t.d.z., using the facts just mentioned about the structure
of m-convex algebras.

An element x # 0 of an m-convex algebra 4 will be called an m-
-left (right) t.d.z. provided for any system of submultiplicative pseudo-
norms giving the topology of 4 and satisfying condition (m) an index
ae exists such that =2 is a left (right) t.d.z. in 4,.
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